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Preface
The title of this book was specifically chosen as "Fundamentals of Fluid Film
Lubrication," rather than the more general title of "Tribology," since fluid film
lubrication will be the book's primary emphasis. Fluid film lubrication occurs
when opposing bearing surfaces are completely separated by a lubricant film.
Hydrodynamic and elastohydrodynamic lubrication are modes of fluid film lubrica-
tion and are emphasized in this text, whereas boundary lubrication is given only a
cursory treatment. The reason for this slant of the book is that fluid film lubrication
has been the focal point of my research throughout my professional career.
The organization of the text is such that it is divided into three parts. The first
part covers the fundamentals required in understanding fluid film lubrication. That
is, an understanding of surface characterization (chapter 3), lubricant properties
(chapter 4), bearing materials (chapter 5), viscous flow (chapter 6), and the
Reynolds equation (chapter 7) is important in understanding fluid film lubrication.
The second part of the book then covers hydrodynamic lubrication (chapters 8
to 18), and the third part covers elastohydrodynamic lubrication (chapters 19 to 25).
Hydrodynamic lubrication can be achieved by sliding motion (as discussed in
chapters 8 to 12), by squeeze motion (as discussed in chapter 13), and by external
pressurization (as discussed in chapter 14). Generally, in hydrodynamic lubrication
oil is the lubricant. However, as discussed in chapters 16 and 17, gas can be
an effective lubricant in certain applications.
The treatment of elastohydrodynamic lubrication begins with the consideration
of elasticity effects in chapters 19 and 20. Elastohydrodynamic lubrication of
rectangular conjunctions is considered in chapter 21 and of elliptical conjunctions
in chapter 22. Film thicknesses for different fluid film lubrication regimes are
presented in chapter 23. In chapters 24 and 25 the theory of elastohydrodynamic
lubrication is applied to a range of lubricated conjunctions: in roller and ball bear-
ings; between a ball and a flat plate; between concave and convex surfaces; in
power transmission devices such as involute gears and variable-speed drives;
between a railway wheel and wet or oily rails; and finally, in synovial joints.
Throughout the book emphasis is given to deriving formulas from basic theory and
providing physical understanding of these formulas. Although at times this proves
to be lengthy, I feel it is important that the reader develop a firm understanding
of how information provided in design charts has been obtained. Also the impor-
tance and influence of the assumptions made in all derivations based on the theory
are discussed. The assumptions emphasize the limits to which the results of the
derivations are valid and applicable. The application of the theory to the design
of machine elements that use fluid film lubrication helps the development of the
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material. It is, however, not- intended to consider all types of machine element
and all types of bearing within this text. Rather I hope that the understanding
gained from this book will enable the reader to properly analyze any machine
element that uses fluid film lubrication. This book has been written to provide
the basis for two quarters in the study of fluid film lubrication for graduate
engineering students and undergraduate students of senior standing. Engineers
who encounter machine elements that use fluid film lubrication should also find
this book useful.
Madison, Ohio
August 1990
Bernard J. Hamrock
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Symbols
A area, m 2
A. dimensionless amplitude of asperity, aaRx/b 2
Aav average failure risk that is only partially accessible
Ac slide-roll ratio, 2(ub - ua)/(Ub + u_)
Ap projected pad area, m 2
a r recess area, m 2
A_ sill area, m 2
,4. defined in equation (18-23)
A*,B* constants
/] integration constant
12 dimensionless shear stress, r/ZL
a radius of pipe, m
a linear thermal expansion coefficient, K-l
semilength in x direction of uniform pressure, m
a_ amplitude of asperity, m
ab bearing pad load coefficient
at -sl/(sl + 1) (eq. (18-6))
B total conformity ratio
B2 defined in equation (18-11)
B3 defined in equation (18-12)
/] integration constant
(B dimensionless shear strain rate, _s/l"t.
b width of bearing; dimension in side-leakage direction, m
b* contact semiwidth, m
b intercept on z axis, m
L_ semiwidth in y direction of uniform pressure, m
b0 characteristic length in y direction, m
bl groove width, m
b2 half-width of uniform pressure/_,-, m
C dimensionless constant used in pressure-density formula (eq. (4-23))
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cj
c
c,
Cv
C
cb
ca
c_
cl
cp
Cr
¢'
D
D_j
Oy
Dl
D2
D*
b
b
d
,i,,
ah
d_.
Symbols
weighting factors given in equation (21-32)
specific heat of material at constant pressure, J/kg °C (or J/N °C)
surface roughness correction factor
volumetric specific heat, p*Cp, kJ/m 3 °C (or N/m 2 *C)
thermal correction factor, hthermal/hisothermal
specific heat of material at constant volume, J/kg K
specific dynamic capacity or load rating of bearing, N
integration constant
specific static capacity of bearing, N
radial clearance, m
bearing clearance at pad minimum film thickness (fig. 11-10), m
diametral clearance, m
free endplay, m
correction factor (eq. (6-66))
constant used in equation (4-10), Pa (or N/m 2)
distance between race curvature centers, m
pivot circle clearance, m
number of divisions in semidiameter of contact ellipse in y direction
orifice discharge coefficient
pipe diameter, m
influence coefficients
diameter of contact ellipse along x axis, m
diameter of contact ellipse along y axis, m
percentage difference between He,mi n and /'te.min
parameter used in viscosity equation (eq. (4-16))
influence coefficient defined in equation (20-68)
material factor
integration constant
diameter of rolling element, m
overall diameter of rolling-element bearing, m
bore diameter of rolling-element bearing, m
ball bearing bore diameter in millimeters times rotational speed
in revolutions per minute
diameter of capillary tube, m
pitch diameter, m
inner- and outer-race diameters, m
xxiv
Symbols
d
3
E
E p
E
g
e
er
el
e _
f
F
F*
F
P
f
f.
f'
G
G,
Go
G
g
gE
pipe inside diameter, m
difference in two ways of evaluating z
number of divisions in semidiameter of contact ellipse in x direction
orifice diameter, m
modulus of elasticity, Pa (or N/m z)
2 fll - v2 + 1 - v_']--- I, Pa (or N/m 2)
effective elastic modulus, Ik_ Eb ,]
metallurgical processing factor
integration constant
complete elliptic integral of second kind
complete elliptic integral of second kind obtained from approximate
formula
eccentricity of journal bearing, m
percentage of error (e.g., (k - k)lOO/k)
constant
pivot circle eccentricity of journal bearing, m
plane strain component in a solid
dimensionless shear force, N
Fourier coefficient
cumulative distribution of all-ordinate distribution curve
lubrication factor
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Chapter 1
Introduction
In 1966 with the publication in England of the "Department of Education and
Science Report," sometimes known as the Jost Report, the word "tribology"
was introduced and defined as the science and technology of interacting surfaces in
relative motion and of the practices related thereto. A better definition might be
the lubrication, friction, and wear of moving or stationary parts. The "Department
of Education and Science Report" (1966) also claimed that industry could save
considerable money by improving their lubrication, friction, and wear practices.
This book focuses on the fundamentals of fluid film lubrication. Fluid film
lubrication occurs when opposing bearing surfaces are completely separated by
a lubricant film. The applied load is carried by pressure generated within the fluid,
and frictional resistance to motion arises entirely from the shearing of the viscous
fluid. The performance of fluid film bearings can be determined by applying well-
established principles of fluid mechanics, usually in terms of slow viscous flow.
Boundary lubrication, where considerable contact between the surfaces occurs,
is defined in this book but only presented in a cursory way. See either Rabinowicz
(1965) or Bowden and Tabor (1973) for a discussion of boundary lubrication.
1.1 Conformal and Nonconformal Surfaces
Conformal surfaces fit snugly into each other with a high degree of geometrical
conformity so that the load is carried over a relatively large area. For example, the
lubrication area of a journal bearing would be 2_" times the radius times the length.
The load-carrying surface area remains essentially constant while the load is
increased. Fluid film journal bearings (fig. 1-1) and slider bearings have conformal
surfaces. In journal bearings the radial clearance between the shaft and the bearing
is typically one-thousandth of the shaft diameter; in slider bearings the inclination
of the bearing surface to the runner is typically one part in a thousand.
Many machine elements that are fluid film lubricated have surfaces that do
not conform to each other well. The full burden of the load must then be carried
by a small lubrication area. The lubrication area of a nonconformal conjunction
is typically three orders of magnitude less than that of a conformai conjunction.
In general, the lubrication area between nonconformal surfaces enlarges cbnsid-
erably with increasing load, but it is still smaller than the lubrication area'between
conformal surfaces. Some examples of nonconformal surfaces are mating gear
teeth, cams and followers, and rolling-element bearings (fig. 1-2).
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Figure t-l.--Conformal surfaces. From
Hamrock and Anderson (1983).
1.2 Lubrication Regimes
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Figure l-2.--Nonconformal surfaces. From
Hamrock and Anderson (1983).
A lubricant is any substance that reduces friction and wear and provides smooth
running and a satisfactory life for machine elements. Most lubricants are liquids
(such as mineral oils, synthetic esters, silicone fluids, and water), but they may
be solids (such as polytetrafluoroethylene, or P'rFE) for use in dry bearings, greases
for use in roiling-element bearings, or gases (such as air) for use in gas bearings.
The physical and chemical interactions between the lubricant and the lubricating
surfaces must be understood in order to provide the machine elements with
satisfactory life. As an aid in understanding the features that distinguish the four
lubrication regimes from one another, a short historical perspective is given,
followed by a description of each regime.
1.2.1 Historical perspective.--By the middle of this century two distinct lubrica-
tion regimes were generally recognized: hydrodynamic lubrication, and boundary
lubrication. The understanding of hydrodynamic lubrication began with the classical
experiments of Tower (1885), in which the existence of a film was detected from
measurements of pressure within the lubricant, and of Petrov (1883), who reached
the same conclusion from friction measurements. This work was closely followed
by Reynolds' (1886) celebrated analytical paper in which he used a reduced form of
the Navier-Stokes equations in association with the continuity equation to generate
a second-order differential equation for the pressure in the narrow, converging gap
between bearing surfaces. This pressure enables a load to be transmitted between
the surfaces with extremely low friction, since the surfaces are completely
separated by a fluid film. In such a situation the physical properties of the lubricant,
notably the dynamic viscosity, dictate the behavior in the conjunction.
The understanding of boundary lubrication is normally attributed to Hardy and
Doubleday (1922a,b), who found that extremely thin films adhering to surfaces
were often sufficient to assist relative sliding. They concluded that under such
circumstances the chemical composition of the fluid is important, and they introduced
the term "boundary lubrication." Boundary lubrication is at the opposite end of the
lubrication spectrum from hydrodynamic lubrication. In boundary lubrication the
physical and chemical properties of thin fihns of molecular proportions and the
surfaces to which they are attached determine contact behavior. The lubricant
viscosity is not an influential parameter.
Lubrication Regimes
In the last 40 years research has been devoted to a better understanding and
more precise definition of other lubrication regimes between these extremes. One
such lubrication regime occurs between nonconformal surfaces, where the pres-
sures are high and the surfaces deform elastically. In this situation the viscosity
of the lubricant may rise considerably, and this further assists the formation of an
effective fluid film. A lubricated conjunction in which such effects are found is
said to be operating elastohydrodynamically. Significant progress has been made
in understanding the mechanism of elastohydrodynamic lubrication, generally
viewed as reaching maturity.
Since 1970 it has been recognized that between fluid film and boundary lubrication
some combined mode of action can occur. This mode is generally termed "partial
lubrication" or is sometimes referred to as "mixed lubrication." To date, most
of the scientific unknowns lie in this lubrication regime. An interdisciplinary
approach will be needed to gain an understanding of this important lubrication
mechanism. Between conformal surfaces, where hydrodynamic lubrication occurs
if the film gets too thin, the mode of lubrication goes directly from hydrodynamic
to partial. For nonconformal surfaces, where elastohydrodynamic lubrication
occurs if the film gets too thin, the mode of lubrication goes from elastohydro-
dynamic to partial. A more in-depth historical development of lubrication, or
tribology in general, can be obtained from Dowson (1979).
1.2.2 Hydrodynamic lubrication.--Hydrodynamic lubrication is generally
characterized by conformal surfaces. A positive pressure develops in a hydro-
dynamically lubricated journal or thrust bearing because the bearing surfaces
converge and the relative motion and the viscosity of the fluid separate the surfaces.
The existence of this positive pressure implies that a normal applied load may
be supported. The magnitude of the pressure developed (usually less than 5 MPa)
is not generally large enough to cause significant elastic deformation of the surfaces.
It is shown later that the minimum film thickness in a hydrodynamically lubricated
bearing is a function of normal applied load wz, fluid velocity Ub of the lower
surface, lubricant viscosity "qo,and geometry (Rx and R 0. Figure 1-3 shows some
of these characteristics of hydrodynamic lubrication. Minimum film thickness
hmi n as a function of u_ and w, for sliding motion is given as
/ \1/2
(l-l)
The minimum film thickness normally exceeds 1 _m.
In hydrodynamic lubrication the films are generally thick so that opposing solid
surfaces are prevented from coming into contact. This condition is often referred
to as "the ideal form of lubrication," since it provides low friction and high
resistance to wear. The lubrication of the solid surfaces is governed by the bulk
physical properties of the lubricant, notably the viscosity, and the frictional
characteristics arise purely from the shearing of the viscous lubricant.
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h
Conformal surfaces
Pmax _ 5 MPa
hmi n = f (u_z, u b, 70, Rx, Fly) > 1 #m
No elastic effect
Figure 1-3.--Characteristics of hydrodynamic lubrication.
For a normal load to be supported by a bearing, positive pressure profiles must
be developed over the bearing length. Figure I-4 illustrates three ways of
developing positive pressure in hydrodynamically lubricated bearings. For a
positive pressure to be developed in a slider bearing (fig. 1-4(a)) the lubricant
film thickness must be decreasing in the sliding direction. In a squeeze film bearing
(fig. 1-4(b)) the squeeze action with squeeze velocity wa has the bearing surfaces
approach each other. The squeeze mechanism of pressure generation provides
a valuable cushioning effect when the bearing surfaces approach each other.
Positive pressures will be generated only when the film thickness is diminishing.
In an externally pressurized bearing, sometimes referred to as "a hydrostatic
bearing" (fig. 1-4(c)), the pressure drop across the bearing supports the load.
The load-carrying capacity is independent of bearing motion and lubricant
viscosity. There is no surface contact wear at starting and stopping as there is
with the slider bearing.
*.oz
/ / ,,," / ,/ ,I / / / / ,/ / / / / /" ,1,/ / ./" / / ,I / ,," / /" ,,.
u b(e) (b)
Pa
(a) Slider bearing.
(b) Squeeze film bearing.
(c) Externally pressurized bearing.
I II I
Ps(c)
Figure I-4.--Mechanism of pressure development for hydrodynamic lubrication.
Lubrication Regimes
1.2.3 Elastohydrodynamic lubrication.--Elastohydrodynamic lubrication (EHL)
is a form of hydrodynamic lubrication where elastic deformation of the lubricated
surfaces becomes significant. The features important in a hydrodynamically lubri-
cated slider bearing (fig. l-4(a))--converging film thickness, sliding motion, and
a viscous fluid between the surfaces--are also important here. Elastohydrodynamic
lubrication is normally associated with nonconformal surfaces. There are two
distinct forms of EHL.
1.2.3.1 Hard EHL: Hard EHL relates to materials of high elastic modulus such
as metals. In this form of lubrication the elastic deformation and the pressure-
viscosity effects are equally important. Figure 1-5 gives the characteristics of
hard elastohydrodynamically lubricated conjunctions. The maximum pressure is
typically between 0.5 and 3 GPa; the minimum film thickness normally exceeds
0.1 #m. These conditions are dramatically different from those found in a hydro-
dynamically lubricated conjunction (fig. 1-3). At loads normally experienced in
nonconformal machine elements the elastic deformations are several orders of magni-
tude larger than the minimum film thickness. Furthermore, the lubricant viscosity can
vary by as much as 10 orders of magnitude within the lubricating conjunction.
The minimum film thickness is a function of the same parameters as for hydro-
dynamic lubrication (fig. 1-3) but with the additions of the effective elastic modulus
E' = 2 (1-2)
2 1 u21 -- l'fa
+
and the pressure-viscosity coefficient of the lubricant _. The relationships between
the minimum film thickness and the normal applied load and speed for hard EHL as
obtained from Hamrock and Dowson (1977) are
'_.:_,,,, :!i!_:'.,_ ,,.
in
Nonconformal surfaces
High-elastic-modulus material (e.g., steel)
Pmax = 1 GPa
hmin = f (wz, Oh, TIO, Fix, Ry, E', _) > 0.1 /am
Elastic and viscous effects both important
Figure l-5.--Characteristics of hard elastohydrodynamic lubrication.
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hmin)HEHL oc _z -'0'073 (1-3)
(hmin)HEHL OcU0"68 (1-4)
Comparing the results for hard EHL (eqs. (1-3) and (1-4)) with those for hydro-
dynamic lubrication (eq. (l-l)) yielded the following conclusions:
(1) The exponent on the normal applied load is nearly seven times larger for hydro-
dynamic lubrication than for hard EHL. This implies that the film thickness is only
slightly affected by load for hard EHL but significantly affected for hydrodynamic
lubrication.
(2) The exponent on mean velocity is slightly higher for hard EHL than for
hydrodynamic lubrication.
Some of the important results are presented in this chapter and substantiated
in subsequent chapters. Engineering applications in which elastohydrodynamic
lubrication is important for high-elastic-modulus materials include gears, rolling-
element bearings, and cams.
1.2.3.2 Soft EHL: Soft EHL relates to materials of low elastic modulus such as
rubber. Figure 1-6 shows the characteristics of soft-EHL materials. In soft EHL the
elastic distortions are large, even with light loads. The maximum pressure for soft
EHL is typically 1 MPa, in contrast to l GPa for hard EHL (fig. 1-5). This low pres-
sure has a negligible effect on the viscosity variation throughout the conjunction.
The minimum fdm thickness is a function of the same parameters as in hydrodynamic
lubrication with the addition of the effective elastic modulus. The minimum film
thickness for soft EHL is typically l #m. Engineering applications in which
elastohydrodynamic lubrication is important for low-elastic-modulus materials
include seals, human joints, tires, and a number of lubricated machine elements
that use rubber as a material. The common features of hard and soft EHL are that the
hmin
Nonconformal surfaces (e.g., nitrile rubber)
Pmax = I MPa
hmin = f (_°z, Ub, _0, Rx, Ry, E') _ I _zm
Elastic effects predominate
Figure I-6.--Characteristics of soft elastohydrodynamic lubrication.
Lubrication Regimes
local elastic deformation of the solids provides coherent fluid films and that asperity
interaction is largely prevented. This implies that the frictional resistance to motion
is due to lubricant shearing.
1.2.4 Boundary lubrication.--Because in boundary lubrication the solids are
not separated by the lubricant, fluid film effects are negligible and there is consider-
able asperity contact. The contact lubrication mechanism is governed by the
physical and chemical properties of thin surface films of molecular proportions.
The properties of the bulk lubricant are of minor importance, and the friction
coefficient is essentially independent of fluid viscosity. The frictional characteristics
are determined by the properties of the solids and the lubricant film at the common
interfaces. The surface films vary in thickness from 1 to 10 nm--depending on
the molecular size.
Figure 1-7 illustrates the film conditions existing in fluid film and boundary
lubrication. The surface slopes in this figure are greatly distorted for purposes
of illustration. To scale, real surfaces would appear as gently rolling hills rather
than sharp peaks. The surface asperities are not in contact for fluid film lubrication
but are in contact for boundary lubrication.
Figure 1-8 shows the behavior of the friction coefficient in the different lubrica-
tion regimes. In boundary lubrication, although the friction is much higher than
in the hydrodynamic regime, it is still much lower than for unlubricated surfaces.
The mean friction coefficient increases a total of three orders of magnitude in
going from the hydrodynamic to the elastohydrodynamic to the boundary to the
unlubricated regime.
Figure 1-9 shows the wear rate in the various lubrication regimes as determined
by the operating load. In the hydrodynamic and elastohydrodynamic regimes there
is little or no wear, since there is no asperity contact. In the boundary lubrication
regime the degree of asperity interaction and the wear rate increase as the load
increases. The transition from boundary lubrication to an unlubricated condition
is marked by a drastic change in wear rate. As the relative load is increased in
the unlubricated regime, the wear rate increases until scoring or seizure occurs and
Boundaryfilm
---'-1 Bulklubricant
(a) (b) (c)
(a) Fluid film lubrication--surfaces separated by bulk lubricant film.
(b) Partial lubrication--both bulk lubricant and boundary film play a role.
(c) Boundary lubrication--performance depends essentially on boundary film.
Figure l-7.--Film conditions of lubrication regimes.
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Figure l-8.--Bar diagram showing friction coefficient for various lubrication conditions.
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,' i/ dynamic _
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J / - L
0 Relative load
Figure l-9.--Wear rate for various lubrication regimes. From Beerbower (1972).
the machine element can no longer operate successfully. Most machine elements
cannot operate long with unlubricated surfaces. Together figures 1-8 and 1-9
show that the friction and wear of unlubricated surfaces can be greatly decreased
by providing boundary lubrication.
Boundary lubrication is used for heavy loads and low running speeds, where
fluid film lubrication is difficult to attain. Mechanisms such as door hinges operate
under conditions of boundary lubrication. Other applications where low cost is
of primary importance use boundary lubrication in rubbing sleeve bearings.
1.2.5 Partial lubrication.--lf the pressures in elastohydrodynamically lubricated
machine elements are too high or the running speeds are too low, the lubricant film
Closure
will be penetrated. Some contact will take place between the asperities, and partial
lubrication (sometimes referred to as "mixed lubrication") will occur. The behavior
of the conjunction in a partial lubrication regime is governed by a combination of
boundary and fluid film effects. Interaction takes place between one or more
molecular layers of boundary lubricating films. A partial fluid film lubrication action
develops in the bulk of the space between the solids. The average film thickness in
a partial lubrication conjunction is less than 1 #m and greater than O.Ol _tm.
It is important to recognize that the transition from elastohydrodynamic to partial
lubrication does not take place instantaneously as the severity of loading is increased,
but rather a decreasing proportion of the load is carried by pressures within the
fluid that fills the space between the opposing solids. As the load increases, a
larger part of the load is supported by the contact pressure between the asperities
of the solids. Furthermore, for conformal surfaces the regime of lubrication goes
directly from hydrodynamic to partial lubrication.
1.3 Closure
In this chapter conformal and nonconformal surfaces were defined. Conformal
surfaces fit snugly into each other with a high degree of geometric conformity
so that the load is carried over a relatively large area and the load-carrying surface
area remains essentially constant as the load is increased. Nonconformal surfaces
do not geometrically conform to each other well and have small lubrication areas.
The lubrication area enlarges with increasing load but is still small in comparison
with the lubrication area of conformal surfaces.
The development of understanding of a lubricant's physical and chemical action
within a lubricated conjunction was briefly traced, and four lubrication regimes were
described: hydrodynamic, elastohydrodynamic, partial, and boundary. Hydrodynamic
lubrication is characterized by conformal surfaces. The lubricating film is thick
enough to prevent the opposing solids from coming into contact. Friction arises
only from the shearing of the viscous lubricant. The pressures developed in
hydrodynamic lubrication are low (usually less than 5 MPa) so that the surfaces
may generally be considered rigid and the pressure-viscosity effects are small. Three
modes of pressure development within hydrodynamic lubrication were presented:
slider, squeeze, and external pressurization. For hydrodynamic lubrication with
sliding motion the minimum film thickness is quite sensitive to load, being
inversely proportional to the square root of the normal applied load.
Elastohydrodynamic lubrication is characterized by nonconformal surfaces, and
again there is no asperity contact of the solid surfaces. Two modes of elastohydro-
dynamic lubrication exist: hard and soft. Hard EHL is characterized by metallic
surfaces, and soft EHL by surfaces made of elastomeric materials. The pressures
developed in hard EHL are high (typically between 0.5 and 3 GPa) so that elastic
deformation of the solid surfaces becomes important as do the pressure-viscosity
effects of the lubricant. As with hydrodynamic lubrication, friction is due to the
shearing of the viscous lubricant. The minimum film thickness for hard EHL is
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relatively insensitive to load because the contact area increases with increasing
load, thereby providing a larger lubrication area to support the load. For soft
EHL the elastic distortions are large, even for light loads, and the viscosity within
the conjunction varies little with pressure because the pressures are relatively low
and the elastic effect predominates. Both hydrodynamic and elastohydrodynamic
lubrication are fluid film lubrication phenomena in that the film is thick enough
to prevent opposing solid surfaces from coming into contact.
In boundary lubrication considerable asperity contact occurs, and the lubrication
mechanism is governed by the physical and chemical properties of thin surface
films that are of molecular proportion (from 1 to 10 nm). The frictional character-
istics are determined by the properties of the solids and the lubricant film at the
common interfaces. Partial lubrication (sometimes referred to as "mixed lubrica-
tion") is governed by a mixture of boundary and fluid film effects. Most of the
scientific unknowns lie in this lubrication regime.
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Chapter 2
Bearing Classification
and Selection
Design is a creative process aimed at finding a solution to a particular problem.
In all forms of design a particular problem may have many different solutions, mainly
because design requirements can be interpreted in many ways. For example, it
may be desirable to produce
(1) The cheapest design
(2) Or the easiest to build with available materials
(3) Or the most reliable
(4) Or the one that takes up the smallest space
(5) Or the one that is lightest in weight
(6) Or the best from any of a whole variety of possible standpoints
The task of the designer is therefore not clear cut, because he or she has to choose
a reasonable compromise between these various requirements and then has to
decide to adopt one of the possible designs that could meet this compromise.
The process of bearing selection and design usually involves these steps:
(1) Selecting a suitable type of bearing
(2) Estimating a bearing size that is likely to be satisfactory
(3) Analyzing bearing performance to see if it meets the requirements
(4) And then modifying the design and the dimensions until the performance is
near to whichever optimum is considered the most important
The last two steps in the process can be handled fairly easily by someone who
is trained in analytical methods and understands the fundamental principles of
the subject. The first two steps, however, require some creative decisions to be
made and for many people represent the most difficult part of the design process.
2.1 Bearing Classification
A bearing is a support or guide that locates one machine component with respect
to others in such a way that prescribed relative motion can occur while the forces
associated with machine operation are transmitted smoothly and efficiently.
Bearings can be classified in several ways: according to the basic mode of operation
(rubbing, hydrodynamic, hydrostatic, or rolling element), according to the
direction and nature of the applied load (thrust or journal), or according to geo-
metric form (tapered land, stepped parallel surface, or tilting pad). There is much
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to be said for classification according to the basic mode of operation, with sub-
divisions to account for different geometric forms and loading conditions. That
classification is used in this book.
2.1.1 Dry rubbing bearings.--In dry rubbing bearings the two bearing surfaces
rub together in rolling or sliding motion, or both, and are lubricated by boundary
lubrication. Examples of dry rubbing bearings are unlubricated journals made
from materials such as nylon, polytetrafluoroethylene, and carbon and diamond
pivots used in instruments. The load-carrying and frictional characteristics of this
class of bearings can be related directly to the basic contact properties of the bearing
materials.
2.1.2 Impregnated bearings.--In this type of bearing a porous material (usually
metal) is impregnated with a lubricant, thus giving a self-lubricating effect. The
porous metal is usually made by sintering (heating to create a coherent mass
without melting) a compressed metal powder (e.g., sintered iron or bronze). The
pores serve as reservoirs for the lubricant. The load-carrying and frictional
characteristics of the bearing depend on the properties of the solid matrix and
the lubricant in conjunction with the opposing solid. The lubricant may be a liquid
or a grease.
In general, the application of impregnated bearings is restricted to low sliding
speeds (usually less than 1 or 1.5 m/s), but they can carry high mean pressures
(often up to 7 to 15 MPa). A great advantage of these bearings is that they are
simple and cheap, just like rubbing bearings, and they are frequently used in low-
speed or intermittent-motion situations such as automobile chassis, cams, and
oscillating mechanisms.
Impregnated separators for small ball bearings such as those used in precision
instruments are sometimes used as lubricant reservoirs for the rolling elements
when a minimum amount of lubricant is required. In this case the porous material
is generally a plastic (e.g., nylon).
It is usually doubtful that the impregnated bearing operates in true hydrodynamic
fashion owing to the small amount of lubricant that is present. The behavior can
be described as partial hydrodynamic lubrication, since it probably consists of
a mixture of fluid film and boundary lubrication, therefore implying partial lubri-
cation. The bearing's hydrodynamic performance can be analyzed by assuming
that a full film exists in the clearance space and that the lubricant flow within
the porous material is covered by Darcy's law as pointed out, for example, in
Cameron (1976). Darcy's simple formula for porous bearings relates the pressure
gradient to the flow within a porous material while neglecting inertia effects and
assuming that there is no relative surface velocity. A simultaneous solution of
the Reynolds equation and the flow equation for a porous matrix yields flow
patterns, pressure distributions, and load-carrying capacities that can be used to
construct design charts. Satisfactory design procedures, however, usually embody
a considerable amount of experimental information and operating experience to
supplement the hydrodynamic analysis. Difficulty in qualifying the separate actions
that govern bearing behavior reflects the partial hydrodynamic operation of many
bearings in this class.
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2.1.3 Conformal fluid film bearings.--The opposing surfaces of hydrodynamic
fluid film bearings are completely separated by a lubricant film. The lubricant
may be a liquid or a gas, and the load-carrying capacity derived from the pressure
within the lubricating film may be generated by the motion of the machine elements
(self-acting or hydrodynamic bearings) or by external pressurization (hydrostatic)
or hydrodynamic squeeze motion, or by a combination of these actions. In all
cases the frictional characteristics of the bearings are governed by the laws of
viscous flow. The load-carrying capacities are similarly dictated by hydrodynamic
action, but the properties of the bearing materials have to be considered (e.g.,
the fatigue life or low friction properties) at extremely low speeds.
The methods of feeding lubricant to a conformal fluid film bearing vary consider-
ably. At low speeds and modest loads a simple ring-oiler that draws oil up to
the bearing from a reservoir by means of viscous lifting might suffice, but in
many modern machines the oil is supplied to the bearing under pressure to ensure
adequate filling of the clearance space. Externally pressurized, or hydrostatic,
bearings require elaborate lubricant supply systems, and the lubricant enters the
bearing under a pressure of the order of a megapascal. This type of bearing is
particularly useful at high loads and low speeds or when film stiffness perpen-
dicular to surface motion is important.
A simple subdivision of conformal fluid film bearings that accounts for the nature
of the lubricant, the mode of operation, the direction of motion, the nature of the
load, and the geometric form of the bearing is shown in figure 2-1.
Coniormalfluidfilm bearings
I
! I
Natureof Liquid Gas
lubrication I [
I
I I I i
Modeofoperation Hydrodynamic Squeeze Hydrostatic Hybrid
I I I I
Direction of load Journal Combined Thrust
Natureof load
Geometricform
(e.g.,partialor
completejournal
bearings)
I I
Steady Dynamic
I t
I
Geometricform I
Figure 2-1.--Divisions of conformal fluid film bearings.
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Nature of
lubrication
Mode of operation
Rolling-element bearings
1
I I
Oil Grease
I I
I
i
I Roller
Ball (including
I needle)
I
, I ,
Direction of load Thrust Angular Radial
I contact I
I I
Nature of load Steady Dynamic
I j
I
I I
Geometric form Single row Double row
! I
Figure 2-2.--Divisions of rolling-element bearings.
2.1.4 Rolling-element bearings.--The machine elements in rolling-element
bearings are separated by elements in predominately rolling motion. Figure 2-2
shows the subgrouping of rolling-element bearings. The rolling elements might
be balls, rollers, or needles (rollers with large length-to-diameter ratios). Relative
motion between the machine elements is permitted by replacing the sliding action
with a motion that is mainly rolling. Normally some slipping, sliding, or spinning
also takes place and the friction characteristics are determined by the relative
motion, the loading conditions, and the lubricant properties. Rolling-element
bearings may be lubricated by liquids (mineral oils or synthetic lubricants) or
greases. The lubricant (normally a grease) is sometimes sealed into the bearing
assembly, or it may be applied in a mist of fine droplets. There are innumerable
types of rolling-element bearings designed to meet the varied operating conditions
encountered in industry.
2.2 Bearing Selection
The designer is often confronted with decisions on whether a rolling-element
or hydrodynamic bearing should be used in a particular application. The following
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characteristics make rolling-element bearings more desirable than hydrodynamic
bearings in many situations: (l) low starting and good operating friction, (2) the
ability to support combined radial and thrust loads, (3) less sensitivity to
interruptions in lubrication, (4) no self-excited instabilities, (5) good low-
temperature starting, and (6) the ability to seal the lubricant within the bearing.
Within reasonable limits changes in load, speed, and operating temperature have
but little effect on the satisfactory performance of rolling-element bearings.
The following characteristics make rolling-element bearings less desirable than
hydrodynamic bearings: (1) finite fatigue life subject to wide fluctuations, (2)
larger space required in the radial direction, (3) low damping capacity, (4) higher
noise level, (5) more severe alignment requirements, and (6) higher cost.
Each type of bearing has its particular strong points, and care should be taken
in choosing the most appropriate type of bearing for a given application. Useful
guidance on the important issue of bearing selection has been presented by the
Engineering Sciences Data Unit (ESDU). The ESDU documents (1965, 1967) are
excellent guides to selecting the type of journal or thrust bearing that is most likely
to give the required performance when considering the load, speed, and geometry
of the bearing.
Figure 2-3, reproduced from Esr)u (1965), shows the typical maximum load
that can be carried at various speeds, for a nominal life of 10 000 hr at room
temperature, by various types of journal bearings on shafts of the diameters quoted.
The heavy curves indicate the preferred type of journal bearing for a particular
load, speed, and diameter and thus divide the graph into distinctive regions. The
applied load and speed are usually known, and this enables a preliminary assessment
to be made of the type of journal bearing most likely to be suitable for a particular
application. In many cases the shaft diameter will already have been determined
by other considerations, and figure 2-3 can be used to find the type of journal
bearing that will give adequate load-carrying capacity at the required speed.
These curves are based on good engineering practice and commercially available
parts. Higher loads and speeds or smaller shaft diameters are possible with
exceptionally high engineering standards or specially produced materials. Except
for rolling-element bearings the curves are drawn for bearings with widths equal
to their diameters. A medium-viscosity mineral oil lubricant is assumed for the
hydrodynamic hearings.
Considerations other than the load and speed may often have an overriding
importance in bearing selection. Tables 2-1 and 2-2 give the advantages and
limitations of various bearings in relation to environmental conditions and
particular requirements. It is emphasized that figure 2-3 and tables 2-1 and 2-2
are only intended as guides.
Similarly figure 2-4, reproduced from ESDU(1967), shows the typical maximum
load that can be carried at various speeds, for a nominal life of I0 000 hr at room
temperature, by various types of thrust bearings on shafts of the diameters quoted.
The heavy curves again indicate the preferred type of bearing for a particular
load, speed, and diameter and thus divide the graph into major regions.
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Figure 2-3,--General guide to journal bearing type. Except for rolling-element bearings curves are
drawn for bearings with width equal to diameter. A medium-viscosity mineral oil is assumed for
hydrodynamic bearings. From ESDU (1965).
16
Bearing Selection
8
L
7,
17
Bearing Classification and Selection
i
!
18
Bearing Selection
k
,
_u
19
BearingClassificationandSelection
z
a:
_o-
r
t-
L
E 7_ g_le
_ m =_
• _-._ _
Z _ E
_;_i_ _ _ _
E
- _
_ "_ - _= __
20
BearingSelection
21
Bearing Classification and Selection
_=
i
Y.._ _
22
Bearing Selection
105
104
i 10 3
E
I- 102
10 7
lO8___--
10 6
10 5
z
10 4
E
10 3
10 2
_o__---
1--
Rubbing bearings
Oil-impregnated porous metal bearings
Rolling-element bearings
Hydrodynamic oil film bearings
Diameter,
m (in.)
{20)
/ r Approximate bursting
speed, steel disks
.0125 (1/2)
.0125
.006 (1/4) ---,'_
101 Approximate maximum
speed, rubbing bearing
I I *llllhJ I ,lil,lll I =Idihl
10-2 10-1 1 10
i I illhhl
I 10
z:Approximate maximum
speed, rolling-element
bearings
I ,l,l,hl I ,Id,h[ I ,l,hhl I
102 103 104 2x104
Frequency of rotation, rps
I lllhl,[ I Ilthht I Illhhl I Illhhl I Illhhl
102 103 104 105 106
Frequency of rotation, rpm
Figure 2_..--General guide to thrust bearing type. Except for rolling-element bearings curves are drawn
for typical ratios of inside diameter to outside diameter. A medium-viscosity mineral oil is assumod
for hydrodynamic bearings. From ESDU (1967).
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2.3 Closure
This chapter began with a general discussion of the process of bearing design.
The four primary steps used in bearing design are selecting a suitable type,
estimating bearing size, analyzing performance, and modifying or fine tuning.
It was pointed out that the first two steps are the most difficult and require creative
decisions, whereas the last two steps can be handled fairly easily by a person
trained in analytical methods. After considering several options, it was decided
that bearings would best be classified by considering their mode of operation.
The four primary classes of bearing that were considered were dry or rubbing
bearings, which use boundary lubrication if any; impregnated bearings, which
use partial lubrication; rolling-element bearings, which use elastohydrodynamic
lubrication; and hydrodynamic fluid film bearings, which use hydrodynamic
lubrication. The Engineering Sciences Data Unit documents can be used as guides
in selecting the type of journal or thrust bearing most likely to give the required
performance when considering its load, speed, and geometry.
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Chapter 3
Surface Topography
Although bearing design theory relies heavily on fluid mechanics and kinematics,
it is still ultimately a problem of two surfaces that are either in contact or separated
by a thin fluid film. In either case the surface texture can be important in ensuring
proper lubrication.
The first step in gaining insight into the lubrication of solid surfaces is to examine
the surface profile, or topography. Smooth surfaces are not fiat on an atomic scale.
The roughness of manufactured surfaces used in lubrication is between 0.01 and
10 tzm, whereas typical atomic diameters are between 0.0001 and 0.001 _m. Even
a highly polished surface, when examined microscopically or with a profilometer,
has an irregular nature. The surface consists of high and low spots. The high spots,
or protuberances, are called asperities.
3.1 Geometric Characteristics of Surfaces
The geometric characteristics, or texture, of surfaces as shown in figure 3-1
may conveniently be divided into three main categories:
(1) Error of form--The surface deviates from a well-defined pattern because
of errors inherent in the manufacturing process.
(2) Waviness--Relatively long waves in a surface profile are often associated
with unwanted vibrations that always occur in machine tool systems.
(3) Roughness--Irregularities, excluding waviness and error of form, are inherent
in the cutting and polishing process during production.
In the study of lubricated surfaces, roughness is the geometric variation that is
generally of interest. Although often no sharp distinction can be drawn between
these categories, roughness simply concerns the horizontal spacing (wavelength)
of the surface features. From a practical point of view, in characterizing surfaces
used in tribotogy both the vertical direction (or amplitude parameter) and the
horizontal direction (or wavelength) are important.
3.2 Stylus Measurements
Two general classes of hardware are commonly used for measuring surface finish:
contacting methods using stylus techniques, and noncontacting methods.Stylus
measurements are discussed in this section. Stylus measurements are based on
transforming the vertical motion of the stylus tip as it traverses a surface into
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Actualsurface profile Errorof form Waviness Roughness
Figure 3-1.--Geometric characteristics of solid surfaces. From Hailing (1976).
an electrical analog voltage. This voltage is then processed either by using analog
circuitry or by converting it to digital information for processing. The method
was introduced by Abbot and Firestone in 1933.
The stylus is normally made of diamond and has a tip radius of 2/,tm and a
static load of less than 0.0007 N (0.00256 oz). The tip radius is relatively large
in comparison with the typical roughness. Therefore, it is often difficult to obtain
a true picture of a surface from a stylus measurement. Features that appear to
be asperity peaks on a single profile may in fact be local ridges on the flank of
a true summit, as shown in figure 3-2. Moreover, many real surfaces of practical
interest to tribologists have highly anisotropic surface textures. Thus, profiles
taken in different traverse directions look quite different.
However, the main limitation of stylus measurements is the finite size of the
stylus tip, which distorts the surface profile, as shown in figure 3-3, broadening
peaks and narrowing valleys. The magnification in the vertical direction is
generally 100 to 100 000; that in the horizontal direction is 10 to 5000. A typical
ratio of vertical to horizontal magnification is 50:1. It is therefore important to
take into account this difference in magnification. This is often not done, and
thus a false impression of the nature of surfaces has become prevalent. Figure 3-4
attempts to illustrate this. Figure 3-4(a) shows a typical profilometry trace at a
horizontal magnification of 8, figure 3-4(b) shows the trace at a horizontal
magnification of 40, and figure 3-4(c) shows a small portion of the trace at a
magnification of 200 based on equal horizontal and vertical scales.
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traverse
(b)
(a) Surface profile.
(b) Surface asperity.
Figure 3-2.--Difficulty in interpreting profilometer traces.
Stylus Measurements
Stylus f_"_,,_,, Stylus
_:,.- ....................."_As°+ --,_---su=---
Figure 3-3.--Error due to stylus radius.
(a)
(b)
(c)
(a) Horizontal magnification, 8.
(b) Horizontal magnification, 40.
(c) Horizontal magnification, 200 (true form).
Figure 3-4.--Misleading impression from stylus-records-shaped surface at vertical magnification
of 200 and three horizontal magnifications. Centerline average, 10 p,m. From Barwell (1979).
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3.3 Some Noncontacting Measurement Devices
The noncontacting methods for determining the characteristics of surfaces use
a number of different measurement principles and devices:
(1) Pneumatic devices--This method is based on the measurement of air leakage.
A flat and finely finished measurement head has an orifice for air. Measuring
the airflow when the head is placed on the surface indicates changes in surface
roughness. Pneumatic devices provide a simple, inexpensive, portable, quick,
and robust way of assessing surface roughness, well suited for use in determining
the quality of surfaces on the shop floor.
(2) Optical devices--The intensity of reflected laser light defines the surface
texture, producing an average over a surface area. This method is not well
established in terms of the number of people who use it routinely.
(3) Electron microscope devices--This method offers better resolution and depth
of field than optical methods, chiefly because of the extremely short wavelength
of electron microscope beams in comparison with that of light. Sherrington and
Smith (1988) point out the two types of electron microscopy:
(a) Transmission electron microscopy (TEM)--Electrons are incident on a thin
specimen (less than 1 _m thick) that deflects and scatters the electrons as they
pass through it. A lens system magnifies and focuses scattered electrons to form
an image on a screen or photographic film. In order to examine the surface of a
metal component by TEM, it is usually necessary to fabricate a replica of the specimen
surface. TEM is typically able to resolve features down to a separation of around
0.3 nm and has been used to study the changes in surface structure during wear.
(b) Reflection electron microscopy (REM)--Eiectrons are scattered from the
surface of the specimen and strike a collector, which generates an electrical signal.
This signal is subsequently processed and used to form an image representing the
specimen surface on a monitor screen. Scattered electrons are produced by a beam
of finely focused electrons that scans the specimen in a raster pattern, a process
called scanning electron microscopy (SEM). Scanning electron microscopes can
be adjusted to have a maximum resolution of about l0 nm, a little less than that
available in TEM. However, this disadvantage is compensated for by the fact that
specimen preparation is considerably easier.
Besides these noncontacting devices, scanning tunneling microscopy is also
available but beyond the scope of this book. Sherrington and Smith (1988) give
an excellent description of this device as well as describing in general the modern
measurement techniques used in determining the characteristics of tribological
surfaces.
Several methods of measuring surface topography have been described in this
section as well as in the preceding section. Of these methods the stylus measurement
device is the most widely used. Table 3-l, obtained from Sherrington and Smith
(1988), summarizes the specifications of a number of the devices described in
this section as well as in the preceding section. From this table the resolution,
the depth of field, and the measurable area are described for four different devices.
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TABLE 3-1 .--SUMMARY OF TYPICAL SPECIFICATIONS OF DEVICES USED
IN LABORATORY MEASUREMENT OF SURFACE TOPOGRAPHY
[From Sherrington and Smith (1988).]
Device
Stylus
instrument
Resolution
Lateral
Lowest Highest
(a) (a)
Optical light 2.5 #.m 0.1 om
microscope
Transmission 2.5 nm 0.5 nm
electron
microscope
Scanning 5 #,m 10 nm
electron
microscope
aNol easily defined
bN_a applicable
CAppn_ximately the same as the lateral resolution
dNol available
Vertical
Lowest Highest
0.5 #.m 0.00025 #m
(b) (b)
(c) (c)
(d) (d)
Vertical measurement
range or depth of field
At lowest At highest
resolution resolution
500 p,m 0.25 um
42 _m 0.04 #,m
400 nm 80 nm
I mm 2 #m
Measurable
area
Depends on
traverse length;
typically a few
millimeters
Depends on
magnification
Depends on
magnification
Depends on
magnification
3.4 Reference Lines
In computing the parameters that define the surface texture all height measure-
ments are made from some defined reference line. Several methods have been
used. They are summarized below and shown graphically in figure 3-5.
3.4.1 Mean, orM-system.--The mean, or M-system, method is based on select-
ing the mean line as the centroid of the profile. Thus, the areas above and below
this line are equal. If for discrete profiles the area of each profile is a rectangle,
this method turns out to be simply finding the average of the measured heights.
This method gives a "horizontal" reference that does not compensate for errors
of form or tilt.
3.4.2 Ten-point average.--The ten-point-average method is based on finding
the five highest peaks and the five lowest valleys. The average of these 10 points
gives the reference line. For deeply pitted surfaces this method can lead to a
reference line that is below the major surface features.
3.4.3 Least squares.--The least-squares method is based on postulating a sloping
reference line instead of a horizontal line as is the case for the M-system. Therefore,
the major advantage of this approach is that it can be used to compensate for the
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(a)
yy wy
(b)
(c)
(a) M-system.
(b) Ten-point average.
(c) Least squares.
Figure 3 5.--Comparison of three types of reference line.
linear error of form, or tilt. The following will attempt to describe mathematically
the least-squares reference lines. From the equation of a line,
z=_r+b
where
m slope
/_ intercept on z axis
Given a set of points Pl(xl, Z0, P2(x2, Z2)..... P,,(xn, Z,,) corresponding to each
value of x, consider two values of z: (1) z measured and (2) z obtained from
rhx + b. Call the difference d such that
d, = iz, - (,nx, + b)]..... ao = Iz. - (_., + {')!
The set of all deviations gives a picture of how well the observed data fit a line. If
n-- 2
di= O, the fit is perfect. This never occurs in real situations, and that is
i=1
where the method of least squares comes in.
Not only is it important to establish a reference line or mean line in the z direction,
it is also important to establish a sampling length or distance in the x direction that
adequately differentiates between roughness and waviness.
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or
f(m, b) = (z, - O_l - _)2 + (z2 - mx_ - b) 2 + ... + (z,, - r_,, - _)2
Finding the_ values of m and b that give the smallestf-(m, b) requires finding values
of m and b that satisfy
 _0f
-0
Om Ob
Solving these two equations for the two unknowns produces the reference line that
gives the slope-intercept form.
Once the method of selecting a reference line is agreed upon, all surface height
measurements are made relative to it. The centroid (or M-system) and the least-
squares reference line methods are the easiest to deal with analytically, because
the sum of all the profile height deviations is always zero.
3.5 Computation of Surface Parameters
Measurements made with a stylus instrument are assumed. The reference line
used is obtained by either the M-system or the least-squares method so that the
average of zi is zero. Samples taken at uniform length intervals A are assumed.
The A is defined as small. Resulting discretized height values are denoted by
zi, i=l,2 ..... N.
Three different surface parameters may be computed:
(1) Centerline average (CLA) or arithmetic average (AA), denoted by R,,
1 N
Ro = _ _ Izil
1=1
(3-1)
From Of/Ob = 0 it immediately follows that _ [t i = O, so that
-'= b has zero mean.
_t _i -- mAfi --
(2) Root mean square (rms), denoted by Rq,
Rq = Z_)
i=1
(3-2)
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(3) Maximum peak-to-valley height, denoted by R t,
In general,
R, = max(z) - min(z) (3-3)
R,_ < Rq <_ Rt (3-4)
Also for a simple sine wave the ratio of Rq to Ra is
eq_ "if
- 1.11 (3-5)
R a 2v_
Table 3-2 gives typical values of the arithmetic mean R,,. The shape of surface
asperities is not characterized by Rq. Figure 3-6 shows six different surface
TABLE 3-2.--TYPICAL ARITHMETIC AVERAGES FOR
VARIOUS PROCESSES AND COMPONENTS
Arithmetic average, R a
#m uin.
Processes
Sand casting; hot rolling
Sawing
Planing and shaping
Forging
Drilling
Milling
Boring; turning
Broaching; reaming; cold rolling;
drawing
Die casting
Grinding, coarse
Grinding, fine
Honing
Polishing
Lapping
12.5-25
3.2-25
.8-25
3.2-12.5
1.6-6.3
.8-6.3
.4-6.3
.8-3.2
.8-1.6
.4-1.6
.1-.4
.1-.8
.05-.4
.025-.4
500-1000
128-1000
32-1000
128-500
64-250
32-250
16-250
32-128
32-64
16-120
4-16
4-32
2-16
1-16
Components
Gears 0.25-10 10-400
Plain bcarings--journal (runner) .12-.5 5-20
Plain bearings--bearing (pad) .25-1.2 10-50
Rolling bearings--rolling elements .025-. 12 1-5
Rolling bearings--tracks .1-.3 4-12
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A/V /V A
A__A__A_A
Figure 3-6.--Geometric profiles having same values of arithmetic average.
From Hailing (1976).
profiles, all with the same R,, or arithmetic average roughness. For this reason
tribologists seek additional surface parameters that are rather more informative.
The texture of a surface can be described in terms of the distribution function of
its profile heights. In statistical terms the cumulative distribution of the all-ordinate
distribution curve can be written as
F(z) = g dz
-- oo
where z refers to the profile height and _} is the probability density function of
the distribution of these heights. The probability density function may be viewed as
the fraction of heights in a given interval. Therefore, the practical derivation of
such a distribution curve involves taking measurements of zl, z2, etc., at some
discrete interval and summing the number of ordinates at any given height level.
Figure 3-7 illustrates the method used in obtaining the all-ordinate distribution. The
distribution curve in figure 3-7 is the smoothest curve that can be drawn through
the histogram produced by such a sampling procedure. This smooth curve for
many surfaces tends to exhibit a Gaussian distribution of surface texture heights.
If these ideas of height distribution are introduced, the empirical probability
density, or histogram, can be used to evaluate R,, and Rq. If the fraction of heights
in an interval zj - A < Zj < zj + A is denoted by _j, for j = -L ..... 0 ..... L,
then approximately the same values as those given in equations (3-1) and (3-2)
can be expressed as
R,, = z dz
l
(3-6)
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Z
interval
_, Number
1¢ _- All-ordinate
distribution
histogram
Figure 3-7.--Method of deriving all-ordinate distribution. From Hailing (1975).
[lL ,,¸2Rq -_ Z 2
_' -L
(3-7)
From the Gauss-Laplace law a general expression for the probability density
function is
_, 1 - (z - z'12/2(a) _
- _ e (3-8)
a(2_') I/2
where a is the standard deviation and z* is the distance of the mean from the value
chosen as the origin. The values of the ordinate _ of the Gaussian distribution
curve for z* = 0 are found in most books on statistics. The form of the Gaussian
distribution necessitates a spread of - oo to oo, which cannot happen with practical
surfaces. In practice the distribution curve is truncated to + 3o. Because approx-
imately 99.9 percent of all events occur within this region, the truncation leads to
negligible error while providing useful simplification.
The n th moment of the distribution curve _ dz about the mean is defined as
M,,= z° dz (3-9)
It can be observed that twice the first moment of half _ dz is equivalent to the
centerline average R_ defined in equation (3-6) or
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The first moment of the whole _ dz about the mean reference line is zero. Likewise,
comparing the second moment of _ dz with the root mean square R,j expressed
in equation (3-7) gives
],¸¸,2[Rq, = o I = Z2_ dz = Second moment of _ dz
The third moment of _ dz relates to the skewness of a curve, or the departure of
a curve from symmetry. The mathematical expression for the nomlalized skewness is
Rq ,_-o_
(3-10)
If the peaks and valleys deviate from the reference line by approximately the same
amount, the skewness will be zero. If, on the other hand, the surfaces are deeply
pitted, the skewness will be some negative value.
The fourth moment of _ dz relates to the peakedness, or kurtosis, of the curve
and is expressed as
= ga z4_, a':
Rq ,, - o_
(3-11)
The kurtosis _ always has a positive value and measures the sharpness of a symmetric
distribution. For a Gaussian distribution the curve has a kurtosis of 3. When most
of the profile heights are close to the reference line,/3 is quite large; a relatively
flat height distribution will have a _ near zero. Curves with values of _ less than
3 are called platykurtic and those with/3 greater than 3 are called leptokurtic.
Figure 3-8 illustrates the various types of kurtosis curves.
For a Gaussian distribution where the curve is represented by _, as expressed
in equation (3-8), the general expression for the n th moment is given by
1 l °° _n -:2,'2(o')2 dz-- _,, eM,, o(2_)v: ....
(3-12)
where the standard deviation o = Rq. From equation (3-12) it is observed that. if
n is odd. M,, vanishes and the curve must be symmetrical. If n is even. then
n!
M,, - 2,v2(n/2)! (o)" (3-13)
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[ Kurtosis,
S
Figure 3 8. Illustration of three different kurtosis values. From Hailing (1975).
Note that the second moment becomes (o) 2, the variance.
.'.M 2 = (0) 2 = Rq = Variance (3-14)
Some additional parameters used to define surfaces used in fluid film lubrication
as well as the range of values normally found are listed below:
(1) Density of asperities, 102 to 106 peaks/mm 2
(2) Asperity spacing, 1 to 75 /zm
(3) Asperity slopes, 0 ° to 25 °, but mainly 5 ° to 10 °
(4) Radii of peaks, mostly 10 to 30 #m
These additional surface definitions better define the surface texture used in fluid
film lubrication.
3.6 Autocorrelation Parameter
The previously discussed parameters (R., Rq, and Rt) depend only on the profile
heights, and not on the spacing between heights. As a result they do not truly
reflect the shape of the profile, as illustrated in figure 3-7. The autocorrelation
does incorporate the spacing between heights and is obtained by multiplying each
profile height by the height of the point at some fixed horizontal distance farther
along the profile. After averaging the product over a representative profile length
and normalizing by the variance Rq, the expression for the autocorrelation is
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P_- _ E Z,:,+, (3-15)
Rq(N - k) i: 1
Distribution of Slope and Curvature
Su_ace Su_ace
kA kA
Autocorrelation function Autocorrelation function
(a) Surface a. (b) Surlace h.
(b)
Figure 3-9.--Two different surfaces and resulting autocorrelalion functions. From
Hailing t 1975).
The autocorrelation depends on k and is a measure of the similarity of heights
separated by the distance kA (where A is the sample interval, assumed to be con-
stant). In machining processes such as turning or milling, where thcre are pro-
nounced feed marks, the autocorrelation will have a maximum where k,5 is some
integer multiple of the linear feed. This distance is often called the characteristic
wavelength.
Typical plots of the autocorrelation function for two different profiles are shown
in figure 3-9. The variance is defined as (cr)2. The shape of this function is most
useful in revealing some of the characteristics of the profile. The general decay
of the function is the random component of the surface profile and indicates a
decrease in correlation as kA increases, as shown in figure 3-9(b). The oscillatory
component of the function indicates any inherent periodicity of the profile, as
shown in figure 3-9(a).
3.7 Distribution of Slope and Curvature
A basic geometric description of a profile can be given, considering the profile
as a random function, with first and second derivatives. Each of the derivatives
also has a statistical distribution associated with it. The most straightforward way
of estimating this information is to use differences in the profile to represent the
derivatives, or
A
i
d2z _.i+1 -- 2Zi + Z.i t
i
(3-17)
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Equation (3-16) defines the slope of the profile and equation (3-17) defines its
curvature. However, because the profile is a random function with "noise,"
differencing is not the best way, since it makes this noise greater. Some sort of
smoothing of the data should be done to minimize this effect. One way of doing
this is to use equations (3-16) and (3-t7) with samples taken at intervals of A,
2A, 3A .... and then to make weighted averages of these expressions. For example,
by choosing weights of 1.5, -0.6, and 0.1 for derivatives formed at A, 2A, and
3A, respectively, the following expressions are obtained:
_- i = 6_ 45(zi.i - zi-O - 9(Zi+2 - z,-2) + (Z,+3 - z,-3) (3-18)
-490Zi + 270(Zi+1 -- Zi- I)
- 27(Zi+2 -- Zi-2) + 2(Z_+3 -- Zi-3)]
J
(3-19)
A slope and curvature profile can be generated in this way from the height profile,
and by using the same relations as for the heights, a mean or average slope and
curvature can be found as well as the respective standard deviation of the distribu-
tions. Likewise, the skewness and the kurtosis can be computed to characterize
the shape of these distributions.
The previously defined properties are a few of the parameters that can be found
from analyzing a profile. These characteristics may be important in relating func-
tion to manufactured surfaces or in analyzing how a surface interacts with another
surface. They illustrate some of the efforts at extracting more information from
the surface measurement than simply the height-sensitive parameters.
Finally, the relation between function and surface geometry has to be more
fully understood. This will require closer interaction between the manufacturing
engineer who makes the surface and the designer who specifies the surface.
3.8 Film Parameters for Different
Lubrication Regimes
If a machine element is adequately designed and fluid film lubricated, the
lubricated surfaces are completely separated by a lubricant film. Endurance testing
of ball bearings, for example, as reported by Tallian et al. (1967) has demonstrated
that, when the lubricant film is thick enough to separate the contacting bodies, the
fatigue life of the bearing is greatly extended. Conversely, when the film is not
thick enough to provide full separation between the asperities in the contact zone,
the life of the bearing is adversely affected by the high shear resulting from direct
metal-to-metal contact.
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The four lubrication regimes have been defined in chapter 1 (section 1.2), and
calculation methods for determining the rms surface finish have been introduced
in the last section. This section introduces a film parameter and describes the
range of values for the four lubrication regimes. The relationship between the
dimensionless film parameter A and the minimum film thickness hmi n is
A = hmin (3-20)
(R2q,_ + R2,b) 1/2
where
Rq, a rms surface finish of surface a
Rq, b rms surface finish of surface b
The film parameter is used to define the four important lubrication regimes. The
range of A for these four regimes is
(1) Hydrodynamic lubrication, 5 _< A < 100
(2) Elastohydrodynamic lubrication, 3 - A < 10
(3) Partial lubrication, 1 _< A < 5
(4) Boundary lubrication, A < 1
These Values are rough estimates. The great differences in geometric conformity
in going from hydrodynamically lubricated conjunctions to elastohydrodynamically
lubricated conjunctions make it difficult for clear distinctions to be made.
3.9 Transition Between Lubrication Regimes
As the severity of loading is decreased, there is no sharp transition from boundary
to fluid film lubrication; rather an increasing proportion of the load is carried by
pressures within the film that fills most of the space between the opposing solids.
Indeed, it is often difficult to eliminate fluid film lubrication effects so that true
boundary lubrication can occur, and there is evidence to suggest that micro-fluid-
film lubrication formed by surface irregularities is an important effect.
The variation of the friction coefficient/_ with the film parameter A is shown
in figure 3-10. The friction coefficient is defined as
f (3-21)
_t) z
where f is the tangential (friction) force and _z is the normal applied load. In
figure 3-10 the approximate locations of the various lubrication regimes discussed
in section 3.8 are shown. This figure shows that, as the film parameter A increases,
the friction coefficient initially decreases in the elastohydrodynamic regime and
then increases in the hydrodynamic regime. In explaining this phenomenon let us
assume the surface roughness is the same in both lubrication regimes.
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Figure 3-]O.--Variation of friction coefficient with film parameter. From Hamrock and
Dow_n (1981).
In hydrodynamic lubrication of conformal surfaces as found in journal and thrust
bearings, '_'z o¢ l/h 2. In elastohydrodynamic lubrication of nonconformal surfaces
the normal applied load has little effect on the film thickness. Therefore, _'z is
essentially proportional to a constant. In both hydrodynamic and elastohydrodynamic
lubrication the frictional force is due to lubricant shearing and can be expressed
in both lubrication regimes as fo: 1/h. Making use of this,
1
(/Z)HLOC - OCh (3-22)
1
(/,t)EHL OC -- OC -- (3-23)
Constant h
This then explains the reversing of the slope of the friction coefficient in figure 3-10.
3.10 Closure
Since fluid film lubrication is concerned with the lubrication between solids
separated by small film thicknesses, it is essential that the physical nature of the
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solid's surface topography be understood. In order to obtain this understanding,
this chapter investigated surface measurement hardware. The contact method of
stylus measurement is based on transforming the vertical motion of the stylus tip
as it traverses a surface into an electrical analog voltage. The main limitation of
this approach is the finite size of the stylus tip, which distorts the surface profile--
broadening peaks and narrowing valleys. The following noncontacting measurement
devices were presented:
(1) Pneumatic devices measure the airflow when a finely finished head is placed
on the surface and indicate changes in surface roughness.
(2) Optical devices use the intensity of reflected laser light to define the surface
texture.
(3) Electron microscope devices produce images when electrons are incident
on the specimen.
In computing the parameters that define the surface texture, all height measure-
ments were made from some defined reference line. Two ways of defining the
reference line are
(1) Mean, or M-system, based on selecting the mean line as the centroid of the
profile. The area above this line equals the area below this line.
(2) Least squares, based on postulating a slope-intercept form for the reference
line. This can compensate for errors of form, or tilt.
Ways of computing surface parameters were also discussed. The following two
important parameters were presented:
(1) Centerline average (CLA) or arithmetic average (AA), denoted by R,,
N1 (3-1)
(2) Root-mean-square roughness (rms), denoted by
IN _ \_12Rq = z2i)
i=l
(3-2)
In general, R_, <-- Rq.
The film parameter A was defined as the ratio of the minimum film thickness
to the composite surface roughness. The film parameter was used to define four
important lubrication regimes: hydrodynamic, elastohydrodynamic, partial, and
boundary.
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3.11 Problems
3.11.1 Show that for a Gaussian distribution the theoretical skewness is zero
and the kurtosis is 3.
3.11.2 Show that the skewness for a deeply pitted surface is less than zero
(o_ < 0) and that the kurtosis for a relatively flat height distribution approaches
zero (_ -- 0)
3.11.3 Find Rq/R. for a Gaussian distribution.
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Chapter 4
Lubricant Properties
The primary function of a lubricant is to control friction and wear. Liquid
lubricants, however, also have desirable secondary properties and characteristics:
(1) They can be drawn between moving parts by hydraulic action.
(2) They have relatively high heat-sink capacity to cool the contacting parts.
(3) They are easily mixed with chemicals to give a variety of properties such as
corrosion resistance, rust protection, detergency, or surface active layers.
(4) They can remove wear particles.
Lubricants can be divided into those of petroleum origin, known as mineral oils,
and those of animal or vegetable origin, known as fatty oils. Synthetic oils are
often grouped with the latter. In order for a lubricant to be effective, it must be
viscous enough to maintain a lubricant film under operating conditions but should
be as fluid as possible to remove heat and to avoid power loss due to viscous drag.
A lubricant should also be stable under thermal and oxidation stresses, have low
volatility, and possess some ability to control friction and wear by itself. As can
be seen, quite a bit is expected from a lubricant, and in order to better understand
the role of a lubricant, some basic chemistry is needed.
4.1 Basic Chemistry
Since some lubricants are derived from petroleum, which consists of compounds
of carbon and hydrogen, a brief discussion of hydrocarbon chemistry is needed.
This discussion can also serve as a basis for the study of alcohols, fatty acids,
and cyclic hydrocarbons. Much of this section was obtained from two sources,
Pugh (1970) and Hess (1981).
4.1.1 Hydrocarbons.--Hydrocarbons are compounds of carbon and hydrogen.
Carbon has a valency, or chemical bonding power, of 4; hydrogen has a valency
of 1. The simplest hydrocarbon can be represented diagrammatically as
H
I
H--C--H
I
H
and is named methane with a chemical formula of CH 4. Carbon atoms have the
unique property of being able to link together, and each can join further hydrogen
atoms as in ethane (C2H6), given as
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H H
I I
H--C--C--H
I I
H H
Note that the chain is symmetrical.
By varying the number of carbon atoms in the molecule, it is possible to present
straight-chain hydrocarbons. This family is known as alkanes or paraffins and
has the general formula CnH2n+2 , where, n is the total number of carbon atoms
present in the molecule. This forms a series in which such physical characteristics
as boiling point and specific gravity increase as the value of n increases. Table 4-1,
which lists the first 10 members of the series, shows that an increase in the number
of carbon atoms increases the boiling point of the compounds, thus reducing their
chemical activity. Such families of hydrocarbons are known as homologous series,
and all the members have formulas that fit the general formula of the series. The
principal homologous series of hydrocarbons is summarized in table 4-2.
Much of the remainder of this section on basic chemistry concerns more details
of the members of the homologous series given in table 4-2. The main difference
in the series is the type of bonding. A single covalent bond consists of a single
pair of electrons shared between two atoms, as in methane. Double bonds involve
two shared pairs of electrons, and triple bonds involve three shared pairs. The
bonding in organic compounds is usually indicated by dashes, as shown for the
following examples:
(1) Single (methane, or CH4)
H
I
H--C--H
I
H
TABLE 4-1 .--STRAIGHT-CHAIN PARAFFINS
]From Pugh (1970).]
Number of Name Formula Boiling Specific Physical
carbon point, gravity state at
atoms *C NTP a
1 Methane CH 4 -161.5 ..... Gas
2 Ethane C 2H6 - 88.3 ..... l
3 Propane C3H 8 -44.5 ......
4 Butane C4HI0 -.5 ......
5 Pentane CsHI2 36.2 0.626 Liquid
6 Hexane C6H_4 69 .660
7 Heptane C7Ht6 98.4 .684
8 Octane CsHI8 125.8 .704
9 Nonane C9H2o 150.6 .718
10 Decane C10H22 174 .730 ,'
aNormal temperature and pressure,
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TABLE 4-2.--HOMOLOGOUS SERIES
OF HYDROCARBONS
[From Hess (1981).]
Name Formula Sample of familiar member
Alkane or CnH2n+2 Methane (CH4)
paraffin
Olefin or CnH2n Ethylene (C2H 4)
alkene
Acetylene or CnH2n_ 2 Acetylene (C2H 2)
alkyne
Cycloparaffin CnH2n Cyclopentane (CsHIo)
or naphthene
Aromatic CnH2n_6 Benzene (C6H6)
Basic Chemistry
(2) Double (ethylene, or C2H4)
H H
\ /
C=C
/ \
H H
(3) Triple (acetylene, or C2H2)
H--C--_C--H
Although the olefin or alkene and the cycloparaffin or naphthene series in table 4-2
have the same formula, they behave quite differently. In the alkene series the
double bond present between two carbon atoms greatly increases the chemical
reactivity of these hydrocarbons. In the cycloparaffin series the carbon atoms
are joined to each other, forming a ring. Such a structure is relatively inert.
In the refining of petroleum many useful mixtures of hydrocarbons are made
available. The basic process in refining is fractional distillation, which separates
the various products according to ranges of boiling points. The products formed
by the initial distillation of crude petroleum are known as straight-run products.
Table 4-3 gives the main products formed, together with other pertinent information
about them.
4.1.2 Alcohols.--If in the structure of methane one hydrogen atom is replaced
by the monovalent hydroxyl group OH, one gets methanol, or methyl alcohol,
H
}
H--C--OH
I
H
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TABLE 4-3.--PETROLEUM PRODUCTS
WITH BOILING POINT RANGE
AND NUMBER OF CARBON
ATOMS PRESENT
Petroleum
product
Natural gas
Gasoline
Naphtha
(benzine)
Kerosene
Fuel oil
Lubricating oil
Wax
Asphalt
Boiling Number of
point carbon
range, atoms
*C present
< 32 1-4
40-200 4-12
50-200 7-12
175-275 12-15
200-300 15-18
>300 16-20
> 300 20-34
Residue Large
with a chemical formula of CH3OH. This volatile liquid is also known as wood
alcohol because it is an important byproduct from the destructive distillation of
wood to produce charcoal. Methanol is an important solvent and is used as an
antifreeze and as a denaturant for ethyl alcohol. It is the starting point in the
production of many synthetic chemicals.
The structure of ethane can be modified in the same way as was done for methane
to give ethanol, or ethyl alcohol (C2HsOH),
H H
f f
H--C--C--OH
I f
H H
Ethanol is also known as grain alcohol. It is produced from fermentation of
carbohydrate compounds contained in molasses, corn, rye, barley, and potatoes.
Enzymes in yeast cause the fermentation. Ethanol has the property of absorbing
moisture from the atmosphere until it has a composition of 95 percent alcohol and
5 percent water. It is used extensively in industries preparing drugs, medicinals,
and cosmetics. Ethanol is present in a variety of beverages, causing them to be
intoxicating.
From observing the structures of methanol and ethanol, the family compounds
of alcohol may be written in a general formula as
CnH2n + ]OH
Each is named after the hydrocarbon from which it is derived, the terminal "e"
being replaced by "o1."
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4.1.3 Fatty acids.--The fatty acids may be considered from the appearance
of their molecular structure to be derived from the paraffins by replacing an end
methyl (CH3) group with a carboxyl (COEH) group. The corresponding acid is
named after the root hydrocarbon, and the terminal "e" in the name is changed to
"oic." For example, hexanoic acid contains six carbon atoms and its structure is
H H H H H O
IllLI /
H--C-- C--C--C--C--C
I I I L I
H H H H H O--H
This could be expressed as CH3(CH2)4CO2 H. Table 4-4 lists the straight-chain
fatty acids that result when the number of carbon atoms present in the molecule is
varied from 1 to 20. Note that the molecular structures of the fatty acids are no
longer symmetrical as was true for the hydrocarbons, since in all cases one end
methyl group has been replaced by the CO2H, or carboxyi, group.
If a straight-chain hydrocarbon has a formula suggesting that it is short two
hydrogen atoms, it is called an olefin, as pointed out in table 4-2. The olefins
form a family series of unsaturated hydrocarbons. They are called unsaturated
because the valencies of some of the carbon atoms in the molecule are not completely
satisfied by the hydrogen atoms, and consequently the compound is particularly
chemically active. The main feature of the olefin family is the double bonding of
the carbon atom, which is easily broken and is a source of weakness in the
molecule. The family, whose formula is CnHEn, starts with ethylene.
As pointed out by Pugh (1970) the olefins are not of direct interest from the
lubrication point of view, although their reactivity is exploited in the manufacture
of synthetic lubricants, but unsaturation in fatty acids is of definite interest, since
TABLE 4 4.-FORMULAS FOR STRAIGHT-CHAIN HYDROCARBONS AND FATTY ACIDS
[From Pugh (1970). ]
Number of Hydrocarbon Fall3,' acid
carhofl alOln_
in molecule Formula Nanlc Formula Chefnical name
1
2
3
4
6
8
12
14
16
Ig
2O
H.CH_ or CH.,
H.(CH:).CH_ or C2H¢,
CH_.(CH_,)CH_
CH_.(CH2)2.CH3
CH3.(CH2)a.CH_
CH_.(CH2)a.CH_
CH_.(CH2)_.CH_
CH>{CH2)m.CH_
CH_.ICH2112.CH_
CH_.(CHz)>_.CH3
CH_.(CHzh_.CH3
CH>(CH2)I_.CH_
Methane
Elhane
Pmpane
Butane
Hcxane
Octane
Decane
Dodecane
Tetradecane
Hexadecane
Octadccane
Eicosanc
H .CO2H
CH_.CO:H
i CH3.CH:.CO2H
CH3 (CH:):.CO:H
CH:_.(CH2)a.CO2H
CHa.(CH2)_.CO2H
CH _.(CH,)_.CO2H
CH_.(CHz)m.CO.,H
CH _..(CH2)I2.CO2H
CH>(CH:)I., CO2H
CH _.(CH2)I_,.CO_,H
CH a.(CH2)t_.CO.,H
Common
name
Methanoic Formic
Elhanoic Acetic
Propanoic Propionic
Butanoic Butyric
Hcxanoic Caproic
Octanoic Caprylic
Decannic Capric
Dodecanoic Laurie
Tetradccanoic Myristic
Hexadccanoic Palmitic
Octadccanoic Stearic
Eicosanoic Arachidic
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16
J
2o
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Oleic
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Arathid,mic
FORMULAS FOR SOME UNSATURATED FATTY ACIDS
]From Pugh (1970) ]
Cht2111ica[ 11;111112
Hcxadec 9-enoic
(K'tadec-9-enoic
1 2 Hydroxy_x:tadec-q-enoic
()c;adcca 9:12-dienoic
Octadeca-9: 12:15-1ricm.c
[_ico,,a-5:8: I I: 14 Ictracnoic
ForlllU Ja
CH_ (CH,.)_ CH:(H (CH:IT CO3H
CH _.(('H_,b CH:CH (CH_,I? CO_,H
CH_.!('H:)_ CH(OH) CH, CH:CH(CHzl7 CO, H
CHa (('H_,)zICHTCH CH_) _ (CH2I 6 CO2H
CH_ CHz I('H:CH CH31_ ICH3)e, CO_H
CH_.tCH,I_.ICHCHCH,__41CHzb_CO2 H
a number of fatty acids present in animal and vegetable oils have some degree of
unsaturation. The unsaturated fatty acids of primary interest in the study of lubricating
oils are listed in table 4-5.
4.1.4 Cyclic hydrocarbons.--Cyclic hydrocarbons form two distinct groups,
the cycloparaffins, or naphthenes, and the aromatics. An example of a naphthene
is cyclohexane, which has the structure shown below:
H H
H \c / H
\/\/
C C
/ \
H H
H
\c c-H
H/\ /\C H
/\
H H
It is a saturated compound and the molecule contains 6 carbon atoms and 12
hydrogen atoms. The naphthene family formula is C_Hz,,. Recall that the olefins
have the same formula but that their structure differs considerably from the naphthene
family's. One difference is that the olefins have double-bonded carbon atoms,
whereas the naphthenes have single-bonded carbon atoms.
The cycloparaffins are named after the corresponding straight-chain paraffins
containing the same number of carbon atoms, but since it takes at least three carbon
atoms to form a ring, the series starts with cyclopropane. The physical properties
of the cycloparaffins are different from those of the corresponding straight-chain
paraffins, but they are chemically quite similar.
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The last member of the homologous series given in table 4-2 is the aromatics.
They form a separate, distinct, and peculiar group of compounds, and much time
has been spent studying their general structure. Aromatics have a basic ring structure
containing three double bonds per molecule. A member of this family is benzene,
which is represented structurally below:
H
L
H C H
\c / /
It t
C
H C H
I
H
The other aromatics can be derived from this basic structure by replacing one or
more of the hydrogen atoms with a CH3 or more complex group of atoms. The
ring system is exceptionally stable. Observe from the preceding discussion that
there is an appreciable difference between a lubricating oil made from a naphthenic
base and one made from an aromatic base.
4.2 Newtonian Fluids
The friction between surfaces that are completely separated (no asperity contact)
is due solely to the internal friction of the liquid, namely its viscosity. Newton
in 1687 found that the absolute viscosity of a liquid r/ can be defined as
"r lAIN
,7= - e+-,J
S
where
z shear stress, N/m 2
s shear strain rate, du/dz, s-
r/ absolute viscosity, N s/m 2
The viscosity of a fluid may be associated with its resistance to flow, that is,
with the resistance arising from intermolecular forces and internal friction as the
molecules move past each other. Thick fluids such as molasses have relatively
high viscosity; they do not flow easily. Thinner fluids such as water have lower
viscosity; they flow very easily. The flow characteristics of Newtonian liquids
as a function of shear strain rate are shown in figure 4-1.
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go
Shear strain rate, s Shear strain rate, s
(a) Effect of viscosity on shear strain rate.
(b) Effect of shear stress on shear strain rate.
Figure 4-1.--Properties of a Newtonian fluid.
4.3 Newton's Postulate
Let us relook at equation (4-1) in the way Newton did, while making use of
the sketch shown in figure 4-2. Oil molecules were visualized as small balls that
roll along in layers between fiat planes. Since the oil will "wet" and cling to the
two surfaces, the bottommost layer will not move at all, the uppermost layer will
move with a velocity equal to the velocity of the upper plane, and the layer in
between will move with a velocity directly proportional to the distance between
the two planes. This type of orderly movement in parallel layers is known as
stream!ine, laminar, or viscous flow.
Newton went on to define
s = Shear strain rate- -U U 1 _ U2
h h I he
- , .... etc.
Newton correctly deduced that the force required to maintain a constant velocity
u of the upper layer was proportional to the area A and the velocity gradient or
shear strain rate (s = u/h).
u
f = rlA _ (4-2)
where rl is the proportionality constant, the viscosity coefficient, or the absolute
viscosity. Viscosity, absolute viscosity, and dynamic viscosity all mean the same as
defined above. By rearranging equation (4-2), absolute viscosity can be written as
f
A Shear stress
n - - (4-3)
u Shear strain rate
h
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_ul_ u Th
""_ Stationary plane
Figure 4-2.--Physical illustration of Newton's postulate, where f = friction force, N; A = area, m2;
u = velocity, m/s; h = film thickness, m.
4.4 Units of Absolute Viscosity
It follows from equation (4-3) that the units of viscosity must be the units of
shear stress divided by the units of shear rate. The units of viscosity r/for three
different systems are
(1) SI system: N s/m 2 or, since a newton per square meter is also called a
pascal, Pa s
(2) cgs system: dyne second per square centimeter or poise, where
1 cP = 10 -2 P
(3) English system: lbf s/in. z, pound force second per square inch, called a
reyn in honor of Osborne Reynolds
Conversion of absolute viscosity from one system to another can be facilitated by
table 4-6. To convert from a unit in the column on the left side of the table to a
unit at the top of the table, multiply by the corresponding value given in the table.
For example,
= 0.04 N s/m 2 = (0.04)1.45 x 10 -4 lbf s/in. z = 5.8x 10 -6 lbf s/in. 2
Note also that _ = 0.04 N s/m z= 0.04 Pa s = 5.8x 10 -6 reyn and
= 0.04 N s/m z = (0.04)(103)cp = 40 cP = 0.4 P.
TABLE 4-6,--VISCOSITY CONVERSION FACTORS
To convert
from-
cP
kgf s/m 2
N s/m 2
Ibf stin. 2
cP
1
9.807 x 103
103
6.9 x 102
To-
kgf s/m 2 N s/m 2 I
Ibf s/in. 2
Multiply by-
1.02 x 10 -4 10 -3 1.45 x 10 -7
l 9.807 1.422 × 10 -3
1.02 × 10-1 1 1.45 × 10 -4
7.03x 102 6.9× 103 1
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4.5 Kinematic Viscosity
In many situations it is convenient to use kinematic viscosity rather than absolute
viscosity. The kinematic viscosity _/k is defined as
Absolute viscosity 7/ N s/m 2
r/k = -- m2/s (4-4)
Force density p N s2/m 4
The mass density p* of a fluid is the mass of a unit volume of the fluid. The SI
unit of mass density is kilogram mass per cubic meter ((kg)mass/m3). A kilogram
mass is equal to a kilogram force divided by gravitational acceleration. We can relate
kilogram force to a newton so that the force density p is represented in SI units
as newtons second squared per meter to the fourth power (N s2/m4). More
specifically
(kg)mass _ N s2
m 3 m 4
•".o* = p (4-5)
where
p* mass density, (kg)mass/m 3
p force density, N s2/m 4
The ratio given in equation (4-4) is literally kinematic, all trace of force or
mass canceling out. The units of kinematic viscosity are
(1) SI units: square meters per second
(2) cgs units: square centimeters per second, called a stoke
(3) English units: square inches per second
Table 4-7 shows the difference between absolute and kinematic viscosity with
increasing temperature for two types of lubricating oil. Because of the decrease
in density, the difference between absolute and kinematic viscosity increases with
increasing temperature. Absolute viscosity is required for calculating elastohydro-
dynamic lubrication as related to rolling-element bearings and gears. On the other
hand, kinematic viscosity can be determined experimentally more easily and with
great precision and is therefore preferred for characterizing lubricants.
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TABLE 4-7.--DIVERGENCE BETWEEN KINEMATIC AND ABSOLUTE
VISCOSITY DATA WITH INCREASING TEMPERATURE
[From Klaman (1984).]
Temper-
ature
I m ,
C
Kinematic
viscosity,
r/k,
mm2/s
Paraffinic base oil
0 287
20 78.4
40 30.2
60 14.7
80 8.33
100 5.3
120 3.65
150 2.33
Absolute
viscosity,
_/,
mPa s
253
68
25.8
12.33
6.91
4.32
2.93
1.83
Viscosity
difference,
A,
percent
13.4
15.3
17.1
19.2
20.5
22.7
24.6
27.3
Naphthenic base oil
Kinematic Absolute
viscosity, viscosity,
7/k, "q,
mm2/s mPa s
1330 1245
218 201.0
60.5 55.0
23.6 21.2
11.6 16.2
6.66 5.80
4.27 3.66
2.53 2.t2
Viscosity
difference,
A,
percent
6.8
8.5
10.0
11.3
13.7
14.8
16.7
19.3
4.6 Viscosity Grade System
The International Organization for Standardization (lSO) system is based on the
kinematic viscosity of the oil, in centistokes, at 40 *C. Each viscosity grade is
numerically equal to the kinematic viscosity at the midpoint of the range. To fall
into a given viscosity grade, the oil must be within 10 percent of the midpoint
kinematic viscosity.
Figure 4-3 shows the various viscosity grades. The intent of this figure is to
show how the various designations and the grades within them compare. The
lowest grades are not presented because of space limitations. The Saybolt universal
viscosity unit given in this figure is a commercial measure of kinematic viscosity
expressed as the time in seconds required for 60 cm 3 of a fluid to flow through
the orifice of the standard Saybolt universal viscometer at a temperature of 38 *C.
Herschel in 1918 found that the kinematic viscosity in centistokes can be
expressed in terms of a Saybolt second by the following general formula:
(B
r/k = (_t - --
t
where _ and (B are experimentally determined constants having units of
centimeters squared per second squared and centimeters squared, respectively.
In this expression t is expressed in Saybolt seconds. Values of (_ and (B were
obtained from experiments, and the preceding equation became
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Figure 4-3.--Viscosity grade comparisons. From Litt (1986).
180
r_k = 0.22t - -- (4-6)
t
This equation is helpful in converting Saybolt seconds into kinematic viscosity
expressed in centistokes. The appropriate expression, if we know the kinematic
viscosity and wish to know what the Saybolt seconds would be, can be determined
from the following equation:
t=2.27[r/k+(r/2+ 58.4)_2] (4-7)
Equations (4-6) and (4-7) are only valid when the kinematic viscosity rlk is
expressed in terms of centistokes and the time t in terms of Saybolt seconds.
Viscosity is the most important property of the lubricants employed in
hydrodynamic and elastohydrodynamic lubrication. In general, however, a
lubricant does not simply assume a uniform viscosity in a given bearing. This
results from the nonuniformity of the pressure and/or the temperature prevailing
in the lubricant film. Indeed, many elastohydrodynamically lubricated machine
elements operate over ranges of pressure and/or temperature so extensive that
the consequent variations in the viscosity of the lubricant may become substantial
and, in turn, may dominate the operating characteristics of the machine element.
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Consequently, an adequate knowledge of the viscosity-pressure and viscosity-
pressure-temperature relationships of lubricants is indispensable. The next three
sections deal with such relationships.
4.7 Viscosity-Pressure Effects
As long ago as 1893, Barus proposed the following formula for the isothermal
viscosity-pressure dependence of liquids:
(4-8)
where
In natural, or Napierian, logarithm, log e
70 absolute viscosity at p = 0 and at a constant temperature, N s/m 2
pressure-viscosity coefficient of the lubricant dependent on temperature, m_/N
p pressure, N/m2
Table 4-8 lists the kinematic viscosities in square meters per second and absolute
viscosities in centipoise of 11 lubricants at zero pressure and three temperatures.
These values of the absolute viscosity correspond to 70 in equation (4-8) for the
particular fluid and temperature used. The manufacturer and the manufacturer's
designation for these 11 lubricants are given in table 4-9 and the pressure-viscosity
coefficients _, expressed in square meters per newton, in table 4-10. The values
correspond to _ used in equation (4-8).
Although equation (4-8) is extensively used, it is not generally applicable and
is valid as a reasonable approximation only at moderate pressures. Because of
this shortcoming of equation (4-8), several isothermal viscosity-pressure formulas
have been proposed that usually fit experimental data better than that suggested
by Barus (1893). One of these approaches, which is used in this book, was
developed by Roelands (1966), who undertook a wide-ranging study of the effect
of pressure on lubricant viscosity. For isothermal conditions the Roelands (1966)
formula can be written as
log r/+ 1.200 = (log r_o + 1.200)[1/' + P_I z''_
2000,/\
(4-9)
where
log common, or Briggsian, logarithm, logl0
r/ absolute viscosity, cP
r/0 absolute viscosity at p = 0 and a constant temperature, cP
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TABLE 4-8.--ABSOLUTE AND KINEMATIC VISCOSITIES OF FLUIDS
AT ATMOSPHERIC PRESSURE AND THREE TEMPERATURES
IFrom Jones et al. (1975).1
Fluid
Advanced ester
Formulated advanced ester
Polyalkyl aromatic
Synthetic paraffinic oil (lot 3)
Synthetic paraffinic oil (lot 41
Synthetic paraffinic oil (lot 21
plus antiwear additive
Synthetic paraffinic oil (lot 4) plus
antiwear additive
C-ether
Superrefined naphthenic mineral oil
Synthetic hydrocarbon (traction fluid)
Fluorinated polyether
l
38 99 I 149
I
Absolute viscosity
atp=0,
r_0,
cP
25.3 4.75 2.06
27.6 4.96 2.15
25.5 4.08 1.80
414 34.3 10.9
375 34.7 10. I
370 32.0 9.93
375 34.7 I0.1
29.5 4.67 2.20
68. I 6.86 2.74
34.3 3.53 1.62
181 20.2 6.68
Temperature, tm. *C
38 99 149
Kinematic viscosity at p =0,
m2/s
2.58× 10 _
2.82
3.0
49.3
44.7
4-4.2
44.7
2.5
7.8
3.72
9.66
0.51×10
53
.50
4.26
4.04
4.0
4.04
.41
.82
.40
1.15
0.23x I0 5
.24
.23
1.4
1.3
1.29
1,3
.20
.33
.19
.4
TABLE 4-9.--FLUIDS WITH MANUFACTURER
AND MANUFACTURER'S DESIGNATION
[From Jones et al. (1975).1
L Fluid Manufacturer Designation
Advanced ester
Formulated advanced
ester
Polyalkyl aromatic
Synthetic paraffinic
oil (Io! 3)
Synthetic paraffinic
oil (lot 4)
Synthetic paraffinic
oil (lot 2) plus
antiwear additive
Synthetic paraffinic oil
(lot 4) plus antiwear
additive
C-ether
Superrefined naphthenic
mineral oil
Synthetic hydrocarbon
(traction fluid)
Fluorinated polyether
Shell Oil Co.
Shell Oil Co.
Continental Oil Co.
Mobil Oil Co.
I
Monsanto Co.
Aeroshell turbine oil
555 (base oil)
Aeroshell turbine oil
555 (WRGL-358)
DN-60O
XRM 109-F3
XRM 109-F4
Humble Oil and
Refining Co.
Monsanto Co.
DuPont Co.
XRM 177-F2
XRM 177-F4
MCS-418
FN 2961
MCS-460
PR 143 AB (lot 10)
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TABLE 4-10.--PRESSURE-VISCOSITY COEFFICIENTS
FOR FLUIDS AT THREE TEMPERATURES
[From Jones et al. (1975).]
Fluid
Advanced ester
Zormulated advanced ester
Polyalkyl aromatic
Synthetic paraffinic oil (lot 3)
Synthetic paraffinic oil (lot 4)
Synthetic paraffinic oil (lot 2) plus
antiwear additive
Synthetic paraffinic oil (lot 4) plus
antiwear additive
C-ether
Superrefined naphthenic mineral oil
Synthetic hydrocarbon (traction fluid)
Fluorinated polyether
Temperature, tm, *C
99 [ 14938
Pressure-viscosity coefficient,
m2/N
1.28x 10-8 0.987x 10 -s
1.37 1.00
1.58 1,25
1.77 1.51
1.99 1.51
1.81 1.37
1.96 1.55
1.80 .980
2.51 1.54
3.12 1.71
4.17 3.24
0.851 × 10 -s
.874
1.01
1.09
1.29
1.13
1.25
.795
1.27
.939
3.02
p gage pressure, (kg)force/Cm 2
Zi viscosity-pressure index, a dimensionless constant
Taking the antilog of both sides of equation (4-9) and rearranging terms gives
= r/ = 10-11'2+1°g%111-(I +p/2Ooo)Zll
r/0
Rearranging this equation gives
_}= r/ = (rfl.__'_ II-(I+p'rp)z'I
r/o \ _o /
(4-10)
where
_/_ = 6.31 x 10 -5 N s/m 2 (9.15X 10 -9 Ibf s/in. 2)
Cp = 1.96x 108 N/m 2 (28 440 lbf/in. 2)
In equation (4-10) care must be taken to use the same dimensions in defining
the constants "0ooand co as are used for r_0 and p.
Figure 4-4 compares the Barus equation (eq. (4-8)) with the Roelands equation
(eq. (4-10)) for three different fluids presented in tables 4-8 to 4-10. The
temperature is fixed at 38 *C. This figure indicates that for pressures normally
experienced in elastohydrodynamically lubricated conjunctions (-1 GPa) the
difference between the two formulas is appreciable. Figure 4-4 shows that the
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Figure 4-4.--Comparison of absolute viscosity obtained from Barus' and Roelands' formulas for a
wide range of pressure, Results are shown for three different lubricants at 38 *C: oil l--synthetic
paraffinic oil (lot 3); oil 2--superrefined naphthenic mineral oil: oil 3--synthetic hydrocarbon
(traction fluid).
viscosity rises more rapidly for the Barus formula than for the Roelands formula
for oils 1 and 2, but for oil 3 the Roelands formula rises more rapidly than the
Barus formula. The difference between the formulas varies with the lubricant,
the difference being less for the traction fluid. When the pressure approaches
zero, the two formulas produce the same viscosity.
Table 4-11 gives values of the viscosity-pressure index Zl as obtained from Jones
et al. (1975) for the same lubricants considered in tables 4-8 to 4-10. Roelands (1966)
found that for most fluids Zi is usually constant over a wide temperature range.
This is confirmed in table 4-11, the only exceptions being the synthetic
hydrocarbon (traction fluid) and the C-ether.
Blok (1965) arrived at the important conclusion that all elastohydrodynamic
lubrication results achieved from the Barus formulas (eq. (4-8)) can be generalized,
to a fair approximation, simply by substituting the reciprocal of the asymptotic
isoviscous pressure 1/pi .... for the pressure-viscosity coefficient _ occurring in
those results. This implies
1
Ply.as
where
(4-11)
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TABLE 4-11.--VISCOSITY-PRESSURE INDEX
FOR FLUIDS AT THREE TEMPERATURES
Fluid
Advanced ester
Formulated advanced ester
Polyalkyl aromatic
Synthetic paraffinic oil (tot 3)
Synthetic paraffinic oil (lot 4)
Synthetic paraffinic oil (lot 2) plus
antiwear additive
Synthetic paraffinic oil (lot 4) plus
antiwear additive
C-ether
Superrefined naphthenic mineral oil
Synthetic hydrocarbon (traction fluid)
Fluorinated polyether
38
Temperature, tm, *C
99 149 38 99 I 149
Dimensionless viscosity-pressure index,
ZI,
From Jones et al. (1975)
0.48 0.48 0.48
.49 .47 .49
.55 .54 .55
.43 .44 .39
.44 .46 .47
.43 .44 .43
.44 .46 .46
.72 .50 .50
.67 .67 .64
1.06 .85 .69
.77 .79 .80
From equation (4-12)
0.42 0.45 0.48
.44 .45 .49
.52 .59 .59
.40 .47 .42
.45 .47 .50
.41 .43 .44
.44 .48 .48
.57 .45 .44
.71 .64 .66
.97 .83 .57
1.03 1.10 1.27
Substituting equation (4-8) into equation (4-11) quickly proves that _ = 1/ply,as.
The preceding can be used to find a tie between the pressure-viscosity coeffi-
cient _ used in the Barus formula (eq. (4-8)) and the viscosity-pressure index Zl
used in the Roelands formula (eq. (4-10)). Making use of the fact that the two
different formulas approach each other as the pressure approaches zero gives
_pp/)(ln r/[Ro_tands)p_0 -----_pp/)(ln r/]aa,_s)p_0 =
Making use of equation (4-10) gives
Z1 - (4-12)
1
-- (In)70 - In r/_)
Cp
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But
1 1
c, 1.96x l0 s
m2/N = 5.1 x 10-9 m2/N
in r/_ = !n(6.31 × 10 -5 N s/m 2) - -9.67
.'. ZI=
5.1 × 10-9(In 70 + 9.67)
This equation is unit sensitive and only applicable for SI units. Equation (4-12),
which is general, thus enables one to quickly determine the viscosity-pressure index
directly from knowing the pressure-viscosity coefficient or vice-versa.
Table 4-11 also compares the viscosity-pressure indexes as obtained from Jones
et al. (1975) and from equation (4-12) for the same fluids considered in tables 4-8
to 4-10. The agreement between the two methods of obtaining ZI is quite good,
the exception being the fluorinated polyether. Thus, equation (4-12) can be useful
for relating the viscosity as obtained from the Roelands and Barus formulas.
4.8 Viscosity-Temperature Effects
The viscosity of mineral and synthetic oils decreases with increasing temperature.
Therefore, the temperature at which the viscosity was measured must be quoted
with every viscosity reported. Figures 4-5 and 4-6 show how absolute viscosity
varies with temperature. The absolute viscosity of a number of different fluids
for a wide range of temperatures is presented in figure 4-5. The interesting point of
this figure is how drastically the slope and the level of viscosity change for different
fluids. The viscosity varies five orders of magnitude, with the slope being highly
negative for the SAE oils and positive for gases. Figure 4-6 gives the viscosity-
temperature effect for the SAE oils.
The expression used by Roelands (1966) to describe the effect of temperature
on viscosity is given as
(log(log r/ + 1.200)= -S O log 1 + +log G O (4-13)
where
_/ absolute viscosity, cP
tm temperature, *C
Go dimensionless constant indicative of viscosity grade of liquid
So dimensionless constant that establishes slope of viscosity-temperature
relationship
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Figure 4-5.--Absolute viscosities of a number of fluids for a wide range of temperatures.
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Figure 4-6.--Absolute viscosities of SAE lubricating oils at atmospheric pressure.
Taking the antilog of equation (4-13) gives
log r/+ 1.2 = Go 10 -S01°g(l +tin 135) (4-14)
Equation (4-14) can be expressed in dimensionless terms as
-s o
(4-15)
where
_7oo= 6.31 x 10-5 N s/m2(9.15 x 10-9 lbf s/in. 2)
Besides the variations of viscosity with temperature a number of other thermal
properties of fluids are important in lubrication. Some of these are specific heat,
volumetric specific heat, thermal conductivity, and thermal diffusivity. The volu-
metric specific heat Cs is defined as the mass density multiplied by the specific
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heat (C_ = p* Cp) and therefore has the units of kilojoule per degree Celsius per
cubic meter (kJ/*C m3). Wirier and Cheng (1980) point out that Cs is relatively
constant for classes of fluids based on chemical composition.
Winer and Cheng (1980) also point out that the thermal conductivity Ky, like
the volumetric specific heat, is relatively constant for classes of lubricants based
on chemical composition. For mineral oils the thermal conductivity is between
0.12 and 0.15 W/m *C. Recall that a watt is equivalent to a joule per second
(W = J/s), a joule is equivalent to a newton meter (J = N m), and a newton is
equivalent to a kilogram meter per second squared (N = kg m/s2). Typical values
of thermal properties of other fluids are shown in table 4-12. In this table the
thermal diffusivity is defined as Kf/p*Cp.
TABLE 4-12.--TYPICAL THERMAL PROPERTIES OF SOME LIQUIDS
[From Winer and Cheng (1980).]
Temperature, Mass density,
Ira, p *,
*C kg/m 3
Specific Kinematic Thermal
heat, viscosity, conductivity,
c_, _ = _/p, KI,
kJ/kg °C m2/s W/m *C
Thermal
diffusivity,
o¢t = Kf/p *Cl.
m2/s
Glycerin (C3Hs(OH) 3)
0
10
2O
3O
40
5O
1 276
1 270
1 264
1 258
1 252
I 244
2.26l 0.00831
2,319 .00300
2.386 .00118
2.445 .00050
2.512 .00022
2.583 .00015
0.282
.284
.286
.286
.286
.287
0.983 x 10 -7
.965
.947
.929
.914
.893
Ethylene glycol (C2H4(OH)2)
0
20
40
60
80
100
1 130
1 116
1 101
1 087
1 077
1 058
2.294 57.53 × 10 -6
2.382 19.18
2.474 8.69
2.562 4.75
2.650 2.98
2.742 2.03
0.242
.249
.256
.260
.261
.263
0.934 x 10 7
.939
,939
.932
.921
.908
Engine oil (unused) a
0
20
40
60
80
100
120
140
160
899
888
876
864
852
840
828
816
8O5
1.796 0.00428
1.880 .00090
1.964 .00024
2,047 .839× 10 4
2.131 .375
2.219 .203
2.307 .124
2.395 .080
2.483 .056
0.147
.145
.144
.140
.138
.137
.135
.133
.132
0.911 x 10 -7
.872
.834
.800
.769
.738
.710
.686
,663
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Temperature, Mass density,
tin, p *,
*C kg/m a
0 13 628
20 13 579
50 13 505
100 13 384
150 13 264
200 13 144
250 13 025
315.5 12 847
TABLE 4-12.--Concluded.
Specific Kinematic
heat, viscosity,
Cp, _k = rl/P,
kJ/kg °C m2/s
Thermal
conductivity,
Kj.
W/m °C
Thermal
diffusivity,
_r = Kf/p*Cp.
m2/s
Mercury (Hg)
0.1403 0.1240× 10 -6
.1394 .1140
.1386 .1040
.1373 .0928
.1365 .0853
.1570 .0802
.1357 .0765
.1340 .0673
8.20
8.69
9.40
10.5 I
11.49
12.34
13.07
14.02
42.99x 10 -7
46.06
50.22
57.16
63.54
69.08
74.06
81.50
Diester
[ ............. 0.151 0.860× 10 -730 910 1.93
I
Phosphate ester
30 1 060 [ 1.76 0.125 0.670x 10 -7
Polyglycol
30 1 000 1.97 [ ............. 0.152 0.772x10 7
Polyphenylether
I 180 1 1.80 I ............. 0.132 0.621x10 7
F i
30
Dimethyl silicone
30 970 I 1.42 ............. 0. t42 1.03x 10 7
Chlorofluorocarbon
[ ............. 0.069 0.298 x 10 -730 1 900 1.22
Fluorinated polyether
30 1 870 0.96 ............. 0.093 0.518x10 7
aThc viscosit_ values should (relybe used if no.,._lherinlormationon the particular lubrtcanli_,a;adable The thermalproperlies
(p'. (.)_, Kf. t_tt should be repre_,entativeof mc,_.tmineral oils
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4.9 Viscosity-Pressure-Temperature Effects
Viscosity is extremely sensitive to both pressure and temperature. This extreme
sensitivity forms a considerable obstacle to the analytical description of the
consequent viscosity changes. Roelands (1966) noted that at constant pressure
the viscosity increases more or less exponentially with the reciprocal of absolute
temperature. Similarly, at constant temperature the viscosity increases more or
less exponentially with pressure as shown earlier in this chapter. In general,
however, the relevant exponential relationships constitute only first approximations
and may be resorted to only in moderate-temperature ranges.
From Roelands (1966) the viscosity-temperature-pressure equation can be
written as
log _/+ 1.200 = Go
1 + P x_-C21°g(l+tm/135)+D2
(4-16)
Comparing equations (4-9) and (4-14) with the preceding equation reveals the
contribution of the pressure and temperature effects that are contained in equa-
tion (4-16). Equation (4-16) can also be expressed as
= _ --_ ff.-_ 10G0(1+trn/135)-S°(l+p/2Ooo)D2-C21°g(I+tin IS5) (4-17)
r/0 r/0
According to equation (4-17), four parameters (Go, So, 6"2, and 02) that are
determined experimentally are sufficient to enable the viscosity r/to be expressed
in centipoise as a function of temperature tm in degrees Celsius and gage pressure
p in kilograms per square centimeter.
4.10 Viscosity-Shear Rate Effects
Liquids whose viscosities are independent of the shear rate are known as
Newtonian. Liquids whose viscosities vary with shear rate are known as non-
Newtonian. Figure 4-7 shows viscosity and shear stress versus shear rate for
Newtonian and non-Newtonian fluids. In figure 4-7(a) the pseudoplastic fluids
show a decrease in viscosity with increasing shear rate. This behavior may be
restricted to ranges of shear rate. The dilatant fluid shows an increase in viscosity
with increasing shear rate.
In figure 4-7(b) the shear stress is shown as a function of shear rate for a
Newtonian, a pseudoplastic, and a dilatant fluid and a Bingham solid. A Bingham
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Figure 4-7.--Characteristics of different fluids as a function of shear rate.
solid is a plastic solid such as a grease that flows only above a certain yield shear
stress. The pseudoplastic fluids are characterized by linearity at extremely low
and extremely high shear rates. The dilatant fluid exhibits an increase in apparent
viscosity with increasing shear rate. An explanation of this behavior in the case
of suspensions is that particles in a concentrated suspension will be oriented at
rest, so that the void space is a minimum. The suspending liquid is just sufficient
to fill the voids in this state. The increase in voidage caused by shearing a dilatant
material means that the space between particles becomes incompletely filled with
liquid. Under these conditions of inadequate lubrication the surfaces of adjacent
particles come into direct contact, causing an increase in apparent viscosity with
increasing shear rate.
4.11 Viscosity Index
To better evaluate the relationship between viscosity and temperature, Dean
and Davis (1929) developed an arbitrary system of comparison called a viscosity
index. The standard of comparison is based on Pennsylvania oils refined by the
sulfuric acid method and on Texas or California oils refined by the same process.
The Pennsylvania oils thinned (became less viscous) less rapidly than other types
of mineral oils when subjected to increases in temperature. Those oils were rated
100 for this property. The Texas naphthenic oils were rated 0.
Although oils have changed considerably since 1929, the interest in expressing
the relative change of viscosity with temperature has not. As far as evaluating
between two limits is concerned, there is no question as to the sense and meaning
of the viscosity index. A viscosity index of 75 means that the quality of an oil with
regard to viscosity has reached 75 percent of the range from the poorest naphthenic
oil (vI = 0) to the best Pennsylvania oil (Vl = 100). When the limiting oils were
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Figure 4-8.--Graphical explanation of viscosity index.
selected, no allowance was made for development in manufacturing methods and
the introduction of synthetic lubricants. As a result, lubricants are produced today
with viscosity indices that are considerably higher than 100. It is nevertheless
customary to compute the viscosity index according to the following formula:
L,-£
Vl% = (_----_)100 (4-18)
where
L Saybolt universal viscosity (suv) of reference oil of low vt
_r suv of reference oil of high vl
£ suv of unknown oil
Note that the values of L, H, and Eare assumed to be equal at 100 *C. Equa-
tion (4-18) is expressed graphically in figure 4-8.
Figure 4-8 shows how the viscosity index is obtained. The figure shows that
the two reference oils and the unknown oil have the same Saybolt viscosity _at
100 *C. At 38 *C the Saybolt viscosities are different and these values of H,
L, and E are then used in equation (4-18).
Table 4-13 gives tabular values of H and L at 38 *C for given values of the
Saybolt universal viscosity of the unknown oil at 100 °C. These values are to
be used in equation (4-18).
Example 1:
Suppose that an unknown oil has a Saybolt universal viscosity of 2730 suv
at 38 °C and 120 suv at 100 *C. What is the vI of the oil?
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TABLE 4-13.--VISCOSITY-INDEX DATA TO BE USED IN EQUATION (4-18)
[An abridgment from ASTM D567, "Standard Method for Calculating Viscosity Index."]
suvat suv at 38 "C L= /t suvat suv at 38 "C L = H suv at suvat 38 "C L=
100 "C, 100 "C 100 "C,
x H L x H L x H L
40 93 107 14
41 109 137 28
42 124 167 43
43 140 197 57
44 157 228 71
45 173 261 88
46 189 291 102
47 205 325 120
48 222 356 134
49 238 389 151
50 255 422 167
81 810 1674 864 121 t643 3902 2259
82 829[ 1721 892 122 1665 3966 2301
83 849 1769 920 123 1688 4031 2343
84 868 1817 949 124 1710 4097 2387
85 888 1865 977 125 1733 4163 2430
86 907 1914 1007
87 927 1964 1037
88 947 2014 1067
89 966 2064 1098
90 986 2115 1129
51 272 456 184 91 1006 2166 1160
52 288 491 203 92 1026 2217 1191
53 305 525 220 93 1046 2270 1224
54 322 561 239 94 1066 2322 1256
55 339 596 259 95 1087 2375 1288
56 356 632 276 96 1107 2428 1321
57 374 669 295 97 1128 2481 1353
58 391 706 315 98 1148 2536 1388
59 408 743 335 99 1168 2591 1423
60 426 481 355 100 1189 2646 1457
61 443 819 376
62 461 857 396
63 478 897 419
64 496 936 440
65 514 976 462
126 1756 4229 2473
127 1779 4296 2517
128 1802 4363 2561
129 1825 4430 2605
130 1848 4498 2650
131 1871 4567 2696
132 1894 4636 2742
133 1918 4705 2787
134 1941 4775 2834
135 1965 4845 2880
101 1210 2701 1491
102 1231 2757 1526
103 1252 2814 1562
104 1273 2870 1597
105 1294 2928 1634
136 1988 4915 2927
137 2012 4986 2974
138 2036 5058 3022
139 2060 5130 3070
140 2084 5202 3118
141 2108 5275 3167
142 2132 5348 3216
143 2156 5422 3266
144 2180 5496 3316
145 2205 5570 3365
66 532 1016 434 106 1315 2985 1670 146 2229 5645 3416
67 550 1057 507 107 1337 3043 1706 147 2254 5721 3467
68 568 1098 530 108 1358 3102 1744 148 2278 5796 3518
69 586 1140 554 109 1379 3161 1782 149 2303 5873 3570
70 604 1182 578 110 1401 3220 1819 150 2328 5949 3621
71 623 1225 602
72 641 1268 627
73 660 1311 651
74 678 1355 677
75 697 1399 702
76 716 1444 728
77 734 t489 755
78 753 1534 781
79 772 1580 808
80 791 1627 836
I11 1422 3280 1858
112 1444 3340 1896
113 1466 3400 1934
114 1488 3462 1974
115 1510 3524 2014
116 1532 3585 2053
117 1554 3648 2094
118 1576 3711 2135
119 1598 3774 2176
120 1620 3838 2218
151 2353 6026 3673
152 2378 6104 3727
153 2403 6182 3779
154 2428 6260 3832
155 2453 6339 3886
156 2478 6418 3940
157 2503 6498 3995
158 2529 6578 4049
159 2554 6659 4105
160 2580 6740 4160
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Solution:
From the first column of table 4-13 find the two oils that will have a Saybolt
universal viscosity of 120 suv at 100 oC. Therefore,
/4= 1620 suv at 38 °C
= 3838 suv at 38 *C
Therefore, making use of equation (4-18) for £= 2730 svv gives
V! = (3838- 2730_
1oo: 50
Example 2:
A silicon fluid has a Saybolt universal viscosity of 1000 suv at 38 °C and 130 suv
at 100 °C. What is the vI of the silicon oil?
Solution:
From table 4-13 for an suv of 130 at 100 °C,/4 = 1848 suv and L = 4498 suv.
Therefore,
(4498-,000)Vl = \4498 1_ 100 = 132
4.12 Pour Point
The pour point is the lowest temperature at which a lubricant can be observed
to flow under specified conditions. Pour point is related to viscosity, since its con-
cern is if the oil will flow at low temperatures or just barely flow under prescribed
conditions.
Oils used under low-temperature conditions must have low pour points. Oils must
have pour points (1) below the minimum operating temperature of the system and
(2) below the minimum surrounding temperature to which the oil will be exposed.
4.13 Density
The mass density p* of a fluid is the mass of a unit volume of the fluid. The SI
unit of mass density is kilogram mass per cubic meter. The effects of temperature
on viscosity were found in section 4.8 to be important. For a comparable change
in pressure, temperature, or both, the density change is small relative to the viscos-
ity change. However, extremely high pressure exists in elastohydrodynamic films,
and the lubricant can no longer be considered as an incompressible medium. It
is therefore necessary to consider the dependence of density on pressure.
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The variation of density with pressure is roughly linear at low pressures, but
the rate of increase falls off at high pressures. The limit of the compression of
mineral oils is only 25 percent, for a maximum density increase of about 33 percent.
From Dowson and Higginson (1966) the dimensionless density for mineral oil
can be written as
= O__= 1 + 0.6p (4-19)
Oo 1 + 1.7p
where
P0 density when p = 0, N s2/m 4
p gage pressure, GPa
Therefore, the general expression for the dimensionless density can be written as
0.6E'P
= 1 + (4-20)
1 + 1.7E'P
where
(1 - Va2 1 -- V_'_-I
E'=2\ + Eb ,/
E modulus of elasticity, Pa
p Poisson's ratio
and where E' in equation (4-20) must be expressed in gigapascals and P = p/E'.
Equation (4-20) states that the variation of density with pressure is roughly linear
at low pressures but that its rate of increase falls off at high pressures. The maximum
density increase from atmospheric pressure is 35 percent. The data used in
obtaining equation (4-20) were restricted to relatively low pressures (< 0.4 GPa).
Recently, Hamrock et al. (1987) obtained experimental data showing the effect
of pressure on density for a range of pressures from 0.4 to 2.2 GPa and for six
base fluids at an assumed constant temperature of 20 °C. The six base fluids tested
are listed in table 4-14 along with corresponding kinematic viscosity and average
molecular weight. An important parameter used to describe the results is the change
of relative volume with change of pressure dVr/dp. For pressures less than the
solidification pressure (p < p_), a small change in pressure results in a large change
in dVr/d p. For pressures greater than the solidification pressure (p > P,O, there
is little change in dVfldp. Once the molecules of the lubricant become closely
packed, increasing the pressure fails to alter the value of dVfldp.
In elastohydrodynamic lubrication, which is covered more fully later in the text,
the rate of pressure increase is extremely high, typically 1013 Pa/s. The lubricant
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TABLE 4-14.--BASE FLUIDS TESTED. WITH
CORRESPONDING KINEMATIC
VISCOSITY AND AVERAGE
MOLECULAR WEIGHT
[From Hamrock et al. (1987).1
Base fluid Kinematic Average
viscosity, molecular
at 40 *C, weight
'Ok,
mm2/s
Naphthenic distillate 26 300
Naphthenic raffinate 23 320
Polypropylene glycol 1 175 2000
Polypropylene glycol 2 80 2000
Ditridecyl adipate 26 510
Poly alpha olefin 450 500
under these conditions will not have time to crystallize but will be compressed
to an amorphous solid. Physically, this means that as the lubricant is compressed,
the distance between the molecules of the lubricant becomes smaller and smaller.
There exists a point where the molecules are not free to move and any further
compression will result in deformation of the molecules. The pressure where this
first starts to occur is the solidification pressure, which varies considerably for
the different lubricants.
Figure 4-9 shows change in relative volume with changing pressure for six
base fluids. The solidification pressure varies considerably for the different base
fluids tested. Furthermore, for p < p_ the experimental data assume different slopes
for the different base fluids. A new pressure-density formula was developed by
Hamrock et al. (1987) that describes the effect of pressure on density in terms of
four constants. It is given here.
1
for p _<p,, (4-21)
1 - Ctp 2 - C2p
1
= for P > Ps (4-22)
1 -C3p+C4
where
C=I + (2) (pi)2+(n2-rnPa)_i
(4-23)
and Pi is the initial pressure in gigapascals.
if/
Ct = -- (GPa)-2 (4-24)
2C
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Figure 4-9.--Effect of pressure on relative volume for six base fluids. Constant temperature of 20 °C
assumed. From Hamrock et al. (1987).
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C 2 =
n2 - mpa
C
Density
(GPa) - i (4-25)
C 3 : n2 (GPa) - l (4-26)
C
_,n 2
(74 _ "'r_ (4-27)
2C
Experimentally obtained values of ffl, n2, and p_ for each base fluid are given in
table 4-15; table 4-16 gives corresponding values of CI, C2, C3, and Ca.
Hamrock et al. (1987) used their derived formula in obtaining figure 4-10,
which shows the effect of pressure on density for two of the fluids. Also in this
figure is the pressure-density curve obtained from Dowson and Higginson (1966).
As the pressures increased above 2 GPa, the deviation between the Dowson and
Higginson (1966) formula and the present results also increased. For pressures
to 2 GPa for the naphthenic distillate there was good agreement with the Dowson
and Higginson (1966) formula. The same cannot be said for the poly alpha olefin.
It is anticipated that these deviations from the normally used Dowson and Higginson
pressure-density formula will significantly influence the definition of the pressure
profile in elastohydrodynamicaily lubricated conjunctions.
Furthermore, it can be observed from figure 4-10 that for fluids other than
mineral oils the Dowson and Higginson (1966) formula is not valid, as demonstrated
with poly alpha olefin. Therefore, Hamrock et al. (1987) claim that equa-
tions (4-21) and (4-22) are valid for any lubricant as long as there are measured
values for the constants CI, (?2, (?3, and Ca as well as for _t, n2, and p_.
TABLE 4-15.--PARAMETERS OBTAINED FROM LEAST-
SQUARES FIT OF EXPERIMENTAL DATA
[From Hamrock et al. (1987).]
Base fluid Slope,
th,
(GPa)-2
Naphthenic distillate -0.626
Naphthenic raffinate -.336
Polypropylene glycol I -.271
Polypropylene glycol 2 -.195
Ditridecyl adipate -. 115
Poly alpha olefin -.0958
Asymptote, Solidification
/12, pressure,
(GPa)- 1 PA,
GPa
0.0538 0.706
.0542 .839
.0360 1.092
.0395 1.213
.0395 1.561
.0439 1.682
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TABLE 4-16.--CONSTANTS USED IN DEFINING
EFFECT OF PRESSURE ON DENSITY
[From Hamrock et al. (1987).]
Base fluid
_ Naphthenic distillate
Naphthenic raffinate
Polypropylene glycol I
Polypropylene glycol 2
Ditridecyl adipate
Poly alpha olefin
C I , (GPa) -z
-0.271
-.151
-.121
-.0887
-.0531
--.0444
Pressure-density constants
C 2, (GPa)-I C 3, IGPa) I
0.430 0,0466
.302 .0487
.297 .0323
.251 .0395
.202 .0365
• 190 .0407
C4
-0.135
-. 106
-.145
-.131
-. 129
-.126]
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•"-'-[3--- Data from Dowson-Higginson formula (eq. (4-20)) _.o
-"O'-- Naphthenic distillate (eqs. (4-21) and (4-22)) ,,.,"_'
-- - ""_--"- Poly alpha olefin (eqs, (4-21) and (4-22)} ""
_ . ...,-" _,._I
'" I I I I I I I t I I"
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Figure 4-lO.--Effect of pressure on density• From Hamrock et al. (1987).
4.14 Limiting Shear Stress
For most fluid film lubrication analyses the lubricant is assumed to behave in
a Newtonian manner. This implies from equation (4-1) that the shear stress r
is linearly related to the shear strain rate s, or
7"
s = - (4-28)
7/
where _7is the absolute viscosity or proportionality constant and may vary with
both pressure and temperature. However, the lubricant in elastohydrodynamically
lubricated conjunctions experiences rapid and extremely large pressure variations,
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a rapid transit time, possibly large temperature changes, and particularly in sliding
contacts, high shear rates. The great severity of these conditions has called into
question the normal assumptions of Newtonian behavior of the fluids in elasto-
hydrodynamically lubricated conjunctions. This implies that the lubrication shear
stress is still a function of the shear strain rate but that the relationship is no longer
linear as shown in equation (4-28). For a fluid having non-Newtonian characteris-
tics the shear rate increases more rapidly than the shear stress.
Figure 4-11 shows the relationship between the dimensionless shear strain rate and
the dimensionless shear stress for three nonlinear, viscous rheological fluid models.
Isothermal conditions are assumed. The two limiting shear stress models shown in
figure 4-11 were obtained from Bair and Winer (1979) and can be expressed as
(7L 3" -s=--ln 1-- (4-29)
s = -- tanh-I (4-30)
where
rL limiting shear stress, r0 + yP, Pa
r0 shear stress at zero pressure, Pa
limiting-shear-strength proportionality constant, arL/Op
t.4 r - Perfectlyplastic
/..-_ Newtonian
1.2 / (linearviscous)
I
I / 4- viscoplastic
1.0 ,,L.------
- _I- / / __ '-3 _°h-' _®!
+ / //(+,_ _=`-e-+ ....
'-- (2 = tanh (_
°_ •i:5
I I I I ]
0 1 2 3 4 t,
Dimensionlessshear strain rate, _ = ns/_L
Figure 4-1 l.--Comparison of rheological models for isothermal conditions.
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Rewriting these equations in dimensionless form gives
12= 1 -e -_
and
where
(4-31)
12 = tanh 63 (4-32)
7
12 = -- (4-33)
7"L
63 rls
= -- (4-34)
7"L
The other nonlinear viscous model shown in figure 4-11 is that attributed to
Eyring (1936) and can be expressed as
s = -- sinh
7/
(4-35)
where rE is the shear stress at which the fluid first starts to behave nonlinearly
when stress is plotted against shear strain rate. In comparing this model with the
limiting-shear-stress models, the following relationship between 7"eand rL will
be assumed:
7L
7"E= -- (4-36)3
Making use of equation (4-36) while rewriting equation (4-35) in dimensionless
form gives
312 = sinh -1(363) (4-37)
Figure 4-11 shows that for the Eyring model the shear stress increases mono-
tonically with increasing strain rate.
Bair and Winer (1979), Jacobson (1985), and H0glund and Jacobson (1986)
observe that at a given pressure and temperature there is a critical shear stress at
which the lubricant will shear plastically with no further increase in shear stress with
increasing shear strain rate. Jacobson and Hamrock (1984) used the limiting shear
stress concept so that, when the shear stress at the bearing surfaces exceeded the
limiting shear stress, the shear stress was set equal to the limiting shear stress. As
their model was isothermal, slip planes developed at the bearing surfaces if the shear
stress was too high. Depending on the shear stress at the bearing surfaces, three
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different pressure equations were used. As discussed earlier, Houpert and Hamrock
(1985) used the Eyring model in developing a new Reynolds equation that shows
the nonlinear viscous effects.
The various properties of lubricants having been described in the preceding
sections, the next four sections will describe how these properties vary for three
different types of lubricant, namely liquids, greases, and gases. Liquid lubricants
will be separated into petroleum or mineral oils and synthetic oils.
4.15 Petroleum or Mineral Oil Base Stocks
Petroleum or mineral oils are generally complex mixtures of hydrocarbons but
can roughly be divided, according to the chemical family to which their
predominating constituents belong, as paraffins or naphthenes (sometimes referred
to as cycloparaffins). Paraffinic oils are characterized by their pour points, usually
-17.8 to -6.7 *C, and by a moderate change in viscosity with an increase in
temperature. In general, their viscosity index will range from 85 to 100. Paraffinic
oils have a lower density than naphthenic oils. Naphthenic oils are characterized
by pour points from -50 to -12 *C and a larger change in viscosity with an
increase in temperature. In general, their viscosity index will range from 0 to 60.
Both naphthenic and paraffinic oils have a wide range of flash and fire points.
Paraffinic oils are high in paraffin hydrocarbons and contain some wax. Naph-
thenic oils are high in naphthenic hydrocarbons and contain little wax. In applications
that operate over a wide range of temperatures, a naphthenic oil would generally
be less suitable than a paraffinic oil. Naphthenic products are usually used in
applications exhibiting a limited range of operating temperatures and requiring a
relatively low pour point. Also, naphthenic oils tend to swell seal materials more
than most paraffinic oils.
4.16 Synthetic Oil Base Stocks
Synthetic lubricants have the potential of satisfying a wide range of requirements,
since they can be formulated with nearly any desired range of a specific property.
However, certain other properties fixed by the chemical structures must be accepted
in many cases. Applications must be considered in terms of all properties associated
with the proposed synthetic fluid. Choosing the right synthetic fluid can be tricky
because to get special characteristics the user usually must trade off some other
performance feature. Generally, synthetics have good thermal and oxidation stability,
but a common weakness is limited lubricity (the ability of the lubricant to reduce
wear and friction other than by its purely viscous properties). In general, synthetic
oils cost considerably more per unit volume than the petroleum oils they replace.
However, the real value of the lubricant must be calculated on a price-for-
performance basis. Much of the remainder of this section summarizes a paper by
Hatton (1973).
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The field of synthetic lubricants comprises hundreds of organic and semi-
organic compounds that cannot be easily classified within the scope of this book.
Therefore, synthetic oils will be grouped here by chemical structure. This section
briefly summarizes the properties of some of the more popular synthetics (see
table 4-17).
4.16.1 Synthetic hydrocarbons.--Synthetic hydrocarbons are compounds
containing only carbon and hydrogen that are prepared by chemical reactions
starting with low-molecular-weight materials. Synthetic hydrocarbons typically
possess narrower boiling point ranges for a given viscosity than petroleum oils.
In compatibility with other fluids, corrosivity, etc., they are similar to mineral oils.
The primary reasons for preparing synthetic hydrocarbons for use as lubricants
are that chemical synthesis provides specific structures and characteristics and
that molecular weight can be controlled within narrow ranges. Therefore,
properties that are functions of molecular weight, such as vapor pressure, boiling
point, viscosity, and low-temperature characteristics, can be controlled within
narrow ranges.
4.16.2 Organic esters.--The term "organic esters" is applied to those materials
that consist of carbon, hydrogen, and oxygen and contain an ester or carboxyl
linkage in the molecule. The most widely used as lubricants are those that contain
two ester groups and are made from dibasic acids. They are commonly called
diesters. Diesters are the most widely used synthetic lubricants.
The esters have a good overall balance of properties, particularly in liquid range
and in viscosity-volatility characteristics. They possess fair lubricity because they
respond well to additives. Aliphatic diesters are thermally stable to about 260 °C
but are exceedingly vulnerable to oxidation above 149 *C. This results in increased
viscosity and the generation of oil insolubles and large amounts of acid or corrosive
material.
Polyol esters were developed to improve upon the thermal stability of the diesters
while maintaining other desirable properties. However, they give poorer low-
temperature performance. The polyol esters are used in other applications requiring
enhanced thermal stability.
4.16.3 Polyglycols.--The polyalkylene glycols are the most widely used of this
class. They are high-molecular-weight polymers of ethylene or propylene oxide
that are available in a wide range of viscosities. Some polymers are completely
soluble in water and are often diluted and used as fire-resistant hydraulic fluids
or lubricants. Another type of polyglycol is insoluble in water and is used as a
lubricant base stock.
The polyglycols are excellent lubricants and respond well to additives. They
have high flash points, good viscosity-temperature properties, low wax-free pour
points, and shear stability. They have little or no adverse effect on many of the
common seal materials but have a strong solvent action on nonresistant paints.
Volatility can be a problem, particularly under severe thermal and oxidative
conditions. Their stability characteristics, even when improved with appropriate
additives, are not outstanding among the synthetics. Their rust-preventing
characteristics are generally poor.
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Polyglycols are used as industrial lubricants in rubber-processing applications,
as machining lubricants, as lubricants for rubber seals, and in heat transfer
applications.
4.16.4 Phosphate esters.--The phosphate esters are a diverse group of chemical
compounds varying widely in physical and chemical characteristics. The oxidative
stability of most phosphate esters is good; their thermal stability is excellent at
medium temperatures but poorer at higher temperatures. In severe environments
extensive thermal, oxidative, or hydrolytic breakdown of the phosphate esters
can form acidic substances that may corrode metals. The outstanding properties
of phosphate esters are their ability to lubricate moving surfaces and their good
fire resistance. They are used as the sole component or as the major component
of synthetic lubricants and hydraulic fluids. They are also widely used as an
additive in both synthetic lubricants and petroleum oils. The phosphate esters
require special consideration with respect to material compatibility--proper material
matching is critical to successful performance.
4.16.5 Silicon-containing compounds.--One of the more fruitful areas of
research in modifying carbon, hydrogen, and oxygen compounds has been the
inclusion of silicon in the molecule.
4.16.5.1 Silicate esters: These synthetics have found use as base stocks for wide-
temperature-range fluids and lubricants. They have excellent viscosity-temperature
characteristics and good lubricating properties.
4.16. 5.2 Silicones: Properly called siloxane polymers, silicones are characterized
by the nature of the substituents that are attached directly to the silicon atoms.
Dimethyl silicones are characterized by low freezing points and probably the best
viscosity-temperature properties of any synthetic lubricant. They have better
thermal and oxidative properties than corresponding hydrocarbons, polyglycols,
or aliphatic diesters; they can form gels when permitted to degrade excessively,
particularly above 204 *C. Stabilization is possible, permitting properly inhibited
fluids to be used at temperatures as high as 315 *C.
The dimethyl silicones are chemically inert, noncorrosive, and inert to most
common plastics, elastomers, and paints. They have low surface tension and are
shear stable. Their major shortcoming is their lack of steel-on-steel lubricating
ability. They show relatively weak response to the usual lubricant additives. The
lubricating properties of silicones can be improved by incorporating chlorine or
fluorine into the molecule.
4.16. 5.3 Silanes: The silanes are compounds that contain only carbon-silicon
bonds. These products possess wide liquid ranges and thermal stabilities up to
371 *C, but they are poor lubricants for sliding surfaces.
4.16.6 Halogen-containing compounds.--The incorporation of halogen atoms
into organic molecules results in higher densities and reduced flammability relative
to the parent compound. Chlorine tends to increase the pour point and the viscosity.
Fluorine has little influence on the pour point or the viscosity but greatly decreases
surface tension.
Because chlorine-aliphatic carbon bonds are generally weak, chlorinated
aliphatic compounds have found little use as synthetic lubricants, per se. They are
80
Grease Base Stocks
used as additives in lubricants to provide a source of chlorine that can be reacted
with the surface and thus improve boundary lubrication.
Fluorine-containing materials have not found particular application as lubricants
because on a price-for-performance basis the desired properties can better be obtained
by using other materials.
4.16. 7 Halogenatedpolyaryls.--The chlorine-containing biphenyls and poly-
phenyls have found some use as lubricants. These products range from mobile
liquids to tacky solids. In the past they have found use as lubricant base stocks,
heat transfer agents, industrial lubricants, and additives. However, these uses are
now prohibited because of potential environmental problems. The common term
for these materials is "_B."
4.16. 8 Fluorocarbons.--Fluorocarbons are compounds containing only fluo-
rine and carbon. Such compounds have been made and proposed as synthetic
lubricant base stocks. In general, they are thermally and oxidatively stable and
have physical properties quite similar to those of the corresponding hydrocarbons,
but they have a higher density and a lower surface tension. They tend to creep
over surfaces but do not appear to wet them in terms of boundary lubrication.
Such compounds are particularly useful because of their extreme chemical
inertness. These compounds are resistant to ignition by any source and represent
some of the most fire-resistant organic compounds known.
Recent studies have been concentrated on the tetrafluoroethylene polymers.
These have been used as liquid-oxygen-resistant fluids, lubricants, and greases.
Although not strictly fluorocarbons, the chlorotrifluoroethylene polymers have
found some applications and are better lubricants than fluorocarbons because
chlorine is more reactive with metals than fluorine. These materials generally
have properties similar to those of the fluorocarbons but are significantly less
stable.
4.16.9 Perfluoropolyglycols.--The perfluoropolyglycols are polyalkylene
glycols in which all the hydrogens have been replaced with fluorines. These
types of product derived from propylene oxide are under consideration for a
number of applications. Their primary advantages are high thermal stability,
extreme fire resistance, relatively good liquid range, and moderate lubricating
characteristics. However, they lack stability in the presence of certain commonly
used high-temperature metals, have high specific gravities, and do not respond
to common additives. Studies are under way to improve performance in these
areas.
4.17 Grease Base Stocks
A petroleum grease is a lubricating oil to which a thickener has been added,
usually a metallic soap. The type of thickener added determines the characteristics
of the grease. Greases are preferred to liquid lubricants when the application of a
continuous supply of lubricant is impractical. Greases are also preferred when
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equipment is not readily accessible and when a sufficiently tight enclosure for
retaining a liquid lubricant does not exist.
4.17.1 Thickeners.--A major factor influencing the properties of a lubricating
grease is the thickener employed in it. Thickeners compose 5 to 17 percent of
a simple grease formulation. Ninety percent of all greases sold in the United States
are based on what is termed "metallic soap." Soaps utilized in lubricating greases
are produced during grease manufacturing by saponifying (neutralizing) fats; the
compounds (neutralizers) most commonly used are the hydroxides of lithium,
calcium, sodium, barium, and aluminum. The saponifiable compounds include
tallow, lard oil, hydrogenated fats and oils, fish oil, fatty acids, and vegetable
oils. The two most commonly used fatty acids are stearic and 12-hydroxystearic.
During the grease manufacturing process the oil and the fatty acids are heated
to 135 to 150 *C, at which time the alkaline compound is added and saponification
occurs. The water resulting from the chemical reaction is boiled off.
The amount of fatty acid and metal hydroxide added to the oil determines the
amount of soap formed. The soap is the thickener. The resultant thickening action
is referred to in the grease industry as "consistency." Consistency is a measure
of the hardness or softness of the grease.
The major thickener types and the properties associated with them are detailed
in the following text. The properties described for each thickener are typical;
however, in some formulations they may be radically altered owing to the influence
of other grease components.
4.17.1.1 Water-stabilized calcium soap (cup-type thickener): Typically, this
thickener is based on calcium stearate stabilized with water. It yields a buttery
grease with excellent water resistance. However, service is limited to about 80 °C
because at higher temperatures the stabilizing water is lost, causing the soap
to separate from the oil. This type of grease is chiefly used for mild service
applications.
4.17.1.2 Anhydrous-calcium soap: Typically, this thickener is calcium
12-hydroxystearate. Greases with this thickener are similar to the cup-type
products. However, because they do not need water to stabilize the system they
have a higher operating temperature range, typically about 120 °C. At about
145 *C they melt, often separating into their soap and oil phases. Commonly,
such greases are used on rolling-element bearings, for which temperature extremes
do not occur.
4.17.1.3 Sodium soap: Sodium soap greases usually employ sodium stearate
or similar materials. They tend to be fibrous relative to other types of thickener.
Typically, they are usable to about 120 *C with melting points in the range 150 to
230 *C. Although the thickener provides some inherent rust protection, large
amounts of water contamination cause these greases to wash out. Sodium soap
greases also generally lack the oxidation resistance of lithium and clay greases.
They are typically used in plain journal and slider bearings and gears. Certain
short-fiber products may be used in greases for rolling-element bearings.
4.17.1.4 Lithium soap: This thickener is usually lithium 12-hydroxystearate.
Lithium soaps are the most versatile and widely used greases. They are buttery
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and have a melting point of about 195 *C. When melted and recooled, they
generally return to a grease texture (although the properties of the resulting
recooled grease are usually changed from those of the unmelted grease). Lithium
soap greases are also resistant to water, oxidation, and mechanical working. Most
formulations will operate for long times at 120 °C; some will function for extended
times to about 165 *C. They are widely used as multipurpose greases and are
particularly suited for rolling-element bearings. The use of lithium soap greases
has substantially reduced the number of complex specialty lubricating greases
that would otherwise be required in modern manufacturing plants.
4.17.1.5 Complex soaps: Complex soap thickeners are generally formed by
reacting several distinctly different acids with the alkali. For example, calcium-
complex soap greases may be formed from calcium 12-hydroxystearate and
calcium acetate. Calcium-complex soap, lithium-complex soap, and aluminum-
complex soap thickened greases are fairly common, with some other types being
used occasionally. The principal advantage of most complex soap thickeners is
their high melting point, typically about 260 *C or higher. This permits their
use in applications in which the temperature may at times exceed the melting point
of the simple soap thickeners, and thus is the reason why they are much used
today. Generally, if these greases are used in sustained service above about 120 *C,
frequent relubrication is needed unless the product is specially formulated for
sustained high-temperature service.
4.17.1.6 Polyureas: Polyureas are nonsoap thickeners that are polymerized
substituted ureas. Like the complex soaps they typically melt at about 260 *C
and are used in similar types of service.
4.17.1.7 Clay thickeners: These thickeners are generally bentonite or hectorite
clay that has been chemically treated to make it thicken oil. The chief feature
of clay-thickened greases is that the thickener does not melt; hence, these greases
can be used in operations in which temperatures occasionally exceed the melting
points of other thickeners. Their oxidation stability is generally no better than
that of other petroleum products. Therefore, if these greases are used in sustained
service at temperatures above about 120 *C, frequent relubrication is necessary
unless the product has been explicitly formulated for sustained service at higher
temperatures.
4.17.2 Lubricating oiL--Lubricating oil is the largest single component of a
lubricating grease and is the component that provides the grease with its ability to
lubricate. Simple greases, only oil and thickener, usually contain 65 to 95 percent
oil. Although the retentive properties of grease, as well as its resistance to heat,
water, and extreme loads, depend upon the proportion and type of soap, the
frictional characteristics of grease are based on its oil content. The more important
oil properties affecting overall grease performance are as follows:
(1) Viscosity and viscosity-temperature characteristics, which influence the
ability of a grease to form a lubricating film in service and also influence its
behavior at low temperatures
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Thickener
Soap base:
Lithium
Calcium:
Hydrated
Anhydrous
Complex
Sodium
Aluminum:
Normal
Complex
Barium
Nonsoap base:
Clay
Polyurea
Other
it'CoM I = ]0_; 5 = high
(2) Oxidation
TABLE 4-18. TYPICAL CHARACTERISTICS OF LUBRICATING GREASES
Dropping Water
point resistant
?
*F *C
375 190
190 88
290 143
500+ 260+
360 182
180 87
480 249
400 204
500+ 260+
470 243
470+ 243+
Grease Texture
solid,
percent of
total
592 Smooth to buttery
17.0
9.0 Smt_th
3.8 Smooth
3.8 Smooth
5.0 Buttery to fibrous
6.0
.4 ! Smooth
56 Smooth
2.6 Buttery to fibrous
2.8 Smooth
2.3 Smooth
4 9 Smooth
Yes
J
No
Yes
Mechanical
stability
Fair to goo,d
Poor to good
Fair to good
Poor to good
Fair to good
Poor to fair
Fair to good
Good
Fair to good
Good
Fair to good
Maximun
tempera-
ature for
continuous
use
°F I °C
250 120 3
150 65 2
....... 3
300 149 5
250 120 I
150 65 2
300 t49 4
250 120 4
300 149 4
300 149 5
300 149 5
Relative
COSt a
resistance and evaporation characteristics, which influence the ability
of a grease to lubricate for extended times, especially at higher temperatures
(3) Characteristics affecting elastomers, which influence the compatibility of a
grease with seal materials used in bearings and other devices
Most greases employ a petroleum-based oil as the lubricating oil, but some use
synthetic fluids. Diesters, silicones, polyol esters, polyalkylene glycols, and
fluorosilicones are most commonly used. These fluids offer special characteristics,
such as high-temperature performance, chemical resistance, and low-temperature
performance, that elude refined petroleum oils. Their cost is substantially higher
than that of the refined petroleum oils.
The typical characteristics of some greases are shown in table 4-18. The
knowledge of these characteristics is important in establishing which grease is
to be used in a specific application. Within the table the dropping point of the
various greases is given. This characteristic is obtained from a test (ASTM D-566
and D-2265, [p-132, and DIN 51801) that indicates the temperature at which the
thickener deteriorates (melts, loses water of stabilization, etc.). Greases generally
should not be used above their dropping point temperatures, but many greases
cannot be used even near them because of limits of base-oil oxidation stability,
additive stability, etc. The test designation of ASTM is for tests developed in the
United States, [p for Britain, and DIN for Germany.
The preceding three sections (4.15, 4.16, and 4.17) deal with base stocks as
they relate to mineral oils, synthetic oils, and greases. No mention is made of
additives, since they are beyond the scope of this book. It suffices to say that
additives can considerably enhance the performance of the machine element being
lubricated.
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4.18 Gases
Just as liquids and greases are used as lubricants, so too can gases be used as
lubricants, as explained more fully in chapters 16 and 17. In this section some
of the properties of gases will be described. As shown in figure 4-5 a most
interesting aspect of gases is their viscosity-temperature relationship. That is, the
viscosity of gases increases with temperature and is only moderately affected by
changes in temperature and pressure. In contrast to this situation, as mentioned
earlier in this chapter, liquids vary inversely with temperature and are strongly
sensitive to temperature and pressure variations.
Figure 4-12 shows the viscosity of common gases as a function of temperature.
The viscosity of air is mid-range of the gases; hydrogen has the lowest and neon
the highest value. The information given in figure 4-12 is tabulated in table 4-19
for a complete range of temperatures. Besides the viscosity data, table 4-19 also
gives the boiling temperature and the gas constant. Table 4-20 shows how the
properties of gases and liquids differ. Only a small number of quite different liquids
and gases are shown to illustrate the differences. Note that tables 4-19 and 4-20
as well as figure 4-12 are in English units rather than SI units. Table 4-6 is helpful
in converting to SI.
1.0x 10 -8
Ne
H20
.2
- Saturated steam
.1 I 1 I I
- 400 0 400 800 1200 1600 2000
Temperature *F
Figure 4-12.--Viscosity of common gases as function of temperature. From Cameron (1976).
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TABLE 4-20.--SOME PROPERTIES OF COMMON
LIQUIDS AND GASES AT 68 *F AND 14.7 psia
[From Gross (1980).1
Liquid or gas Force
density,
P,
lbf s2/in. 4
Absolute,
viscosity,
7,
Ibf s/in. 2
(reyn)
Kinematic Specific Thermal
viscosity, heat, conductivity,
_, G, KJ.,
in2/s in./°F Ibf/s *F
Carbon tetrachloride
Glycerine
Olive oil
Lubricating oil
Water
Liquids
1.48x 10 4
1.18xl0 4
8.49 x 10 -5
8.02 x 10 -5
9.33 × l0 5
1.41 × 10 -7
1.25 × 10 '_
1.22 x 10 -5
4.44×10 5
1.46 × 10 -7
9.52 x 10 -4
1.06
1.44× 10 -1
5.54
1.56× 10 3
1.87 x 103
5.4 × 103
4.4 × 103
4.7 x 103
9.32 x 103
2.4 × 10 -2
3.54× 10 2
2.10×10 -2
1.83 x 10 2
7.50x 10 2
Air
Helium
Hydrogen
Nitrogen
1.15x10 -7
1.61 X 10 -s
8.08 × 10--9
1.12x10 7
Gases
2.62 x 10 -9
2.85 × 10 -9
1.31 × 10 -9
2.56 × 10 -9
2.28×10 -2 2.24×103
1.77×10 i 1.17×103
1.62 x 10 -t 3.20x 10a
2.28x 10 2 2.32x 103
3.22 × 10 -3
2.4x 10 2
2.29 x 10 -2
3.11×10 3
4.19 Closure
Since lubricating oils are derived from petroleum, which consists of compounds
of carbon and hydrogen, basic chemistry has been briefly discussed. In fluid film
lubrication the most important physical property of a lubricant is its viscosity. The
viscosity of a fluid is associated with its resistance to flow, that is, with the
resistance arising from intermolecular forces and internal friction as the molecules
move past each other. Newton deduced that the force required to maintain a
constant velocity u of an upper plane while the bottom plane is stationary was
proportional to the area A and the velocity gradient or rate of shear. Therefore,
u
f = rlA _
where r/ is the proportionality constant or absolute viscosity.
It was also shown in this chapter that the viscosity is greatly affected by
temperature and pressure. Appropriate expressions that describe these relationships
were presented. Density-pressure effects were also discussed. The contents of
this chapter describe the properties of lubricants that are important in fluid film
lubrication.
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Chapter 5
Bearing Materials
Another factor that can affect the successful operation of tribological elements
is the solid materials used. Bearing materials must have special characteristics if the
bearings are to operate successfully. Some desirable characteristics that will be
explored in this chapter are compatibility with rubbing counterface materials;
embeddability for dirt particles and wear debris; conformability to enable the
bearing to accommodate misalignment, geometrical errors, and deflection in the
structure; strength; corrosion; and fatigue resistance.
5.1 Material Characteristics
The selection of the bearing material for a particular application depends on
(1) the type of bearing (journal, thrust, ball, etc.), (2) the type of lubricant (oil,
water, gas, etc.), and (3) the environmental conditions (temperature, pressure,
etc.). No single material has been developed that can satisfy all the requirements
of a good bearing material. Therefore, the selection must be made on the basis
of the characteristics considered of primary importance in the application.
(1) Compatibility--Although a properly performing hydrodynamic bearing is
one in which the shaft and the bearing are separated by a lubricant film, there
are times during the operation when the shaft and the bearing come into contact.
High spots on the shaft and the bearing rub, localized heating occurs, the high
spots can weld, and the microscopic welds can fracture. This sequence of events
results in scoring damage to both the shaft and bearing materials. The ability of
these material combinations to resist welding and scoring is a measure of their
compatibility.
(2) Embeddability--In the operation of bearings dirt or other foreign debris is
carried into the bearing clearance by the lubricant and by the rotation of the shaft.
If this dirt cannot be embedded in the bearing material, scoring damage results.
The ability to embed or absorb this dirt determines the embeddability characteristic
of the bearing material.
(3) Conformability--As the term implies, conformability is a measure of the ability
of the bearing material to conform to misalignment between the shaft and the
bearing or to other geometric inaccuracies produced in manufacturing the parts.
Usually, bearing materials having a low modulus of elasticity (low E) are readily
conformable.
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(4) Corrosion resistance--The bearing material should be resistant to attack
by the lubricant or any of the oxidation products produced during lubricant
degradation. For example, lubricating oils without oxidation inhibitors produce
organic acids, which attack and corrode certain bearing materials. The selection of
materials for use with water as the lubricant is of necessity limited to corrosion-
resistant materials.
(5) Fatigue resistance--High fatigue resistance is necessary in applications in
which the load changes direction or in which the load intensity varies cyclically.
Fatigue failures appear initially as cracks in the bearing surface. These cracks
propagate throughout the bearing material, interconnecting with other cracks and
resulting in loose pieces of bearing material. Fatigue strength is particularly
important where cyclic loading is present.
(6) Dimensional and thermal stability--The thermal characteristics of the bearing
material are important with regard to both heat dissipation and thermal distortion.
The thermal conductivity Kf of the bearing material should be high to ensure
maximum dissipation of the frictional heat generated if hydrodynamic lubrication
conditions cannot be maintained. The linear thermal expansion coefficient _ should
be acceptable within the overall design so that the effects of temperature variation
are not detrimental. Values of Kf and _ are given in section 5.6. Even if a
material has these desirable characteristics, additional constraints of acceptable
cost and material availability need to be satisfied.
The properties and characteristics of several bearing materials are shown in
table 5-1. Brinell hardness number, load-carrying capacity, and maximum oper-
ating temperature are given. Also, in this table ratings of fatigue strength, anti-
seizure property, conformability, and embeddability are given based on an arbitrary
scale, with 1 being the most desirable or best.
TABLE 5 I PROPER lIES AND CHARACTERISTICS OF VARIOUS CONFORMAI REARING METALS
[From Clauser (1948) ]
Bearing metal BrineH hardness number
temFerature
i
20 30 6 12
15 20 6 12
22 26 11-17
3040 15
20 30 20-23
60 80 60 70
40 70 4060
75 100 [ 65-100
,,20
iI, 7
I ) (b)
arh,_ *_ an arh*_rar_ _1¢ _ilh [ _mg the hl_h¢,l rellng
bAppro_mlalely the _n_ as the habhllh
Tin-base bal_oitl
Lead-base babbitl
Alkali-harder*ed lead
Cndmium base
Copper lead
Tin bronze
Lead bronze
Phosphor bronze
Aluminum alloy
Sdver (overplatnd)
Copper-nickel matrix
Trimetal and plated
Grid type
Thin babbitt overlay,
0.051 0.178 ram
{0¸002-0¸007 in)
Conventional babbi.
overlays. 0.5l mm
(0 020 in I
Load.carrying capacity ]
MPa psi
"C %
55 10.4. 800 1500 I 149 3(10
55 83 800-1200 I 149 300
g3-104 1200 1500 I 260
10.4-138 1500-20_11 260 5130
10.4-172 15fiO-251_) I 177 350
>276 >4000 260+ 500+
20,7 31 I 3000 4500 [ 232 260 450 500
>27 6 >4000 260* 5(J_+
>27.6 >4000 107-149 225 300
>276 >4000 260+ 500+
138 2000 177 350
>276 >4000 107 149 225-300
>27 6 >4000 107 149 225 30(]
138 2000 149 3CO ]
r
1500 149 WIO [
_
Maximum Eatigu¢
operalmg slrenglh n
temperature
Antlseizure_property Con formabilityand
embeddahildyJ
l
I 1
t l
2 2
3 3
3
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5.2 Metallics
Bearing materials for conformal surfaces fall into two major categories:
(1) Metallics--babbitts, bronzes, aluminum alloys, porous metals, and metal
overlays such as silver, babbitts, and indium
(2) Nonmetailics--plastics, rubber, carbon-graphite, wood, ceramics, cemented
carbides, metal oxides (e.g., aluminum oxide), and glass
The principal metallic materials will now be covered in more detail.
5.2.1 Tin-and lead-base aUoys.--The babbitts are among the most widely used
materials for hydrodynamically lubricated bearings. Babbitts are either tin- or
lead-base alloys having excellent embeddability and conformability character-
istics. They are unsurpassed in compatibility and thus prevent shaft scoring.
Tin- and lead-base babbitts have relatively low load-carrying capacity. This
capacity is increased by metallurgically bonding these alloys to stronger backing
materials such as steel, cast iron, or bronze. Babbitt linings are either still cast
or centrifugally cast onto the backing material. Fatigue strength is increased by
decreasing the thickness of the babbitt lining. Dowson (1979) points out that at
the beginning of the century babbitt linings were rarely less than 3 mm thick and
not infrequently at least 6.4 mm thick. The need to provide adequate compressive
and fatigue strength gradually brought the thickness of the lining down to a few
thousands of an inch, at the expense of other desirable features such as embed-
dability and conformability. The optimum thickness of the bearing layer varies with
the application but is generally between 0.02 and 0.12 mm.
Tables 5-2 and 5-3 show the composition and physical properties of some of
the tin- and lead-base alloys presently used. Table 5-2 shows the significant effect
of temperature in decreasing the strength properties of these alloys. The alloys
in more general use are shown in table 5-3. The effect of various percentages
of the alloying elements on the mechanical and physical properties of tin- and
lead-base alloys can be significant. Increasing the copper or the antimony increases
the hardness and the tensile strength and decreases the ductility. However,
increases beyond the percentages shown in table 5-3 can result in decreased
fatigue strength.
5.2.2 Copper-lead alloys.-Two alloys, one consisting of 60 percent copper
and 40 percent lead and the other of 70 percent copper and 30 percent lead, or
slight variations, are used as lining materials on steel-backed bearings. These alloys
are either strip cast or sintered onto the backing strip, thus providing a bearing
with a higher load-carrying capacity than one lined with the babbitt alloys. They
also have higher fatigue resistance and can operate at higher temperatures, but
they have poor antiseizure properties. They are used in automotive and aircraft
internal combustion engines and in diesel engines. Their high lead content provides
a good bearing surface but makes them susceptible to corrosion. Their corrosion
resistance and antiseizure properties are improved when they are used as trimetal
bearings with a lead-tin or lead-indium overlay electrodeposited onto the copper-
lead surface.
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TABI.E 5 2 -COMPOSITION AND PHYSICAL PROPERTIES OF WHITE METAL BEARING ALLOYS=
IFrom _slm B2.L83 Rcprirded by permission o[ Ihe American S_ciel_ for Testing and Malerials ]
A,,o.T,oIAo.oo..I Co .IA  .icS ,Oc 20"C,.'F,"C,2.2"EI
numhcrh -- gravily_ Tin A nlimofl:_ Lead Co_)er /100
Specified nominal ('omlx_sdion of alloys, Composition of alJo_s te_led, Yield poin_
p_rcenl Der¢¢n I ---_
MPa psi MPa psi
pl I 0 I 4 5 4 5 --- 734 909 452 NoP.¢ 4 56 30 3 4400 183 2650
2 O I 7 5 3 5 --- 7 39 892 ?4 0 03 3 I 420 6t00 206 ]000
0 [ 8 0 IRe ! 0 .... 746 834 8 2 03 83 4_ 5 6bOO 2' 7 3'50
7 0 I 150 Remaind¢ r - 45 973 IO0 145 750 [I 245 35._0 IlO 1600
8 0 I 150 IRemamder 45 1004 5.2 149 794 14 234 _ 12l 1750
15 0 1 16 0 ] Iccmaind©r L - 1 0 lOOS ..........
A00) 20 "C" (68 .'E)_ 100 "C 1212 'F} 20 "C {68 "F)[ 100 "C {2t2 "F) 20 "C t00 "C Mellinll Temperature Proper
numEcP ....
-- (68 "F) (212 "F) poinl of complete pouring
)ohn,.on'_ apparenl ¢laslic Uhlrmu¢ strength in ¢ompressionf ...... liqucfa¢llon lempCralurc
l*miF Brin¢ll hardnes_ "( °F ----
i_ --_]00 -- MPa psi MPa psi "C "F "C "F
IPa Psi MPa psi MPa piJ
I 169 2450 7 2 1050 886 12 850 479 6950 8.0 17 0 2271 I 433 371 700 441 825
2 23 1 3350 7 6 I I00 IO27 14 _ 600 8700 120 245 241 466 354 669 424 795
3 3 9 0 121 3 17 600 68 3 99(}0 145 270 240 i 464 422 792 491 915
7 172 ] _25OO 9 3 [ I!!1350 1079 15 650 424 6150 10.5 225 240 464 268 514 338 620
, ,8, .0._ 8, ,2_ ,_6!:_ ,!:d_6,_ 9s 200 _,7,,9 _72 ,_., .5
_¢_pre_s_n lest _pecJ_nx were cvhnders _ m 138 mini in length and O 5 in ( 13 ram) in dlln_ler, m.achll_d from thill _8_llngs-2 m I5'1 ram) in _S h and O 75 in
( t9 ram} in diluter The Bri_t_ _c_ts *ere m_d¢ _m the P_mom of pa_ltel _-h_d _pcct_n_ clsl ,n = _dd 2 m r_l mn_ in dllmc_er and 0 625 In _16 mini dccp al
r_m Iempctatu_
bl_lla nol available on alloy_ II and 13
CTbe q_'c_f_ gPIvll_ multiplied by 0 0_16] eqlzals tbe _s_ dentil) in pou_ per _ubic l_'h
d'D¢ ,M_s fDr yield [X_l_ were taken fr_ ,,Irons _lraln cur_e_ al a defi_lKm o[0125 pcrccnl of lille lenBih
eJolln_'* alY_l_nl ehL_l< hmil i_ taken a_ Ibe und _lr_s iI II1¢ plnl W_R 1_ s_ o[ t_ _n[lhl i0 I_ (Urye i_ IWo thirds ¢1_ d_pe II Ibe ore_ln
fTbe uhlmat¢ _trenllth _al_ were laken z_ lbe uni( load n¢ces_r_ to pr_ll_:¢ a _'[_rnat_cm of 25 perccm of the _pe_lrr<n I¢_lllh
gTh,¢_ ,al_ are Ibe a_cra F Brl_ll number of Ih_ irnpre_lOe_ on ¢_h allo_, uM0 B a I0 mm (0 39qn } ball Bnd a 5,00 kli I_ IO2 3 ibl h_d ip_d for )O i
"FABLE 5 3 CHEMICAL COMPOSITION f)F ALLOYS IN MORE GENERAL USE
IFrom _ M B2_-8_ Reprinted h3. permiss,_n of lhe American Society. for Testing and Malenals I
Eleme nl Alloy numbcP _
Tin ba_,c Lend ba_,_
t I" I55..____
Chemical composition, perccm l
7080 75-85 60-75g80-90.0l 830-850 860-890 93-10,7 45 55 55 65
14 0-16 0 14 O-Ifi 0 95 IO5
35 35 50 Remaindtr _ Remainder Remainder
30-40 75 85 _065 I ]0 _o ]0
08 08 08 I0 I0 lO
Anlimony
Copper
[ron
A r_,_nic
Bismuzh J
Zinc
4Juminum
Sndmium I
total named l
elemenls,
10 I0 I0 I
08 08 08
005 005 0(5005(;05 005
05 05 05 ,
9980 9980 9950
30-60 ]01060 25I0 IO
005 005 . 005
005 005 005
05 05 05
08-12
145-175
Remaindel
6
10
8-14
t0
OO5
OO5
05
5.2.3 Bronzes.-- Several bronze alloys, including lead, tin, and aluminum bronzes,
are used extensively as bearing materials. Some are described in table 5-4. Because
of their good structural properties they can be used as cast bearings without a
steel backing. Bearings can also be machined from standard bar stock.
Lead bronzes, which contain up to 25 percent lead, provide higher load-carrying
capacity and fatigue resistance and a higher temperature capability than the babbitt
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TABLE 5_t.--TYPICAL BRONZE AND COPPER ALLOY BEARING MATERIALS
[From Booser (1966) I
Designation Material
SAE 480 Copper lead
AMS 4840 High-lead tin brtmze
i SAE 67 Semiplastic bronze
SAE 40 Leeded red brass
;AE 660 Bronze
SAE 64 Phosphor bronze
SAE 62 Gunmetal
SAE 620 Navy G
SAE 63 Leaded gunmetal
ASTM BI48- Aluminum bronze
52 9c
culs°l z°tF°IAiBr,n ,lhardness
Nominal composition, number, --
percent aN8
65 -- 35 ...... 25
70 5 25 ..... 48
78 6 16 ....... 55
85 5 5 5 .... 60
83 7 7 3 .... 60
80 10 ! I0 ...... 63
88 10 -- 2 -- • 65
gg!8 -- , --I- 68
85 ..... 4 11 195
Tensile Maximum Maximum
strength operalin 8 load
temperature
MPa ksi MPa ksi
"C "F
552 8 177 350 13.8 2
1725 25 204+ 4130+ 207+ 3+
2070 30 232 , 450 207+ 3+
241 5 35 232 450 242 35
2415 35 232+ 450+ 27.6 4
241 5 35 232+ I 450+ 276 4
3105 45 260+ 500+ 276 4
2760 40 260 500 276+ 4+
276.0 45 I 260 500 27.6+ 4+
6210 90 260+ 500+ 31.1+ 45+
alloys. Tin contents up to about 10 percent are used to improve the strength
properties. Higher-lead bronze (70 percent copper, 5 percent tin, and 25 percent
lead) can be used with soft shafts, but harder shafts (300 BHN) are recommended
with the harder lower-lead bronzes, particularly under conditions of sparse
lubrication. Lead bronze bearings are used in pumps, diesel engines, railroad
cars, home appliances, and many other applications.
Tin bronzes, which contain 9 to 20 percent tin and small quantities of lead
(usually < 1 percent), are harder than lead bronzes and are therefore used in
heavier duty applications.
5.3 Nonmetallics
Although nonmetallic materials such as rubber and graphite have found
increasing application, it is the polymeric and plastic materials that have had the
greatest recent impact in triboelements. These materials fall into two categories:
thermosetting and thermoplastic materials. In thermosetting materials the fabrics
of nonoriented fibers are generally set in phenolic, or occasionally cresylic, resins.
Of the thermoplastic materials nylon has been recognized as a valuable bearing
material as has the remarkable low-friction polymer polytetrafluoroethylene (PTFE).
The great merit of these materials is that they can operate effectively without
lubricants, although their mechanical properties generally limit their application
to lightly loaded conditions and often to low speeds and conforming surfaces.
The limits of applying nonmetallic materials are shown in table 5-5. The specific
limits shown in this table are load-carrying capacity, maximum temperature,
maximum speed, and PV limit, where P is the load expressed in pounds force
per square inch and V is the surface speed expressed in feet per minute.
5.3.1 Carbon grapldtes.--In addition to their excellent self-lubricating properties,
carbon graphites have several advantages over conventional materials and
lubricants. They can withstand temperatures of approximately 370 *C in an
oxidizing atmosphere such as air and can be used in inert atmospheres to 705 *C or
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TABLE 5-5,--LIMITS OF APPLICATION OF
NONMETALLIC BEARING MATERIALS
IRevised from O'Conner et al. (1968).1
Material Load-carrying
capacity
MPa psi
Carbon graphite
Phenolics
Nylon
PTFE (Teflont
Reinforced PrFE
r_rVE fabric
Polycarbonate (Lexan)
Acetal resin (Delrin)
Rubber
Wood
ap _ load (psi); V :: surface ,pced ill/rain).
4.1 600
41.4 6 000
6.9 1 000
3.4 500
17.2 2 500
414.0 60 000
6.9 1 000
6.9 I 000
•34 50
13.8 2 000
Maximum
temperature
°C °F
399 750
93 200
93 200
260 500
260 500
260 500
104 220
82 180
66 150
66 150
Maximum
speed
m/s ft/min
12.7 2500
12.7 2500
5.1 1000
.51 100
5.1 1000
.25 50
5.1 1000
5.1 11300
7.6 1500
10.2 2000
PV limiV
15 x 103
15
3
1
10
25
3
3
15
15
at cryogenic temperatures. They can be used in equipment in which lubricant
contamination must be prevented, such as textile machinery and food-handling
machinery. Carbon graphites are highly resistant to chemical attack and are used
in applications where the chemicals attack conventional lubricants. They can be
used with low-viscosity lubricants, such as water, gasoline, or air.
Carbon graphites are used for pump shaft bearings, impeller wear rings in
centrifugal pumps, and journal and thrust bearings in covered motor pumps
and for many other applications. Because of its low expansion coefficient of
2.7x 10 6 mm/mm °C, a carbon graphite liner is shrunk fit into a steel sleeve.
The steel backing provides mechanical support, improves heat transfer, and helps
to maintain shaft clearance. The mating shaft should be made of harder metals.
Chromium plates, hardened tool steels, or even some ceramics are used.
A PV value of 15 000 is used when lubricant is present. Depending on the
material grade and the application, friction coefficients ranging from 0.04 to 0.25
are obtainable. Absorbed water vapor enhances film formation and reduces the
friction and wear of carbon graphite. With no water vapor present (low humidity),
wear increases. In general, low speeds and light loads should be used in non-
lubricated applications.
5.3.2 Phenolics.--Among several types of plastic bearings presently in use
are the phenolics. These are in the form of laminated phenolics, made by treating
sheets of either paper or fabric with phenolic resin, stacking the desired number
of sheets, and curing with heat and pressure to bond them together and set the
resin. Other filling materials, such as graphite and molybdenum disulfide are added
in powdered form to improve lubrication qualities and strength.
Figure 5-i shows the various orientations of the phenolic laminates used in
bearings. Tubular bearings (fig. 5-1(a)) are used where complete bushings are
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(a) (b) (c)
F Phenolic F Phenolic
(d) (e)
(a)Tubularbearing.
(b) Circumferentially laminated bearing.
(c) Axially laminated bearing.
(d) Stave bearing.
(e) Molded bearing.
Figure 5-1.--Phenolic laminate bearings. From Kaufman (1980).
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required. Bearings in which the load is taken by the edges of the laminations
(figs. 5-1(b) and (c)) are used in light-duty service. Stave bearings (fig. 5-1(d))
are used mainly for stern-tube and rudder-stock bearings on ships and for guide
bearings on vertical waterwheel turbines. Molded bearings (fig. 5-1 (e)) are used
for roll-neck bearings in steel mills or for ball-mill bearings. Table 5-6 gives
some typical applications of phenolic bearings.
Laminated phenolics operate well with steel or bronze journals when lubricated
with oil, water, or other liquids. They have good resistance to seizure. One main
disadvantage of these materials is their low thermal conductivity (0.35 W/m *C,
about 1/150th that of steel), which prevents them from dissipating frictional heat
readily and can result in their failure by charring. In large roll-neck bearings the
heat is removed by providing a large water flow through the bearing.
Laminated phenolics have good resistance to chemical attack and can be used
with water, oil, diluted acid, and alkali solutions. They have good conformability,
having an elastic modulus of 3.45 to 6.90 GPa, in comparison with about 3.45 GPa
for babbitts. Laminated phenolics also have a high degree of embeddability. This
property is advantageous in ship stern-tube bearings, which are lubricated by water
that contains sand and other sediment. Because of their good resilience, they are
highly resistant to damage by fatigue and shock loading. They do not hammer
out or extrude under shock loading as do some babbitt alloys. Because laminated
phenolics are made up of organic fibers that absorb certain liquids and expand,
small changes in dimensions can occur. Water or lubricants containing water have
a greater measurable effect on the dimensional stability of phenolics than do oils.
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Bearing
application
Roll neck
1ABI E 5 6 TYPICAL APPLICATIONS OF LAMINATED PHENGLIC BEARINGS
I Fmm Klufman (1980} I
i ..... ......°I ] ill
i
8 60 Water
3 8 55-60 Grease or
waler
8 60 Waler
3-8 60 Pumped
liquid
8 60 Waler
6 5 15 55 60 Water tn
emuiskm
of water
and
grease
3 (_1 Oil
h 5 53 Grease
Ship, stern _d_ 76 fit_q g 26 248
tube
Rudder, pintie la_,!d} 76 660 ! _ 2h 93 248
Small craft_ _c_ _ 7b i _ _ 248
_lern lUbe
i
Ccnlrifug_ q_l_tbl, L_ Lql2 i _ 4 93 248
pump _¢_
Water wbeel Id_ 10 "_ 6i(I _- 24 24g
turhine_
guhde bearing
Ba_ _11 Ia_e_ _81 1_9 I'; 49 _02 466
A_rcraft_ _ _ _g_ 2 _2 i 93
_a_d_ng gear !
! i 202
Railway. M,)_d_l i
bRunn,rig ,lc_r_e d_w. rt,,l m_k,,k _,lb_n_ b,r .*ell_ag
Principal reagms for usin;
laminated [_¢noltc be.arin_
malerial
Longer life. po_er saving
due to lower fricIIOn,
Lower cost water lubxica
tion, greater cleanliness
o[ ivi_eration, better hold-
ing of gage due Io less
waler
0 001 'ram 0 001/in Longer life. greater ease
diameter diameler of handling and inslallmg,
o_er 127 mm _er 5 m higher kmcl carrying capa.
city part*cularly with
impacl loads. Io.*er fr,c
0 OO]/mln 0 001fin lion. greater corrosion
diameter diameter and decay resistance.
o_er ]27 ram over 5 m lower Journal wear.
grealer local availability
12 ? (:05
127 1_5 Longer life, heqter luhrica
lion with pumped liquid
(water, gasoline, chemical
solutions, ere)
127 (g)5 l_:.nger life, lower friction.
no decay, less _ournal
wear
381 7t,2 I 0t5 030 l l_mger life. higher Ioad-
i carr)mg capac,ty, lower
friction, h)wer lubricant
i cost
0 (g)l ,'ram _ O t_l 'in Lighter welghl, sallsfactory
diameter _ diameter dimensional stabddy and
o_er 127 ran/ i ,!_er 5 m load carrying cavacily
I_mgcr life, lower m_i_
and _ibrabon transmission
Expansion is greater perpendicular to the laminations (2 to 3 percent) than parallel
(0 to 0.3 percent).
5.3.3 Nylon.--Nylon is one of the classes of thermoplastic materials, as
differentiated from the thermosetting plastics, the phenolics. Nylon bearings can
be molded, or nylon powders can be sintered in a manner similar to the manu-
facture of porous metals. Nylon is not affected by petroleum oils and greases,
food acids, milk, photographic solutions, etc., and thus can be used in applications
where these fluids are handled.
Nylon has good abrasion resistance, a low wear rate, and good embeddability.
Like most plastics, it has good antiseizure properties and softens or chars rather
than seizing. It has low thermal conductivity (0.24 W/m °C) and failure is usually
the result of overheating. Cold flow (creep) under load is one of its main dis-
advantages. This effect can be minimized by supporting thin nylon liners in metal
sleeves. Nylon bearings are used in household applications such as mixers and
blenders and for other lightly loaded applications.
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5.3.4 Teflon.--Teflon is a thermoplastic material based on the polymer poly-
tetrafluoroethylene (P'rVE), which has a low friction coefficient. It has excellent
self-lubricating properties and in many applications can be used dry. It is resistant
to chemical attack by many solvents and chemicals and can be used in the
temperature range -268 to 260 °C. Like nylon, it has a tendency to cold-form
under loads. Teflon in its unmodified form also has the disadvantages of low
stiffness, a high thermal expansion coefficient, low thermal conductivity, and poor
wear resistance. These poor properties are greatly improved by adding fibers such
as glass, ceramics, metal powders, metal oxides, graphite, or molybdenum
disulfide.
5.4 Form of Bearing Surfaces
The metallic and nonmetallic materials described in the two preceding sections
may be applied to bearing surfaces in several ways, as shown in figure 5-2:
(1) Solid bearing (fig. 5-2(a))--Bearing,, are machined directly from a single
material (cast iron, aluminum alloys, bronzes, porous metals, etc.).
(2) Lined bearing (fig. 5-2(b))--Bearing material is bonded to a stronger backing
material. The thickness of the bearing lining may range from 0.25 mm to as much
r Bearing material r" Backing material
(a) (b)
,=Graphite filling r- Bronze Carbon-graphite liner_
(c) (d)
ta) 5olid bearing. (b) Lined bearing.
(c) Filled bearing. (d) Shrink-fit liner bearing.
Figure 5-2.--Different l'ornls of bearing surlhces.
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as 13 mm. Most modern bonding techniques are metallurgical, although chemical
and mechanical methods are also used. The lining material may be cast, sprayed,
electrodeposited, or chemically applied.
(3) Filled bearing (fig. 5-2(c))--A stronger bearing material is impregnated
with a bearing material that has better lubricating properties (e.g., graphite
impregnated into a bronze backing).
(4) Shrink-fit liner bearing (fig. 5-2(d))--Carbon-graphite or plastic liners are
shrunk into a metal backing sleeve by retaining devices such as set screws, dowels,
and clamping flanges.
5.5 Materials and Manufacturing Processes
Used for Rolling-Element Bearings
Nonconformal surfaces such as rolling-element beatings operate under conditions
that impose high compressive stresses for million of stress cycles as the balls or the
rollers rotate through the loaded zone of the bearing. For such applications the
race and ball materials should be hard and have high fatigue resistance.
Until about 1955 the technology of rolling-element bearing materials did not
receive much attention from materials scientists. Bearing materials were restricted
to SAE 52100 and some carburizing grades such as AISl 4320 and AISI 9310, which
seemed to be adequate for most bearing applications, despite the limitation in
temperature of about 176 *C for 52100 steel. A minimum acceptable hardness
of Rockwell C 58 was specified. Experiments indicated that fatigue life increased
with increasing hardness.
The advent of the aircraft gas turbine engine, with its need for advanced rolling-
element bearings, provided the major impetus for advancements in the technology
of rolling-element bearing materials. Higher temperatures, higher speeds and
loads, and the need for greater durability and reliability all served as incentives for
developing and evaluating a broad range of new materials and processing methods.
The combined research efforts of bearing manufacturers, engine manufacturers,
and Government agencies over the past three decades have resulted in startling
advances in rolling-element bearing life, reliability, and performance. The
discussion here is narrow in scope. For a comprehensive treatment of the research
status of current bearing technology and current bearing designs, refer to
Bamberger et ai. (1980).
5.5.1 Ferrous aUoys.--The need for higher temperature capability led to the
evaluation of several available molybdenum and tungsten alloy tool steels as
bearing materials. These alloys have excellent high-temperature hardness retention.
Such alloys melted and cast in an air environment were, however, generally
deficient in fatigue resistance because of nonmetallic inclusions. Vacuum processing
techniques can reduce or eliminate these inclusions. Techniques used include vacuum
induction melting (VIM) and vacuum arc remelting (VAR). These have been exten-
sively explored, not only with the tool steels now used as bearing materials, but
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TABLE 5-7.--TYPICAL CHEMICAL COMPOSITIONS OF SELECTED BEARING STEELS
[From Bamberger et al. (1980).]
Designation
SAE 52100 a
MHT b
AISI M- I
AISI M-2 a
AISI M-10
AISI M-50 a
T-1 (18-4-11 a
TI5
440C _
AMS 5749
Vasco Matrix ]l
CRB 7
AISI 9310 ¢
CBS 600 _
CBS 1000M _
Vasco X-2 _
aBalance, irofl
bAIso contains I 369f AI
CCarburlzing grades
cl P I s fMnls, I CrI VI WIMotCo]C I Ni
(max) (max)
Alloying element, wt %
1.00 0.025 0.025 0.35 0.30 1.45 .....................
1.03 .0251 025 .35 .35 1.50 ..................
.80 .030 .030 .30 .30 4.00 1.00 1.50 8.00 ..........
.83 .30 .30 3.85 190 6.15 5.00 ........
,85 .25 .30 4.00 2.00 --- 8.00 .........
.80 .30 .25 4.00 1,00 --- 4.25 ...........
.70 _ .30 .25 4.00 1.00 180 ...............
1.52 .010 ,004 .26 .25 4.70 4.90 12.5 .20 5.10 .......
1.03 .018 .014 .48 .41 1730 .14 --- ,50 ............
1.15 .012 .004 .50 .30 14,50 1.20 --- 4.00 ...........
.53 .014 .013 .12 .21 4.13 1.08 1.40 4.80 7.81 - - 0.10
1.10 .016 .003 .43 .31 14.00 1.03 --- 2.02 --- 0.32 --
.10 .006 .001 .54 .28 1.18 I1 ....... 315
.19 .007 .014 .61 1.05 1.50 ..... .94 ....... .18
14 _018 ,019 .48 .43 1.12 ...... 4.77 ....... 2,94
.14 .011 .01 .24 ,94 4.76 .45 1.40 1.40 .03 --- .10
with SAE 52100 and some of the carburizing steels as well. Table 5-7 lists a fairly
complete array of ferrous alloys, both fully developed and experimental, from
which present-day bearings are fabricated. AISI M-50, usually VIM-VAR or
consumable electrode vacuum melted (CEVM), has become a widely used quality
bearing material. It is usable at temperatures to 315 °C, and it is usually assigned
a materials life factor of 3 to 5. T-1 tool steel has also come into fairly wide
use in bearings, mostly in Europe. Its hot hardness retention is slightly superior
to that of M-50 and approximately equal to that of M-1 and M-2. These alloys
retain adequate hardness to about 400 *C.
Surface-hardened or carburized steels are used in many bearings where, because
of shock loads or cyclic bending stresses, the fracture toughness of through-
hardened steels is inadequate. Some of the newer materials being developed, such
as cBs 1000 and Vasco X-2, have hot hardness retention comparable to that of
the tool steels (fig. 5-3). They too are available as ultraclean, vacuum-processed
materials and should offer adequate resistance to fatigue. Carburized steels may
become of increasing importance in ultra-high-speed applications. Bearings with
through-hardened steel races are currently limited to approximately 2.5 million
doN, (where db is bore diameter in millimeters and N_ is rotational speed in
revolutions per minute). At higher doN_ values fatigue cracks propagate through
the rotating race as a result of excessive hoop stress (Bamberger et al., 1976).
In applications where the bearings are not lubricated with conventional oils and
protected from corrosion at all times, a corrosion-resistant alloy should be used.
Dry-film-lubricated bearings, bearings cooled by liquefied cryogenic gases, and
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Figure 5-3.--Hot hardness of (:BS 1000, CBS 1000M, Vasco X-2, and high-speed tool steels.
From Anderson and Zaretsky (1975).
bearings exposed to corrosive environments such as high humidity and salt water
are applications where corrosion-resistant alloys should be considered. Of the
alloys listed in table 5-7, both 440C and AMS5749 are readily available in vacuum-
melted heats.
Forging and forming methods that result in improved resistance to fatigue have
also been developed. Experiments indicate that fiber or grain flow parallel to the
stressed surface is superior to fiber flow that intersects the stressed surface
(Bamberger, 1970; Zaretsky and Anderson, 1966). Forming methods that result
in more parallel grain flow are now being used in the manufacture of many
bearings, especially those for high-load applications.
5.5.2 Ceramics.--Experimental bearings have been made from a variety of
ceramics including alumina, silicon carbide, titanium carbide, and silicon nitride.
The use of ceramics as bearing materials for specialized applications will probably
continue to grow for several reasons. These include
(1) High-temperature capability--Because ceramics can exhibit elastic behavior
to temperatures beyond 1000 *C, they are an obvious choice for extreme-
temperature applications.
(2) Corrosion resistance--Ceramics are essentially chemically inert and able
to function in many environments hostile to ferrous alloys.
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(3) Low density--This can be translated into improved bearing capacity at high
speeds, where centrifugal effects predominate.
(4) Low thermal expansion coefficient--Under severe thermal gradients, ceramic
bearings exhibit less drastic changes in geometry and internal play than do ferrous
alloy bearings.
Silicon nitride has been developed as a bearing material (Sibley, 1982; Cundill
and Giordano, 1982). Silicon nitride bearings have exhibited fatigue lives compa-
rable to and in some instances superior to that of high-quality, vacuum-melted
M-50 (Sibley, 1982). Two problems remain: (1) quality control and precise
nondestructive inspection techniques to determine acceptability and (2) cost.
Improved hot isostatic compaction, metrology, and finishing techniques are all
being actively pursued.
5.6 Properties of Common Bearing Materials
This section provides representative values for a number of solid material prop-
erties required in evaluating fluid film bearings. The tables and figures presented
in this section came from ESDU (1984). With many materials a wide range of
property values is attainable by, for example, heat treatment or a small change
in composition. The quoted values given in the tables are therefore only typical
values likely to be met in fluid film lubrication applications. Unless otherwise
stated, all material properties are quoted for room temperature (20 *C).
5.6.1 Mass density.--As pointed out in chapter 4 (section 4.5) the mass density
p* of a solid material is the mass divided by the volume and hence has metric units
of kilograms per cubic meter. Typical values lie between l03 and 10 4 kg/m 3.
Figure 5-4 illustrates the mass density ordering of various metals, polymers, and
ceramics, and table 5-8 gives quantitative mass density at room temperature (20 *C).
Alloying changes the mass density only slightly. To a first approximation, the
mass density of an alloy (metallic solid resulting from dissolving two or more
molten metals in each other) is given by the "rule of mixtures" (i.e., by a linear
interpolation between the mass densities of the alloy components).
5. 6.2 Modulus of elasticity and Poisson's ratio.--A simple tensile load applied
to a bar produces a stress ol and a strain el, where
O- 1 -----
Load
Cross-sectional area
= Stress in axial direction
Change in length = Strain in axial direction
i = Original length
The elastic constant, or modulus of elasticity (sometimes referred to as Young's
modulus), can be written as
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Metals
Lead
Copper
Steels
Cast iron
Zinc alloys
Sintered iron
Aluminum-tin
Aluminum
Magnesium
Polymers Ceramics
Alumina
Silicon nitride
Silicon carbide
Graphite
10 3
8 x 10 2
Figure 5-4. [llustraUon of mass density for various metals, polymers, and ceramics at room
temperature (20 °C; 68 °F). From ESDU (1984).
E_ °'1
-- (5-1)
El
Although no stress acts transversely to the axial direction, there will nevertheless
be dimensional changes in the transverse direction, for as a bar extends axially
it contracts transversely. The transverse strains e2 are related to the axial strains
by Poisson's ratio v such that
E2 = -vel (5-2)
where the negative sign simply means that the transverse defi)rmation will be in
the opposite sense to the axial deformation. The metric unit of modulus of elasticity
is newtons per square meter, or pascal, and Poisson's ratio is dimensionless.
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TABLE 5-8.--MASS DENSITIES OF VARIOUS
METALS, POLYMERS, AND CERAMICS AT
ROOM TEMPERATURE (20 *C; 68 *F)
[From ESDU (1984).]
Material
Metals:
Aluminum and its alloys a
Aluminum tin
Babbitt, lead-based white metal
Babbitt, tin-based white metal
Brasses
Bronze, aluminum
Bronze, leaded
Bronze, phosphor (cast) b
Bronze, porous
Copper
Copper lead
Iron, cast
Iron, porous
Iron, wrought
Magnesium alloys
Steels c
Zinc alloys
Polymers:
Acetal (polyformaldehyde)
Nylons (polyamides)
Polyethylene, high density
Phenol formaldehyde
Rubber, natural d
Rubber, silicone
Ceramics:
Alumina (AI203)
Graphite, high strength
Silicon carbide (SIC)
Silicon nitride (Si3N 4)
Mass density, p*
kg/m 3 Ibm/in)
2.7 x 103 0.097
3.1 .11
10.1 .36
7.4 .27
8.6 .31
7.5 .27
8.9 .32
8.7 .31
6.4 .23
8.9 .32
9.5 .34
7.4 .27
6.1 .22
7.8 .28
1.8 .065
7.8 .28
6.7 .24
1.4 .051
1.14 .041
.95 .034
1.3 .047
1.0 .036
1.8 .065
3.9 .14
1.7 .061
2.9 .10
3.2 .12
astructural alloys.
bBar stock typically 8.8x 103 kg/m3 (0.30 Ibm/in.3).
CExcluding "refractory" steels.
d"Mechanical" rubber.
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12 Me.tals Polymers Ceram=cs10
•, i ....
.... _" ",: _ ,_ Carbides
Alumina
1011
Graphite
1010
10 9
10 8
10 7
Phenol formal.
dehyde
Acetal
Nylon
Polyethylene
Natural rubber
10 6
Figure 5-5.--lllustralion of modulus of elasticity for various metals, p,+,lymers, and ceramics at
room temperature (20 *C; 68 *F). From ESDU (t984).
Figure 5-5 illustrates values of the modulus of elasticity for various metals,
polymers, and ceramics at room temperature (20 *C). The moduli of elasticity
for metals and ceramics are quite similar, but those for the polymers are
considerably lower. Tables 5-9 and 5-10 give quantitative values of the modulus
of elasticity and Poisson's ratio, respectively, for various metals, polymers, and
ceramics at room temperature.
5.6.3 Linear thermal expansion coefficient.--Different materials expand at dif-
ferent rates when heated. A solid object increases in length by a certain fraction for
each degree rise in temperature. This result is accurate over a fairly large range
of temperatures. It can be used for calculating how much an object will expand
for a given change in temperature, once the extent of the material's expansion
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TABLE 5-9--MODULUS OF ELASTICITY FOR
VARIOUS METALS, POLYMERS, AND
CERAMICS AT ROOM TEMPERA-
TURE (20 *C; 68 "FI
JFrom ESDU 11984L]
Material Modulus of elasticity, E
GPa Mlbf/in. 2
Metals:
Aluminum 62
Aluminum alloys _ 70
Aluminum tin 63
Babbitt, lead-based white metal 29
Babbitt, tin-based white metal 52
Brasses I00
Bronze, aluminum 117
Bronze, leaded 97
Bronze, phosphor 110
Bronze, porous 60
Copper 124
Iron, gray cast 109
Iron, malleable cast 170
Iron. spheroidal graphite b 159
Iron, porous 80
Iron, wrought 170
Magnesium alloys 41
Steel. low alloys 196
Steel, medium and high alloys 200
Steel, stainless _ 193
Steel, high speed 212
Zinc alloys d 50
Polymers:
Acetal (poly formaldehyde)
Nylons (polyamides)
Polyethylene, high density
Phenol formaldehyde':
Rubber, natural f
Ceramics:
Alumina (AI203) 390
Graphite 2"/
Cemented carbides 450
Silicon carbide (SIC) 450
Silicon nitrid¢ (Si3N 4) 314
aStruetural alloys
2.7
1.9
.9
7.0
.004
tlFor bearings
Cprecipaanon.hardencd alloys up to 211 GPa (30 IbUin 2)
ds_h'ne alloys up m 96 GPa _t4 Ibffm 2)
eFdlcd
f2_-Percent carbon-black " rm'chamcat" rubber¸
90
10.2
9.1
4.2
7.5
14.5
17.0
14.1
16.0
8.7
18.0
158
24.7
23.1
11.6
24.7
5.9
28.4
29.0
28.0
307
7.3
.39
28
.13
1.02
.0006
56.6
3.9
65.3
65.3
45.5
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TABLE 5-10.--POISSON'S RATIO FOR
VARIOUS METALS, POLYMERS,
AND CERAMICS AT ROOM
TEMPERATURE
(20 "C; 68 "F)
[From ESDO (1984).1
Material Poisson's
ratio,
v
Metals:
Aluminum and its alloys a 0.33
Aluminum tin ....
Babbitt, lead-based white metal ....
Babbitt, tin-based white rneml ....
Brasses .33
Bronze .33
Bronze, porous .22
Copper .33
Copper lead ....
iron, cast .26
Iron, porous .20
Iron, wrought .30
Magnesium alloys .33
Steels .30
Zinc alloys .27
Polymers:
Acetal (polyformaldehydc) ....
Nylons (polyamides) .40
Polyethylene, high density .35
Phenol formaldehyde ....
Rubber .50
Ceramics:
Alumina (AI203) .28
Graphite, high strength ....
Cemented carbides .19
Silicon carbide (SIC) .19
Silicon nitride (Si3N 4) .26
aStr_clural alloys
is measured. This value is given for each material by a number called linear
expansivity or linear thermal expansion coefficient _. The metric unit of h is
Kelvin-_.
Figure 5-6 illustrates the linear thermal expansion coefficient for various metals,
polymers, and ceramics applied over the temperature range 20 to 200 *C. The
polymers have the highest value, followed by the metals and then the ceramics.
Table 5-11 gives quantitative values of the linear thermal expansion coefficient
for various metals, polymers, and ceramics from 20 to 200 *C.
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Metals Polymers Ceramics
10 -4
10 -6
Figure 5-6.--Illustration of linear thermal expansion coefficient for various metals, polymers, and
ceramics applied over temperature range 20 to 200 *C (68 to 392 *F). From _SDU (1984),
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TABLE 5-1 I.--LINEAR THERMAL EXPANSION COEFFICIENT
FOR VARIOUS METALS, POLYMERS, AND CERAMICS
APPLIED OVER TEMPERATURE RANGE
20 TO 200 *C (68 to 392 *F)
[From ESt)U (1984).]
Material
Metals:
Aluminum
Aluminum alloys a
Aluminum tin
Babbitt, lead-based white metal
Babbitt, tin-based white metal
Brasses
Bronzes
Copper
Copper lead
Iron, cast
Iron, porous
Iron, wrought
Magnesium alloys
Steel, alloy b
Steel, stainless
Steel, high speed
Zinc alloys
i Polymers:
Thermoplastics c
Thermosets d
Acetal (polyformaldehyde)
Nylons (polyamides)
Polyethylene, high density
Phenol formaldehyde e
Rubber, natural f
Rubber, nitrileg
Rubber, silicone
Ceramics:
Alumina (A1203) h
Graphite. high strength
Silicon carbide (SIC)
Silicon nitride (Si3N 4)
Linear thermal expansion
coefficient, a
I/K
23x10-6
24
24
20
23
19
18
18
18
11
12
12
27
11
17
I1
27
(60-100) x 10 -6
(10-80) X 10 -6
90 X 10 -6
100
126
(25-40) × 10 -6
(80-120) X 10 -6
34 × 10 -6
57
5.0
4.5
4.3
3.2
I/*F
12.8 × 10 -6
13.3
13.3
11
13
10.6
10.0
10.0
10.0
6.1
6.7
6.7
15
6.1
9.5
6.1
15
(33-56) x 10 -6
(6--44) x 10 -6
50× 10 -6
56
70
(14-22) x 10 -4
(44-67) x 10 -_
62 x 10 -6
103
2.8
.8-2.2
2.4
1.8
astructural alloys.
bCast alloys can be up to 15x 10-6/K.
CTypical bearing materials.
d25 x 10-6/K to 80× 10-6/K when reinforced.
eMineral filled.
fFillers can reduce coefficients.
gVaries with composition
h0 to 200 *C.
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5.6.4 Thermal conductivity.--When two bodies at different temperatures are
brought together, the faster-moving molecules of the warmer body collide with
the slower-moving molecules of the cooler body and transfer some of their motion
to the latter. The warmer object loses energy (drops in temperature) while the
cooler one gains energy (rises in temperature). The transfer process stops when
the two bodies reach the same temperature. This transfer of molecular motion
through a material is called heat conduction. Materials differ in how fast they
let this transfer go on. The metric units of thermal conductivity/(fare watts per
meter Kelvin.
Figure 5-7 illustrates the thermal conductivity of various metals, polymers,
and ceramics. The metals and ceramics in general are good conductors, and the
3x 10 2
2
10 2
E
§
E
10-1
Metals Polymers Ceramics
Figure 5-7.--lllustration of thermal conductivity for various metals, polymers, and ceramics.
From ESDU(1984).
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polymers are good insulators. Table 5-12 quantifies the thermal conductivity
results given in figure 5-7. In figure 5-7 and table 5-12, unless otherwise stated,
the temperature is assumed to be room temperature (20 *C; 68 *F).
TABLE 5-12.--THERMAL CONDUCTIVITY FOR VARIOUS
METALS, POLYMERS, AND CERAMICS
[From ESDU (1984).]
Material
Metals:
Aluminum
Aluminum alloys, casting a
Aluminum alloys, silicon b
Aluminum alloys, wrought c
Aluminum tin
Babbitt, lead-based white metal
Babbitt, tin-based white metal
Brasses a
Bronze, aluminum a
Bronze, leaded
Bronze, phosphor (cast) d
Bronze, porous
Copper ¢
Copper lead
Iron, gray cast
Iron, spheroidal graphite
Iron, porous
Iron, wrought
Magnesium alloys
Steel, low alloy c
Steel, medium alloy
Steel, stainless f
Zinc alloys
Polymers:
Acetal (poly formaldehyde)
Nylons (polyamides)
Polyethylene, high density
Phenol formaldehyde
Rubber, natural
Ceramics:
Alumina (A1203)g
Graphite, high strength
Silicon carbide (SIC)
Silicon nitride (Si3N a)
Thermal conductivity, Kf
W/m K Btu/fl hr *F
209 120
146 84
170 98
151 87
180 100
24 14
56 32
120 69
50 29
47 27
50 29
30 17
170 98
30 17
50 29
30 17
28 16
70 40
110 64
35 20
30 17
15 8.7
110 64
.24 .14
.25 .14
.5 .29
1.6 .92
25 14
125 72
15 8.6
aAt 100 °C
bat 100 "C ( - 150 W/m K at 25 °C)
c20 to 100 "C.
dBar stock typically 69 W/m K.
fTypically 22 W/m K at 200 °C.
gTypically 12 Wfm K at 400 °C.
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5.6.5 Specific heat capacity.--The nature of a material determines the amount
of heat transferred to or from a body when its temperature changes by a given
amount. Imagine an experiment in which you take a cast iron ball and a babbitt
(lead-based white metal) ball of the same size, heat them both to the temperature
of boiling water, and then lay them on a block of wax. You would find that the
cast iron ball melts a considerable amount of wax but the babbitt ball, in spite
of its greater mass, melts hardly any. It therefore would seem that different mate-
rials, in cooling through the same temperature range, give up different amounts
of heat.
The quantity of heat energy given up or taken on when a body changes its
temperature is proportional to the mass of the object, to the amount that its
temperature changes, and to a characteristic number called the specific heat
capacity of the material the body is made from.
2.0 Metals Polymers Ceramics
Naturalrubber
1.8
1.6
v 1.4
1.2
o
"_ 1.0$
o
_ .8
.4
.2
Thermoplastics
Figure 5-8.--Illustration of specific heat capacity for various metals, polymers, and ceramics at
room temperature (20 *C: 68 *F), From ESDU (1984).
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...O = Cpma(Atm) (5-3)
where
quantity of heat, J
Cp specific heat of material, J/kg K
r% mass of body, kg
At,, temperature change, K
Figure 5-8 illustrates the specific heat capacity of various metals, polymers,
and ceramics at room temperature (20 *C). Polymers have considerably higher
specific heat than metals or ceramics. Table 5-13 quantifies the information
presented in figure 5-8.
TABLE 5-13.--SPECIFIC HEAT CAPACITY FOR VARIOUS
METALS, POLYMERS, AND CERAMICS AT ROOM
TEMPERATURE (20 *C; 68 *F)
[From ESDU (1984).1
Material
Metals:
Aluminum and its alloys
Aluminum tin
Babbitt, lead-based white metal
Babbitt, tin-based white metal
Brasses
Bronzes
Copper a
Copper lead
Iron, cast
Iron, porous
Iron, wrought
Magnesium alloys
Steels b
Zinc alloys
Polymers:
Thermoplastics
Thermosets
Rubber, natural
Ceramics:
Alumina (A1203)
Graphite
Cemented carbides
Silicon carbide (SIC)
Silicon nitride (Si3N 4)
Specific heat capacity, Cp
kJ/kg K Btu/Ib °F
0.9 0.22
.96 .23
.15 .036
.21 .05
.39 .093
.38 .091
.38 .091
.32 .076
.42 .10
.46 .1 I
,46 . I 1
1.0 .24
.45 .11
.4 ,096
1.4 .33
2.0 .48
.8 ,2
.7 .17
aAluminum bronze up to 0,48 kJ/kg K (0,12 Btu/Ib °F)
bRising Io 055 kJ/kg K (0.13 Blullb °FI al 200 °C (392 *F).
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5.7 Closure
In this chapter the general characteristics of bearing materials have been
established and discussed. Some desirable characteristics covered in this chapter
are compatibility with rubbing counterface materials; embeddability for dirt
particles and wear debris: conformability to enable the bearing to accommodate
misalignment, geometrical errors, and deflections in structure; strength; corrosion;
and fatigue resistance. The various types of bearing material that are now available
have been evaluated in terms of these characteristics. These materials consist of
metallics (babbitts, bronzes, aluminum alloys, porous metals, and metal overlays
such as silver and indium) or nonmetallics (plastics, rubber, carbon-graphite,
ceramics, cemented carbides, and metal oxides). Bearing materials applicable to
conformal surfaces, where hydrodynamic lubrication occurs, as well as to non-
conformal surfaces, where elastohydrodynamic lubrication occurs, were discussed.
The stresses acting on conformal and nonconformal surfaces differ considerably,
and therefore the solid surface requirements are quite different. The last section
listed representative values of a number of solid material properties required in
evaluating fluid film bearings. These properties included mass density, modulus
of elasticity, Poisson's ratio, linear thermal expansion coefficient, thermal conduc-
tivity, and specific heat capacity. Values of these parameters were given for a
variety of metals, polymers, and ceramics at room temperature. The material
developed in this chapter should prove useful in subsequent chapters.
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Chapter 6
Viscous Flow
This chapter focuses on aspects of fluid mechanics that are important in
understanding fluid film lubrication. Four aspects of viscous flow are important:
(1) A fluid's viscous resistance increases with the deformation rate. Making
a fluid flow fast requires a greater force than making it flow slowly.
(2) Molecules do not go back to their original positions when the applied force is
removed. The flow involves a nonreversible change, and the work done in produc-
ing viscous flow appears as heat in the liquid.
(3) A liquid becomes less viscous as its temperature is raised. The greater
thermal energy enables the molecules to escape from their neighbors (less external
force is required to hurry them on).
(4) The viscosity of a liquid in nonconformal conjunctions generally increases
as the pressure increases. The viscosity may increase by several orders of magni-
tude. This is a fortunate state of affairs, for it implies that the harder one tries to
squeeze out a lubricant, the higher will be its viscosity and the greater its resistance
to extrusion.
6.1 Petrov's Equation
Here Newton's postulate (chapter 4, section 4.3) is applied to a full journal
running concentrically with the bearing, as shown in figure 6-1. It is shown later
that the journal will run concentrically with the bearing only when one of the
following conditions prevails: (1) the radial load acting on the bearing is zero,
Figure 6- l.--Concentric journal bearing.
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Figure 6-2.--Developed journal and bearing surfaces for a concenlric journal bearing.
(2) the viscosity of the lubricant is infinite, or (3) the speed of the journal is infinite.
None of these conditions are practically possible. However, if the load is light
enough, if the journal has a sufficiently high speed, and if the viscosity is
sufficiently high, the eccentricity of the journal relative to the bearing may be
so small that the oil film around the journal can be considered practically to be
of uniform thickness.
The oil film in a journal bearing is always thin relative to the radius of the bear-
ing. Therefore, the curvature of the bearing surface may be ignored, and the film
may be considered as an unwrapped body having a thickness equal to the radial
clearance, a length equal to 27rr, and b equal to the width of the bearing. Assume
that the viscosity throughout the oil film is constant. In figure 6-2 the bottom
surface is stationary and the top surface is moving with constant velocity Ua.
Petrov (1883) assumed no slip at the interface between the lubricant and the solids.
Making use of Newton's postulate as expressed in equation (4-2) gives the
friction force in a concentric journal bearing as
f= r/oA u, r/0(27rrb) 2rrN, 4r2TIor2bN,,
.... (6-1)
C C C
where N, is in revolutions per second and r/o is the viscosity at p = 0 and at a
constant temperature. The coefficient of friction for a concentric journal bearing
can be written as
f 47r'_7or'bN.
# - - (6-2)
where ,,,,. is the normal applied load. The friction torque for a concentric journal
bearing can be written as
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where _ = 2_rNa, the angular velocity in radians per second. Equation (6-3) is
generally called Petrov's equation (after N. Petrov, who suggested a similar
equation for torque in his work published in 1883).
The power loss is just the velocity multiplied by the frictional force. The power
loss for a concentric (lightly loaded) journal bearing can be expressed in horse-
power as
87r3 ri°r3bN] - (0.03758) _-°r3bN2
lip = (12)(550) c c
(6-4)
where
rl0 viscosity at p = 0 and at a constant temperature, lbf s/in. 2
r radius of journal, in.
b width of journal, in.
Na speed, rps
c radial clearance, in.
Note that equation (6-4) is only valid for these units.
6.2 Navier-Stokes Equations
Lubricants in hydrodynamic lubrication analyses and in many elastohydro-
dynamic lubrication analyses are assumed to behave as Newtonian fluids. As given
in chapter 4 the shear rate is linearly related to the shear stress. Besides assuming
that the fluid behavior is Newtonian, assume also that laminar flow exists. Navier
(1823) derived the equations of fluid motion for these conditions from molecular
considerations and by introducing Newton's postulate for a viscous fluid. Stokes
(1845) also derived the governing equations of motion for a viscous fluid in a
slightly different form, and the basic equations are thus known as Navier-Stokes
equations of motion.
The Navier-Stokes equations can be derived by considering the dynamic equilib-
rium of a fluid element. It is necessary to consider surface forces, body forces, and
inertia forces.
6.2.1 Surfaceforces.--Figure 6-3 shows the stresses on the surfaces of a fluid
element in a viscous fluid. Across each of the three mutually perpendicular surfaces
there are three stresses, yielding a total of nine stress components. Of the three
stresses acting on a given surface the normal stress is denoted by a and the shear
stress by r. The stresses on the surface perpendicular to the z axis have been
omitted to avoid overcrowding, the first subscript on the shear stresses refers to
the coordinate direction perpendicular to the plane in which the stress acts, and
the second designates the coordinate direction in which the stress acts. The follow-
ing five relationships should be noted in relation to the surface stresses:
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Figure 6-3.--Stresses on two surfaces of a fluid element.
(1) For equilibrium of the moments on the fluid element the stresses must be
symmetric; that is, the subscripts on the shear stresses can be reversed in order.
z_ = r_, zx: = r:._, r_: = r:_. (6-5)
(2) The hydrostatic pressure p in the fluid is considered to be the average of
the three normal stress components
ox + oy + az = -3p (6-6)
The minus sign is used because hydrostatic pressures are compressive, whereas
positive stresses are tensile.
(3) The magnitude of the shear stresses depends on the rate at which the fluid
is being distorted. For most fluids the dependence is of the form
(6-7)
where
"q absolute viscosity, N s/m 2
ui components of velocity vector, m/s (ux = u, Uy = v, uz = w)
x i components of coordinate vector, m (x_ = x, xy = y, x: = z)
Note the similarity of equation (6-7) to Newton's postulate (eq. (4-1)). The terms
in parentheses in equation (6-7) are a measure of the distortion of the fluid element.
(4) The magnitude of the normal stresses can be written as
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where
Ou Ov Ow
_j,,= _ + -- + -- (6-9)
Ox 03' Oz
and X, is a second viscosity coefficient. The divergence of the velocity vector, the
dilatation _,,, measures the rate at which fluid is flowing out from each point;
that is, it measures the expansion of the fluid.
(5) From equation (6-8)
o, = -p + X,,(,, + 2-q
o, = -p + X,,_,, + 27
o: = -p + X,,(. + 2r/
Ou
Ox
Ov
Oy
Ow
Oz
Substituting these expressions into equation (6-6) gives
-3p + 3X,,(,, + 2"q + _ + = -3p
or 3X,,_,, + 2rt_,, = 0
2
• X,, = - _ rl
(6- i0)
Therefore, the second viscosity coefficient can simply be expressed in terms of
the absolute viscosity.
The conclusions about the surface stresses can be expressed as
rO = rji (6-11)
(6-12)
2 aui (6-13)
o_ = -p - -_ _,, + 2_ Ox,_
The normal and shear stresses tend to move the element in the x, y, and z directions.
The surface forces resulting from these stresses can be expressed as
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cgoi dx dy dz (6-14a)
axi
and
OrO dx dy dz (6-14b)
%
6.2.2 Body forces.--The forces needed to accelerate a fluid element may be
supplied in part by an external force field, perhaps gravity, associated with the
whole body of the element. If the components of the external force field per unit
mass are X a, Y,,, and Z,, these forces acting on an element are
X.# dt dy dz, Yap dx dy dz, Z_p dx dy dz (6-15)
Note that the units of X,,. Ya, and Za are meters per second squared since P, the
force density, has units of newton second squared per meter to the fourth power
(N s2/m4).
6.2.3 lnertiaforces.--The three components of fluid acceleration are the three
total derivatives Du/Dt, Dv/Dt, and Dw/Dt. The significance of the total derivative
can be seen from the following. Consider only the x component of velocity u.
.'. u = f(x,y,z,t) (6-16)
The change in u that occurs in time dt is
Du Ou tit Ou Ou Ou
= +--dx +--dy +-- dz
Ot Ox Oy Oz
(6-17)
In the limit as dt - 0, dx/dt = u, dy/dt = v, and dz/dt = w. Therefore, if equa-
tion (6-17) is divided throughout by dt while making use of the preceding, the
total derivative for the u component can be written as
Du Ou Ou Ou au
- + u -- + v-- + w-- (6-18)
Dt Ot Ox Oy aZ
Similarly, for the v and w components of velocity
Dv av Ov Ov av
- + u-- + v-- + w-- (6-19)
Dt at Ox Oy Oz
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Dt at Ox Oy Oz
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The total time derivative measures the change in velocity of one fluid element
as it moves about in space. The term a/Ot is known as the local derivative, since
it gives the variation of velocity with time at a fixed point. The last three terms
are grouped together under the heading "convective differential."
The resultant forces required to accelerate the element are
Dw
Dv dx dy dz, p -- dx dy dz (6-21)Du dx dy dz, P Dt DtP D--_
6.2.4 Equilibrium.--The surface, body, and inertia forces acting on a fluid
element having been defined, the requirement for dynamic equilibrium can now
be stated mathematically. When the common factor dx dy dz is eliminated from
each term and the resultant inertia force is set equal to the sum of the body and
surface forces,
__ Orxv Or_zDu aOx + _ + __ (6-22)
P _ = PXa + Ox Oy Oz
Oav OryzDv Oryx + _ 4
O-Dtt = OYa + O---x Oy Oz
(6-23)
07zy 0o zDw Orzx + __ + __
P -_t = pZa + O---x Oy Oz
(6-24)
Making use of equations (6-11) to (6-13), the Navier-Stokes equations in Cartesian
coordinates are
0/4 0p 2 0 (_a).k_ 2 0 (0_U_)p =pxo Ox 3Ox Ox
oi.¢o.+.v)], i, ou+.w)l+OyL \ Oy +LL \ Oz -gx (6-25)
Dv
P -_tt= PYa (r/_ja) + 2 _y r/
+-- + +
Ox l_ \ Oy Ox Oz L \ oz -gy
(6-26)
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Dw
o--E/= oZo
Op 20
Oz 30z (,)_°)+2_ ,
+-- + + + (6-27)
The terms on the left side of these equations represent inertia effects, and those
on the right side are the body force, pressure gradient, and viscous terms in that
order. Equations (6-25) to (6-27) are the most general form of the Navier-Stokes
equations as expressed in Cartesian coordinates for a Newtonian fluid. These
equations play a central role in fluid mechanics, and nearly all analytical work
involving a viscous fluid is based on them. These equations so far have not been
restricted to either constant density or constant viscosity. They are valid for viscous
compressible flow with varying viscosity.
If the viscosity is assumed to be constant (7 = )10), the Navier-Stokes equations
in Cartesian coordinates can be simplified and rearranged to give
P -_t = pX.- ax+ %_'-_x2 + --@2+ --_-Z2J+ --30x-- (6-28)
012 Op {021) 0212 1_2V_ _00_ a
,,_,, =,,Vo- _ +,o\_ +-- + +---Oy2 OZ 2/I 3 Oy (6-29)
Ow Op { 02W O2W 02W X 7"10 a_ a
P -flit= pZo- _ + _o\-gT__ + -- + + - __Oy 2 az 2/l 3 Oz (6-30)
If, besides the viscosity being constant, the force density is also constant (0 = P0),
the last term on the right side of these equations is zero. Earlier (eq. (6-9))
_,, = Ou/ax + Ov/Oy + Ow/az was defined as the dilatation, or the measure of the
rate at which the fluid is flowing out from each point; that is, a measure of the fluid
expansion. If the fluid density equals the force density at p = 0 and at a fixed
temperature 60 = P0), then _,, = 0.
In cylindrical polar coordinates with r, 0, z such that x = r cos 0, y = r sin 0,
and z = z, the Navier-Stokes equations for constant viscosity and constant density
can be expressed as
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"--/OVr+ V OVrr+ -- -- "k-v,VOOVr _ Vr V-Or2)
°°\at Or r O0 Oz
( v, 2o%=ooXc-gr+,7o v2v, 7_ r OO/ (6-31)
Vo OVo av o VrVO'_/aVo --aVo+---- + v. -- +
PO_ Ot + vr Or r c90 " OZ T)
lop ( v0 2Ovr'_
=PoY,, - - -- + % V2VO- + (6-32)
r O0 \ -7 7 O01
where
Ovz vo Ov_ Ov, Op + % v 2v.
--+----+Orr aO vz -&z) = o°Z" - OZ " (6-33)
02 1 0 1 02 0 z
v2 = __ + __ + + -- (6-34)
ar 2 r Or _ _ OZ2
The comparable equations to (6-31) to (6-34) for the Navier-Stokes equations
expressed in spherical polar coordinates r, O, 4awhere
x = r sin 0 cos 4_
y = r sin 0 sin 4_ (6-35)
Z = r COS 0
are
OVr OVr VO aVr
--+ Vr--+----+
at Or r aO
v_ 0_r v0_+v_
r sin 0 O0 r
1 cgp % /
= X_, q--- -- + -- V2V r\• Po ar Po
2v_ 2 OVo 2v o cot 0 2 av_,'_
r2 r2 O0 r2 r2 sin 0 00//
/
(6-36)
123
Viscous Flow
#Vo avo vo avo
--+Vr--+----+
@t Or r 30
V¢a OV 0 VrV0 V2_ cot 0
+
r sin 0 0¢ r r
l lap
=v,
O@r 30 2 OVr VO 2 COS 0 aV,'_+ _0 V 2v 0 + r 2 r 2 --Po O0 sin20 r 2 sin20 3¢2/
(6-37)
Ov, Ov4, vo Ov,
--+Vr--+----+
Ot ar r O0
v¢ Ovo ve,vr VoV, cot 0
+--+
r sin 0 35 r r
1 1 3/9
= Z¢
PO r sin 0 3¢
v¢+ rio V2vep -- r2 - +P@ sin20
2 @V r 2cosO@voXl
+ r 2r2 sin 0 @¢ sin20 0¢/
(6-38)
where
v2 1 @ (@)1 @ (_0) 102- r 2 sin O + (6-39)r 20r 3-r +r 2sinO30 r2 sin20 352
6.3 Continuity Equation
The Navier-Stokes equations contain three equations and four unknowns: u,
v, w, and p. The viscosity and density can be written as functions of pressure
and temperature. A fourth equation is supplied by the continuity equation. The
principle of mass conservation requires that the net outflow of mass from a volume
of fluid must be equal to the decrease of mass within the volume. This is readily
calculated with reference to figure 6-4. The flow of mass per unit time and area
through a surface is a product of the velocity normal to the surface and the density.
Thus, the x component of mass flux per unit area at the center of the volume is
pu. This flux, however, changes from point to point as indicated in figure 6-4.
The net outflow of mass per unit time therefore is
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Figure 6_,.--Velocities and densities for mass flow balance through a fixed volume element in two
dimensions.
pu +- -- dx dz + pw + dz dx
2 Ox 2 Oz
1 OCOU)dx dz- pw dz dx
- pu 2 ax 2 Oz
and this must be equal to the rate of mass decrease within the element
Op
- --dxdz
Ot
Upon simplification this becomes
Oo+ a 0
Ot "_x(pu) + OZ (pw) = 0
When the y direction is included, the continuity equation results.
Oo +O__ O O
Ot Ox Cou) + _yy Cov)+ Ozz(Ow) = 0 (6-40)
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If the force density is a constant, the continuity equation becomes
au Ov aw
--+--+--=0
0x ely 0Z
(6-41)
This equation is valid whether or not the velocity is time dependent.
The continuity equation in cylindrical polar coordinates where z = z,
x = r cos 0, and y = r sin O can be expressed as
Op 1 0 10 0
-- + -- -- (orv,) + -- (pro) + (pv z) = 0
at r ar r _ OZ (6-42)
The continuity equation in spherical polar coordinates (r,0,¢_) while making use
of equation (6-35) is
1 0
Op + (pr2Vr) +
o-7 7 Tr
1 0 1 O
(pvo sin O) +
rsinO00 rsinO0_
(pv o) = 0 (6-43)
Now that general expressions for the Navier-Stokes equations and the continuity
equation have been developed, the next four sections will illustrate how these
equations in simplified form can be used for some specific applications.
6.4 Flow Between Parallel Flat Plates
Consider the rate of flow through the clearance between two parallel surfaces
shown in figure 6-5. The top surface is moving with a velocity u, and the bottom
surface is at rest.
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Figure 6-5.--Flow between parallel flat plates.
Flow Between Parallel Flat Plates
The following assumptions are imposed:
(1) The inertia effect is small.
(2) Body force terms can be neglected.
(3) Viscosity and density can be considered constant.
(4) dp/dz = dp/ay = O.
(5) The film thickness is much smaller than other dimensions.
For these considerations the reduced Navier-Stokes equation is
02u 1 dp
Oz2 _o dx
Integrating twice gives
1 dpz 2
u - + ,4z +/_ (6-44)
_odx 2
where .4 and/_ are integration constants. The no-slip boundary conditions are
imposed:
(1) z=0, u =0
(2) z = h, u = Ua
From boundary condition (1), /_ = 0. Boundary condition (2) gives
_=u_ hdp
h 27/0 dx
U --
UaZ1 dp (Z2 _ zh) + -- (6-45)
2.1o dx h
For dp/dx = 0 the Couette term is u = u_z/h. For u,, = 0 the Poiseuille term is
u = -dp/dx z(h-z)/2rto. Figure 6-6 shows the Couette and Poiseuille velocity
profiles. The velocity gradient can be written as
du _ 1 dp (2z - h) + u,, (6-46)
dz 2% dx h
(Z) uodu = h dp +_
z=0 2r/0 dx h
(6--47)
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(a) Couette term.
(b) Poiseuille term.
Figure 6-6.--Couette and Poiseuille velocity profiles.
('--&Z) h dp uaz=h 2_o g + _
Some other interesting velocity profiles are shown in figure 6-7.
The volume flow rate per unit width can be written as
S:uq'= dz
Substituting equation (6-45) into this equation gives
(6-48)
(6-49)
_--Px>O -_x>O dP<o dP<odx dx
a. (a._ > a.
\dz/z =0 \dZ/z = 0
(du_ >0 (au_ >0 (du_ <0 du
_0
dZ _z : h _dZ_z _ h _dz_, = h _ z=h
Figure 6-7.--Some interesting velocity profiles.
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l_a (Z2N) z=h
-h \2Loo
h 3 dp uah
q' = + --
12_o dx 2
Poiseuille Couette
(6-50)
6.5 Flow in a Circular Pipe
Consider the flow in a circular pipe as shown in figure 6-8. Cylindrical
coordinates will be used with their origin at the tube center. The fluid velocity is
zero at the pipe walls. The pressure at the left end of the tube is higher than that at
the right end and drops gradually along the tube length. This pressure causes the
fluid to flow from left to right.
The following assumptions are imposed:
(1) Viscosity and density can be considered constant.
(2) The inertia effect is small.
(3) Body force terms can be neglected.
(4) dp/dr = dp/dO = O.
(5) Vr = VO= 0 and vz = fir).
With these assumptions the Navier-Stokes equations in cylindrical polar coordi-
nates as expressed in equations (6-31) to (6-33) reduce to the following equations:
or
dv_
\{d2VZdr_ 1-_r )ap + 7o-+ -Oz r
__ d2vz dv z d (rdVz _r dp r--+ -=-
rio dZ dr 2 dr dr \ dr/
_////////////////////_
Vz ].
_///////////////////A
Figure 6-8.--Flow in a circular pipe.
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Integrating once gives
dvz_ r dp ,_
+ (6-51)
dr 2r/0 dz r
Integrating again gives
r2 @
v: - +/i In r +/_ (6-52)
4*/0 dz
The boundary conditions are
(1) v z = 0 when r = a.
(2) From considerations of symmetry dvz/dr = 0 when r = 0.
Making use of boundary condition (2) and equation (6-51) results in _i = 0.
Making use of boundary condition (1) gives
a 2
_i- @
4_o dz
1@
• Vz - (a 2 - r 2) (6-53)
4r/o dz
The volume flow rate can be written as
i2q= 2rc vzr dr
oo
Substituting equation (6-53) into this equation gives
q = _ (a2r - r3)dr
2r/o dz _o
or
7ra 4 dp
q - (6-54)
8r/o dz
Note that a negative pressure gradient is required to get a positive flow in the
z direction.
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6.6 Flow Down a Vertical Plane
Consider a vertical plane and a fluid moving down the plane due to gravity.
Figure 6-9 describes the physical situation. The fluid has a uniform thickness of
h along the plane.
The following assumptions are imposed:
(1) Viscosity and density can be considered constant.
(2) The inertia effect is small.
(3) The body force term in the x direction contains gravitational acceleration;
the body force terms in the y,z directions are zero (Y,, = Za = 0).
(4) There are no pressure gradients.
(5) The fluid velocity varies only in the z direction.
(6) The film thickness is much smaller than the other dimensions.
With these assumptions the Navier-Stokes equations as expressed in equa-
tions (6-28) to (6-30) reduce to
d2u oog
dz 2 7o
Integrating gives
du Pog
- z + ._ (6-55)
dz rio
DZ
X
U
_------"h
Figure 6-9.--Flow down a vertical plane.
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Integrating again gives
pog z 2
u .... + _ +/_ (6-56)
r/0 2
The boundary conditions are
(1) u = 0 when z = 0.
(2) Assuming negligible air resistance, the shear stress at the free surface must
be zero.
du
.'. --=0 when z=h
dz
From boundary condition (2) and equation (6-55)
Pog z 2 poghz
.. u .... + -- +/_ (6-57)
_o 2 %
From boundary condition (1), /_ = O;
pogz
• u =-- (2h - z) (6-58)
2r10
The volume flow rate per unit width can be expressed as
q'= dz
Substituting equation (6-58) into this equation gives
p0gh 3
q' = -- (6-59)
370
The main goal of presenting the three simple viscous flow examples just covered is
to show the importance of the various terms in the Navier-Stokes equations. These
simple solutions are also used in describing the various types of viscometer in
the next section.
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6.7 Viscometers
The viscosity of fluids can be measured by many methods based on different
principles. Only the more typical or most important types of viscometer are
discussed here. Also, the emphasis is on the principles by which these viscometers
operate. The following classifications of viscometer are considered: capillary,
rotational, and falling sphere. Each of these is considered separately.
6. 7.1 Capillary viscometers.--This type ofviscometer (shown in fig. 6-10) is
based on measuring the rate at which a fluid flows through a small-diameter tube.
Usually, this takes the form of measuring the time taken to discharge a given
quantity of fluid.
From the flow in a circular pipe covered earlier in this chapter (eq. (6-54))
dp _ 8r/oq
dz 7ra 4
Ifpi is the pressure at the inlet of the capillary tube and e, is the length of the
capillary tube,
P,II
T
±
Figure 6-10.--Important features of a capillary viscometer.
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dp Pi
dz e,
But the pressure head developed is simply
Pi = Poght
where ht is the height of the capillary tube and Po is the force density at p = 0
and a constant temperature.
8_70q_
• . poght-
7to 4
or
8_oqe,
ht - - A*rl,.oq (6-60)
_ra4pog
where r/k,0 = _/0/P0 is the kinematic viscosity at p = 0 and a fixed temperature and
Recall that q is the volume flow rate per unit time.
1
qoc-
t
ht
• . rl,.o - = B*t (6-61)
A*q
where B* is a constant that is a function of the apparatus.
6. 7.2 Rotational viscometers.--Two different types of rotational viscometer are
considered: the rotational cylindrical viscometer and the cone-and-plate viscometer.
6. Z2.1 Rotational cylindrical viscometer: As shown in figure 6-11 the
rotational cylindrical viscometer consists of two concentric cylinders with a fluid
contained between them. The outer cylinder rotates and torque is measured at
the inner cylinder. Let
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0.1 cm
(0.04 in.)
12 cm
(4.75 in.)
Figure 6- I l.--Rotational cylindrical viscometer.
ri inner cylinder radius
r,, outer cylinder radius
ea length of annulus
c radial clearance, ro - ri(c < < r_)
to angular velocity
From Newton's postulate (eq. (4-2))
u
f= rloA --
c
(4-2)
where
A area, 27rr, f.
u velocity, roto
to r 0
• f = r10(27rrJ.)-
c
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rad/sec
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//////////////////////////////////////////
Figure 6-12.--Cone-and-plate viscometer.
The torque on the inner cylinder is
or
tq = fT i --
2 7rrloo_r2 riea
t,/c (6-62)
71o = 2 7rtor2origa
6. 7.2.2 Cone-and-plate viscometer: Figure 6-12 shows the essentials of a cone-
and-plate viscometer. The angle ot is small. The surface speed of the cone at any
radius r is u = wr. The film thickness is h = r tan _ _ rc_. From Newton's
postulate
fh'r fu 27r_o_f = _oA -_ dr) _or= -- = -- r dr
tog 0 ol
The torque is
27rr/°_ I R 21._/oojR3
tq -- -- I r 2 dr =
o_ Jo 3_
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6. 7.3 Falling-sphere viscometers.--The absolute viscosity _0 of a fluid at p = 0
and at a constant temperature can be determined by measuring the time it takes
for a ball to fall through a tube (preferably of glass, so that the ball can be easily
observed). If a sphere is falling through fluid under a constant force, it will assume
a constant velocity. Stokes' formula can be applied for a sphere moving through
an infinite fluid. A sphere falling freely under gravity in a liquid will be attaining
a velocity u,, given by
U a _"
2r2(P-' - PDg (6-64)
7/o
where
r radius of sphere, m
Ps force density of sphere, N s2/m 4
pf force density of fluid, N s2/m 4
g gravitational acceleration, m/s 2
r/0 absolute viscosity at p = 0 and a fixed temperature, N s/m 2
The Stokes formula given in equation (6-64) is for an infinite fluid and not for a
fluid in a glass tube as is the case in a falling-sphere viscometer. The correction
to account for the tube diameter is
2r2(ps - pf)g
u,, - cf (6-65)
r/o
where
cf = 1 - 2. 104 + 2.09 - 0.9 (6-66)
and R is the radius of the tube.
If the sphere falls at a constant velocity u a =ht/l, where h, is the height from
which the sphere falls and t is the time it takes to fall this distance, the absolute
viscosity at p = 0 and a fixed temperature can be expressed as
2r2(Os - of)gtcf (6-67)
7o = _,
Since all the other parameters are fixed for this viscometer, for a falling-sphere
viscometer the absolute viscosity is directly proportional to the time it takes for the
sphere to travel a fixed distance.
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6.8 Closure
This chapter focused on viscous fluid flow, which is important in understanding
fluid film lubrication. Petrov's equation was derived and gave the friction torque
in a concentric journal bearing. Navier-Stokes equations were derived in general
form and gave the dynamic equilibrium of a fluid element. It was necessary to
consider the surface forces, body forces, and inertia of a fluid element. The
continuity equation was also derived by applying the principle of mass conservation
to a fluid element. The Navier-Stokes equations and the continuity equations were
expressed in Cartesian, cylindrical, and spherical polar coordinates.
Having the general expressions for the Navier-Stokes and continuity equations,
the next development in this chapter was to illustrate how these equations can be
applied to various physical conditions. Some of the physical conditions considered
were flow between parallel flat plates, flow in a circular pipe, flow down a vertical
plane, and various types of viscometer. The emphasis in considering these
applications was to point out the significance of the various terms in the Navier-
Stokes equations. The presence of the Couette and Poiseuille terms in the velocity
and flow was emphasized.
6.9 Problems
6.9.1 A viscous fluid flows parallel to the axis in the annular space between two
coaxial cylinders of radii R I and R2. Show that the flow rate between these coaxial
cylinders is
[ ,1%
,,<,,,,(,%, L,,R,,,J(q- -- -1 ....
\R,/ .J
6.9.2 Two immiscible liquids of viscosities r/1 and */2 flow together down a
vertical plane in distinct layers of thicknesses h 1 and h2. The thinner fluid is
assumed to be closest to the plane.
What are the boundary conditions that determine the velocity distribution?
Determine the velocity and flow rate for the two regions. For the special case
of */2 = 2r/l, /Ol : $32, and h I = h2 show that q2/ql : 2.
6.9.3 Viscous fluid is contained between two parallel flat plates that are a
distance h apart. One of the plates moves in its own plane with velocity 3ua, and
the other in the opposite direction with velocity ua. If the flow in the direction of
motion of the faster plate is u_h/2 per unit width, determine the pressure gradient.
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6.9.4 A viscous fluid is contained between two parallel flat plates that are a
distance h apart, one of which is fixed while the other moves in its own plane
with velocity Ua. There is a pressure gradient dp/dx in the direction of motion.
Show that the velocity distribution can be expressed in the form
where
Ua
Z
h
)_ =6 um
Ua
and Um is the mean velocity due to the pressure gradient alone. Find the value of
_, corresponding to
(a) Couette flow
(b) Poiseuille flow
(c) A flow for which the volume flow rate is zero
(d) Zero shear stress on the fixed plate
(e) Zero shear stress on the moving plate
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Chapter 7
Reynolds Equation
The full Navier-Stokes equations presented in the last chapter, in which inertia,
body, pressure, and viscous terms are included, are sufficiently complicated to
prohibit analytical solutions to most practical problems. There is, however, a class
of flow condition known as slow viscous motion in which the pressure and viscous
terms predominate. Fluid film lubrication problems are in this class. It will first
be demonstrated that indeed the pressure and viscous terms of the Navier-Stokes
equations are the most important terms.
7.1 Dimensionless Numbers
The following characteristic parameters may be defined:
bo characteristic length in y direction, m
h0 characteristic length in z direction, m
eo characteristic length in x direction, m
to characteristic time, s
Uo characteristic velocity in x direction, m/s
v0 characteristic velocity in y direction, m/s
w0 characteristic velocity in z direction, m/s
O0 characteristic force density, N s2/m 4
,70 characteristic absolute viscosity, N s/m 2
These characteristic parameters are used to define the following dimensionless
parameters:
xX= , Y=Y z t u- --, Z=--, T=-, if=--,
b0 h0 to Uo
(7-1)
v w O _ h_p
_=_, _,=--, _=-, q=-, p=_
Vo Wo Po '1o ,7oUofo
Substituting equations (7-1) into the first Navier-Stokes equation expressed in
equation (6-25) while making use of equations (6-9) and (6-18) as well as Xa
in the body force term being equivalent to gravitational acceleration g gives
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----+u--+ + _--
[ °11(x-- _ + +
x-- _ +
aZ (7-2)
The inertia, pressure, viscous, and gravitational effects from equation (7-2) are
compared in defining several dimensionless numbers.
7.1.1 Reynolds number.--The relative importance of inertia to viscous forces
in any flow problem can be judged from the value of the Reynolds number 6t.
6l - Inertia _ OoUoeo (7-3)
Viscous %
Note that the inverse of the Reynolds number occurs throughout equation (7-2).
The Reynolds number expressed in equation (7-3) is the conventional Reynolds
number found in fluid mechanics. However, in fluid film lubrication because of
the dominance of the viscous term O2fflOZ 2 the modified Reynolds number 61x is
used. It is defined as
61x - Inertia _ OoUoh2 (7-4)
Viscous r/ofo
Note the occurrence of the modified Reynolds number in equation (7-2). The
modified Reynolds numbers are also defined in the y and z directions as
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povoh2o
61y = -- (7-5)
hobo
6tz = P°w°h------2° (7-6)
rio
The squeeze number is also defined as
poho
Or S = ---
r_oto
(7-7)
Recall that 61x, 61y, 61z, and Or_are all dimensionless and of order ho/L Two
examples illustrate that this is true.
Example A--typical journal bearing: Typical values of parameters used in
defining the modified Reynolds number for a journal bearing are
d = 0.05 m
%= _rd=0.157m
r/o = 0.5 N s/m 2
Po = 850 N s2/m 4
Na = 2000 rpm
Uo = 2000 rpm (Trd/1 rev)(1 min/60 s) = 5.24 m/s
h o = c = d/lO00 = 5x 10 -5 m
From equation (7-4)
1 x
pouoh 
 oeo
(850)(5.24)(5 x 10-5)2 = O. 142 x 10-3
(0.5)(0.157)
Example B--typical thrust bearing pad:
%=0.03 m
ho/eo = 1 × 10-3
Uo = 20 m/s
_7o = 0.5 N s/m 2
Po = 850 N s2/m 4
From equation (7-4)
1 x --
pouohg (850)(20)(0.03)(10 -6)
00% (0.5)
= 1.02x10-3
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In both examples the modified Reynolds number is considerably less than unity and
of the order ho/eo. It is clear that in typical hydrodynamically lubricated bearings
the viscous forces are much greater than the inertia forces.
Substituting equations (7-4) to (7-7) into equation (7-2) gives the first Navier-
Stokes equation as
-- + 01_ -- + (a>,_--- + 01z_-
o, aT OX aY aZ
eo (R_ - -1 _aP 1 a
= g u_ _ ax + - -az
I + +wo o ll+aX O-X uo bo aY Uo ho a-Z \-boo/I p
x--or rl __ + VO\uo,/\ eo/Ib°ff-X +2 P-
' °Ix-- _ +--- _ax _ az Uo eo (7-8)
In equation (7-8) the inertia terms and the gravity term are of order ho/to. The
term Wo/Uo is also of order ho/eo. The pressure gradient term and the first viscous
term are of order I. The remaining viscous terms are of order (ho/e0)2 or (h0/b0) 2.
Therefore, neglecting terms of order (h0/e0) z or (ho/bo) z in equation (7-8) gives
aU aU aU glo 1 OP 1 a
-- (Rzw- = .-Tf (Rx - - -- + - --
OX _ OY OZ uo pOX o OZ
(7-9)
Similarly, for the second and third Navier-Stokes equations, neglecting terms of
order (ho/eo) 2 or (ho/bo) 2 gives
av _ av- cw Ov- 1 aP 1 a
o, _ + 6t_u -- + _y_ + 6t_, -_ - gbo _y _ _ __ + _ __ax -_ vo _ at _ az
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Also, the continuity equation can be expressed as
a_ + a /9 __ a
as -_ (Rx -_ (Pff ) + (RV O-Y (Ov ) + (R" - (_v) = O"OZ (7-12)
Therefore, equations (7-9) to (7-12) are the Navier-Stokes and continuity equations
to be used when inertia forces are considered, as in chapter 15.
7.1.2 Taylor number.--In journal bearings a regular toroidal vortex flow may
occur before the laminar flow breaks down into turbulence. This phenomenon
was studied by G.I. Taylor in relation to concentric cylinders, and in 1923 he
reported that vortices formed at a Reynolds number of
/r \1f2
P°Uo____c% > 41.3_kc) (7-13)
For most journal bearings c/r o = 1/1000.
P°U°----_c> (41.3)(31.6) = 1306 (7-14)
r/o
This is called the Taylor number and describes when the vortices appear. Relating
this to the modified Reynolds number defined in equation (7-4) requires that both
sides of equation (7-13) be multiplied by h_/ceo, which gives
(Rx P°u°e° /_)2 (:-£']/r\l/2h_=-- -- >41.3k, c/ --
_o do
(7-15)
Ifh0=cand ro/c=eo/C= 1x103 ,
----- -- >l
t/0
This indicates that once the inertia terms approach the viscous terms, laminar flow
conditions do not hold and vortices are formed.
7.1.3 Froude nuraber.--The only body forces normally encountered in
lubrication are gravity and magnetic forces. The Froude number shows the relation
of inertia to gravity forces.
Inertia Uo
Froude number = - (7-16)
Gravity ge0
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A direct ratio of gravity to viscous forces is found by dividing the Reynolds number
by the Froude number.
Reynolds number
Inertia
Viscous _ Gravity _ p0h02g
Froude number Inertia Viscous
Gravity
r/0u0
(7-17)
For example, for a typical journal bearing, besides the information given earlier,
g = 9.8 m/s 2.
.'. Froude number- u_ _ (5.24) 2
geo (9.8)(0.157)
- 17.8
This implies that the inertia forces are larger than the gravity forces. Also,
Reynolds number _ poh2g _ (850)(25 × 10-1°)(9.8)
Froude number r/oU0 (0.5)(5.24)
=0.8×10 -5
Therefore, the gravity forces can be neglected in relation to the viscous forces.
7.1.4 Euler number.--The importance of the pressure term relative to the
inertia term can be judged from the value of the Euler number, which is defined as
Euler number- Pressure P0
Inertia Oou2 (7-18)
A direct ratio of the pressure to the viscous forces can be obtained by multiplying
the Euler number by the Reynolds number, or
{Pressure']{Inenia'_ _Pressure
(Euler number)(Reynolds number) = \ _ /\V_s/ Viscous
(Euler number)(Reynolds number)= P---_°(P°u°f°_fh°_2=P°g°(_ypo,4t,-7o--o ,o.o
(7-19)
For example, for a typical journal bearing, besides the information given earlier,
P0 = 5 MPa = 5)<10 6 N/m 2.
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• Euler number = P0 _ 5 × 106
Pou2 (850)(5.24)2 - 214.3
Therefore, the pressure term is much larger than the inertia term. Furthermore,
from equation (7-19)
(Euler number)(Reynolds number) =
(5 × 106)(0.157)
(3142)2(0.5)(5.24)
= 0.03
Therefore, the viscous term is larger than the pressure term, but both terms need
to be considered. Furthermore, in elastohydrodynamic lubrication, where in
chapter 1 we discovered that the pressure is generally three orders of magnitude
larger than in hydrodynamic lubrication, we might find the pressure term to be
of more importance than the viscous term.
7.2 Reynolds Equation Derived
The differential equation governing the pressure distribution in fluid film lubrication
is known as the Reynolds equation. This equation was first derived in a remarkable
paper by Osborne Reynolds in 1886. Reynolds' classical paper contained not only
the basic differential equation of fluid film lubrication, but also a direct comparison
between his theoretical predictions and the experimental results obtained by Tower
(1883). Reynolds, however, restricted his analysis to an incompressible fluid.
This is an unnecessary restriction, and Harrison (1913) included the effects of
compressibility. In this section the Reynolds equation is derived in two different
ways, from the Navier-Stokes and continuity equations and directly from the
principle of mass conservation.
7.2.1 From Navier-Stokes and continuity equations.--From the order-of-
magnitude analysis in the preceding section it was discovered that the general Navier-
Stokes equations given in equations (6-25) to (6-27) reduce to equations (7-9)
to (7-11) when terms of order (h0/e0) 2 and (ho/bo) 2 and smaller are neglected.
This then is the starting point of the derivation. Further neglecting terms of order
h0/% or ho/bo and only keeping terms of order 1 reduces equations (7-9) to (7-11)
to
(7-20)
(7-21)
From equation (7-11) for steady-state conditions the pressure has been shown to
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be a function of only x and y. Thus, equations (7-20) and (7-21) can be integrated
directly to give general expressions for the velocity gradients
a. z ap ,i
-- +
Oz 71Ox _l
(7-22)
av z ap d
-- +
Oz 71Oy 71
(7-23)
where ,i and (_ are integration constants.
The viscosity of the lubricant may change considerably across the thin film
(z direction) as a result of temperature variations that arise in some bearing
problems. In this case, progress toward a simple Reynolds equation is cc asiderably
complicated.
An approach that is satisfactory in most fluid film applications is to treat r/
as the average value of the viscosity across the film. Note that this does not restrict
the variation of viscosity in the x and y directions. This approach is pursued here.
With T/representing an average value of viscosity across the film, integrating
equations (7-22) and (7-23) gives the velocity components as
z 2 #p z
u - + ,,i - +/i (7-24)
2r/ax _/
z 20p z
v = -- -- + d- +/) (7-25)
2_ ay T1
If zero slip at the fluid-solid interface is assumed, the boundary values for
velocity are
(1) z=O,U=Ub, _=v b
(2) z=h, u=ua, v=v,_
The subscripts a and b refer to conditions on the upper (curved) and lower (plane)
surfaces, respectively. Therefore, u,, va, and wa refer to the velocity components
of the upper surface in the x, y, and z directions, respectively, and ub, vb, and
wb refer to the velocity components of the lower surface in the same directions.
With the boundary conditions applied to equations (7-24) and (7-25) the velocity
gradients and velocity components are
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(7-27)
. - \_) _+,,b --7- +u°i (7-28)
- \57(: :+ vb + (7 -29)
Note that, if Ub = 0, equation (7-26) is exactly equation (6-46) and equa-
tion (7-28) is exactly equation (6-45). With these expressions for the velocity
gradients and the velocity components, expressions can be derived for the surface
shear stresses and the volume flow rate.
The viscous shear stresses acting on the solids as defined in chapter 6 (eq. (6-7))
can be expressed as
Tzx = "t/ +
In the order-of-magnitude evaluation OwlOx and OwlOy are much smaller than Ou/Oz
and 8v/Oz. Therefore,
Ou
(7-30)
rzx = "q OZ
Ov (7-31)
rzY = rl OZ
and the viscous shear stresses acting on the solid surfaces can be expressed, while
making use of equations (7-26) and (7-27), as
__'r_'z=°= 20x
z=O
,l(ub - Ua) (7-32)
(-_)z:h =- ,7 = _+
z=h
,l(uo - u.)
(7-33)
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(r.y)_= o = =
z=O
h Op p(v b - Va)
20y h
(7-34)
h Op _(v b - va)
4 (7-35)
2Oy h
The negative signs on the viscous shear stress indicate that it acts opposite to the
direction of motion.
The volume flow rates per unit width in the x and y directions are defined as
q/,= dz (7-36)
, I hqy = v dz
o
(7-37)
Substituting equations (7-28) and (7-29) in these equations gives
h3 aP+(Ua+UO.)h (7-38)q; - 12r/ Ox " 2
, h 30p+ /Va+Vb._h
qY = 12_70y _ /)2 (7-39)
Note that, if ub = 0, equation (7-38) is exactly equation (6-50), derived for the
volume flow rate between parallel flat plates. The first term on the right side of
equations (7-38) and (7-39) represents the well-known Poiseuille (or pressure)
flow, and the second term represents the Couette (or velocity) flow.
Returning to equations (7-28) and (7-29), the Reynolds equation is formed by
introducing these expressions into the continuity equation derived in chapter 6
(eq. (6-40)). Before doing so, however, it is convenient to express the continuity
equation in integral form.
h Op+_(pu)+ (ov)+ (pw) dz=O
o Ox _ Oz
Now a general rule of integration is that
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-- + -- f(x,_,z)dz (7-40)
o Ox [f(x,y,z)l& = -f(x,y,h) Ox Ox • o _ J
Hence, if p is assumed to be the mean force density across the film (as was done
earlier for the viscosity across the film), the u component term in the integrated
continuity equation is
! h 0 __Oh+__ pu dz = - pu a - + - p dzo ax(PU)dz = --(pu):_h OX OX 0 OX OX •
Similarly, for the v component
"h__O (pv)&=--pv.--+-- p dz
. o Oy Oy Oy
The w component term can be integrated directly to give
o az (pw)dz = p(w. - wb)
Therefore, the integrated continuity equation becomes
Op _pua p dz - pv a-+ p dz +p(w a-wb) =0
(7-41)
The integrals in this equation represent the volume flow rates per unit width (q._
and q_) described in equations (7-38) and (7-39). Introducing these flow rate
expressions into the integrated continuity equation yields the general Reynolds
equation
0=Ox 12OOxx +_y 12_y +Oxx
0 .ph(v +vh). +p(Wa--Wb)--PUa --pv a-+h-
+ -- _ Ov OtOy
(7-42)
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7.2.2 From laws of viscous flow and principle of mass conservation .--The
Reynolds equation can be derived directly by considering a control volume fixed in
space and extended across the lubricating film. Consider the rate of mass flow
through a rectangular-section control of sides Ax and Ay, thus fixing the coordinate
system and extending the lubricating film between the surfaces as shown in fig-
ure 7-1. Note that one surface is represented by the plane z = 0 and the other by a
curved surface so that the film thickness at any instant is a function ofx and y only.
_h _ wa
p_w a - ua--_,-_x ,_y -_ I ,
(a)
.......... _:,-/-_/-_,1- .....
J' A _ Ub
PWb _ _Y "J t Wb
"
' IpW b ,._ _y -J w b
yA
q_,Ax
(c)
(a) x,z plane.
(b) y,z plane.
(c) x,y plane.
Figure 7-1.-Mass flow through rectangular-section control volume. From Hamrock and Dowson
(1981).
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This is exactly the coordinate system used in the previous derivation of the Reynolds
equation.
The mass of lubricant in the control volume at any instant is oh Ax Ay. The rate
of change within the control volume arises from the change in the difference between
the rate of mass flowing into the control volume and the rate leaving the control
volume, which is -(Opq_/ax)Ax Ay in the x direction and -(apq_/Oy)Ax Ay in
the y direction.
The principle of mass conservation demands that the rate at which mass is
accumulating in the control volume a(ph)/at must be equal to the difference
between the rates at which mass enters and leaves. Therefore,
But
Opqx Opq_ O
" - (oh) (7-43)
Ox Oy Ot
O Oh + hap
Ot (oh) p Ot Ot
and
° ( O;y)oo_ (ph) = p Wa -- Wb -- Ua -_x -- Va '_- h al (7-44)
By making use of equations (7-38), (7-39), and (7-44), equation (7-43) becomes
a oh 3 Op a oh 3 Op +
0 = ax 12r/Ox + Oyy lZrt Oxx 2
] Oh Op
O ph(v a + vo) Oh _ PVa __ at- h --
+ -- + p(w_ - wh) - PUa O--'x ay t
ay 2
(7-45)
This is exactly equation (7-42), the general Reynolds equation derived from the
Navier-Stokes and continuity equations.
7.3 Physical Significance of Terms
in Reynolds Equation
The first two terms of equation (7-45) are the Poiseuille terms and describe
the net flow rates due to pressure gradients within the lubricated area; the third
and fourth terms are the Couette terms and describe the net entraining flow rates
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due to surface velocities. The fifth to seventh terms describe the net flow rates due
to a squeezing motion, and the last term describes the net flow rate due to local
expansion. These flows or "actions" can be considered, without any loss of
generality, by eliminating the side-leakage term (a/cgy) in equation (7-45).
a oh 3 c3p O ph(ua + Ub) "t- p W a -- W b -- Ua -_X + h --
I IT
Poiseuille Couette Squeeze
I [
h(u, + Ub) ap ph 0 p(u a + Ub) Oh
-- ____ (U a -_- Ub)
2 ax 20x 2 Ox
l T T
Density wedge Stretch Physical wedge
T
Local
expansion
(7-46)
It can be seen that the Couette term leads to three distinct actions. The physical
significance of each term within the Reynolds equation is now discussed in detail.
7.3.1 Density wedge term, [(u,, + Ub)h/2](ap/ax).--The density wedge action
is concerned with the rate at which lubricant density changes in the sliding direction
as shown in figure 7-2. If the lubricant density changes in the sliding direction,
the Couette mass flow for each of the three distinct actions at entry differs from
the flow out for the same action. For continuity of mass flow this discrepancy must
be eliminated by generating a balancing Poiseuille flow.
Note from figure 7-2 that the density must decrease in the direction of sliding
if positive pressures are to be generated. This effect could be introduced by raising
U0 _
Figure 7-2.--Density wedge.
154
Physical Significance
the temperature of the lubricant as it passes through the bearing. The density wedge
(sometimes called the thermal wedge) mechanism is not important in most bearings.
It has been suggested that it may play a significant role in the performance of
parallel-surface thrust bearings, where the major pressure-generating actions are
absent.
7.3.2 Stretch term, Coh/2)[O(Ua + Ub)/Ox].--The stretch action considers the
rate at which surface velocity changes in the sliding direction. This effect is produced
if the bounding solids are elastic and the extent to which the surfaces are stretched
varies through the bearing. For positive pressures to be developed, the surface
velocities have to decrease in the sliding direction, as shown in figure 7-3. This
action is not encountered in conventional bearings.
7.3.3 Physical wedge term, [p(u_ + ub)/2](Oh/Ox).--The physical wedge action
is extremely important and is the best known device for pressure generation. This
action is illustrated for the case of a plane slider and a stationary bearing pad in
figure 7-4. At each of the three sections considered, the Couette volume flow rate
is proportional to the area of the triangle of height h and base u. Since h varies
along the bearing, there is a different Couette flow rate at each section, and flow
continuity can be achieved only if a balancing Poiseuille flow is superimposed.
For a positive load-carrying capacity the thickness of the lubricant film must
decrease in the sliding direction.
7.3.4 Normal squeeze term, p(w_ --Wb).--Normal squeeze action provides a
valuable cushioning effect when bearing surfaces tend to be pressed together.
Positive pressures will be generated when the film thickness is diminishing. The
physical wedge and normal squeeze actions are the two major pressure-generating
devices in hydrodynamic or self-acting fluid film bearings. In the absence of sliding
the effect arises directly from the difference in normal velocities (w_ - wh), as
illustrated in figure 7-5. Positive pressures will clearly be achieved if the film
thickness is decreasing (Wb > Wa).
u_(x)
Figure 7-3.--Stretch mechanism.
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p //
U b
Figure 7-4.- Physical wedge mechanism
l
Wb
Figure 7-5.-Normal squeeze mechanism.
7.3.5 Translation squeeze terra, -u,(ah/Ox).--The translation squeeze action
results from the translation of inclined surfaces. The local film thickness may be
squeezed by the sliding of the inclined bearing surface, as shown in figure 7-6. The
rate at which the film thickness is decreasing is shown in the figure. Note that
in this case the pressure profile is moving over the space covered by the fixed
coordinate system, the pressure at any fixed point being a function of time.
7.3.6 Local expansion term, h(ap/at).--The local time rate of density change
governs the local expansion term. The pressure-generating mechanism can be
visualized by considering the thermal expansion of the lubricant contained between
stationary bearing surfaces, as shown in figure 7-7. If heat is supplied to the lubri-
cant, it will expand and the excess volume will have to be expelled from the space
between the bearing surfaces. In the absence of surface velocities the excess lubri-
cant volume must be expelled by a pressure (Poiseuille) flow action. Pressures
are thus generated in the lubricant, and for a positive load-carrying capacity ap/Ot
must be negative (i.e., the volume of a given mass of lubricant must increase).
Local expansion, which is a transient mechanism of pressure generation, is of no
significance in bearing analysis.
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tt b
Figure 7+6.--Translation squeeze mechanism.
Heat
Figure 7-7.--Local expansion mechanism.
7.4 Standard Reduced Forms of Reynolds Equation
For only tangential motion, where wa = ua Oh/Ox + v_ Oh/Oy and Wb = O, the
Reynolds equation given in equation (7-45) becomes
where
12_ O(ph) 12_7O(ph)= -- + -- (7--47)
Ox 03'
u- u,, + ub _ Constant; _7- v, + vb _ Constant
2 2
This equation is applicable for elastohydrodynamic lubrication. For hydrodynamic
lubrication the fluid properties do not vary significantly throughout the bearing and
thus may be considered to be a constant. Also, for hydrodynamic lubrication the
motion is pure sliding so that _Tiszero. Thus, the corresponding Reynolds equation is
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3x 3xx +3yy h3 = 12mTO--Ox (7-48)
Equation (7-47) not only allows the fluid properties to vary in the x and y
directions, but also permits the bearing surfaces to be of finite length in the y
direction. Side leakage, or flow in the y direction, is associated with the second
term in equations (7-47) and (7-48). If the pressure in the lubricant film has to be
considered as a function ofx and y, the solution of equation (7-47) can rarely be
achieved analytically.
In many conventional lubrication problems side leakage can be neglected, and this
often leads to analytical solutions. If side leakage is neglected in equation (7-47),
0 (#_30P) = 12uCg(ph)Ox Ox Ox (7 -49)
This equation can be integrated with respect to x to give
1 dp 12u ,,i
- +
rl dr h z oh 3
Making use of the boundary condition that
(7-50)
dp__= 0 when x = xm and p = pm and h = h_
dx
gives
,i = - 12uomh,,
Substituting this into equation (7-50) gives
dp 12U'O(oh- lomhrn (7-51)
This is the integrated form of the Reynolds equation. Note that the subscript m refers
to the condition at all points where dp/dx = 0, such as the point of maximum
pressure. No assumptions were made about the density or viscosity of the fluid
in equation (7-51). If the density does not vary much throughout the conjunction,
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it can be considered constant and equation (7-51) reduces to
(7-52)
The Reynolds equation that is valid for gas-lubricated bearings is discussed
next. The equation of state for a perfect gas is
P : P/_fm (7--53)
where
/_ gas constant (equal to the universal gas constant divided by molecular weight)
t m absolute temperature
Therefore, from equation (7-53)
Pp = ---_ (7-54)
Rt m
Substituting this equation into equation (7-47) yields the Reynolds equation
normally used for gas-lubricated bearings for only tangential motion. Because
the viscosity of a gas does not vary much, it can be considered to be constant.
0 Op 0 cgp = 12urt0
OX h30x +Oy h3_y Ox
(7-55)
The comparable equation to equation (7-47) as expressed in cylindrical polar
coordinates is
0 (ro_h 30p) 10 (0_ 3 8p) ( 0_00 sin O frO)_-r Orr +-r_ --_ =12ru cos Or -r (oh) (7-56)
If the viscosity and the density are assumed to be constant, this equation reduces to
O-r Orr +-r_ h 3-_ = 12u% rcos0--or-Sin0_ (7-57)
One final standard form of the Reynolds equation that occurs for the general
representation of equation (7-45) is
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c3 (ph 3 O, (ph 3
Ox 2 Oy 2
o(f h)
+-
at
(7-58)
This equation is exactly the same as equation (7-45) if
Oh Oh ap O(ph)
p(w a -- w#) -- pUa -_X-- ova -- + h -ay at at
This implies that
Oh Oh Oh
--Ot= w_ - wo - u_ Ox - va --Oy (7-59)
An attempt will be made to prove that equation (7-59) is true. First, observe
that the film thickness h is a function of x, y, and t.
h = f(x,y, t)
From the definition of a total derivative
Dh Oh dt + Oh dr + Oh
Ot Ox ay dy
or
But
Dh Oh Oh dr Oh dy
- +__+__
Dt Ot Ox dt Oy dt
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dr
U_j _ m •
dt
dy Dh
---, and --= w, - wb
dt Dt
or
Oh Oh Oh
• _ = -- + Ua + Va --
"" w° wh Ot -_x Oy
Different Motions
Oh Oh Oh
(7-6O)
- w_ - wb - u_ Ox - v,, YO--Ot
Thus proving that equations (7-45) and (7-58) are the same.
7.5 Different Normal Squeeze and Sliding Motions
The last section described various Reynolds equations when only tangential
motion exists. This section describes how the Reynolds equation is altered when
considering various tangential and normal squeeze velocity components. The
velocity components and the coordinates used are shown in figure 7-8. If the
density is assumed to be constant and side leakage is neglected for simplicity,
the Reynolds equation expressed in equation (7-45) can be rewritten as
-- - + - -- (u. + ub) + Wa -- Wt, -- Ua --
Ox _,_2_ Oxxj] 2 Ox 20x Ox
Collecting terms gives
0 [/ h 3 cgp'_ uh-ua Oh h c3
-- /-- - +---(U,,+U h) + Wa-Wh
Ox \12r/c9x21 2 Ox 2 Ox
I I I 1 L__J
I II III
(7-61)
Ua
h
////////I//////I////I/11//11/////IIII/11//I//11/
UD_ I
wb
Figure 7-8.--Normal squeeze and sliding velocities.
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A number of different tangential and normal squeeze motions may occur and are
depicted in table 7-1. The terms on the right side of equation (7-61) are designated
as I, II, and III. As the table shows, care must be taken to make sure that the
physical motion experienced in a particular application is represented by the
appropriate Reynolds equation. Note that some quite different geometries and
velocities produce the same equation. However, an understanding of why this
is so is important in order to avoid improper interpretation.
TABLE 7-1.--DIFFERENT TANGENTIAL AND NORMAL SQUEEZE
NOTIONS THAT MAY OCCUR IN BEARINGS
¢¢¢¢¢¢/tlr¢¢
U1.-._
}/ /I / .,1till
U I--_
I/tIll//Ill
U1---_
fllllllllll
x=O
i
1
©
l¢IIrll tit, ,_I,
U I--'--_
U a = U I , W a "= 0
U b = U I , w b = 0
Ua : _1 COS Ot _ I_ 1
dh
W a = -- U I sin O_ = /_1 dx
ub=O, wb=O
u,_ = O, %=0
u_=u t , wb=O
Note that
dh
x<0 --<0
dx
dh
x>0 -->0
dx
I + I! + II1 u= dh ul dh=----+0+0=----
2dx 2dx
I+II+ill=U_dh--+0+0-u_ dh
2dx 2dx
I + II + III ut + ul dh dh+O+O=ul-
2 dx dx
Ul--_1 dh
I+Ii+lIl +0+0=0
2 dx
ul dh dh _ ul dhl+lI +Ill- +0+u_
2dr dr 2dx
I + II + III ut dh ul dh=----+O+O=----
2dx 2dx
_a = -- U I, "Va = 0
ub = O, w b = 0
1 +II+111 = ul dh ul dh
.... +0+0=----
2 da 2dx
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TABLE7-1.--Concluded.
Closure
©
llllllltllll
• I111 ll! IIII
©
Illlllllllllll
U1----_
©
©
©
ah
Ua _ bll' 14;a -- Ul OX
ub =O, wb =O
U a = -- U I "t- U I = O,
Oh
Wa = 141 OX
Ub = O, w b = 0
0h
IAa = UI' Wa = IAI OX
/db = IA D W b = 0
dh,_
U a _ Ul, Wa _ U I --dx
dhb
Ub _- Ul , W b _. Id I --dx
dh,_
U a = Ul, Wa _ l_ I --dx
dh b
14b = -- UI' Wb _- --ul dx
dh
Ua = UI' Wa = Ul dx
Ub = O, wb = 0
UL dh dh_ul dh
I+II+llI- +0+ ul
2dx dx 2dx
dh dh
1 + II+llI = 0 + 0+ ut a_=ul d_
Oh Oh
+II+III ul-ul +O+ul =ul
ul-ul dh dh,,
I +I1 + 111 +O+Ul --
2 dx dx
dht, dh
-ul - ul dh dh.
I+II+lll- +0+u_ --
2 dx dx
dht,
+ul--=O
d,x
ul dh dh_uldh
I+II+IIl .... +0+Ul
2dx dx 2da"
7.6 Closure
The chapter began with the exploration of various dimensionless numbers that
describe the significance of the terms within the Reynolds equation. The Reynolds
number compares the inertia and viscous terms; the Froude number compares
the inertia and gravity terms. The ratio of the Reynolds number to the Froude
number compares the gravity and viscous terms.
The Reynolds equation was derived by coupling the Navier-Stokes equations
with the continuity equation. The Reynolds equation contains Poiseuille, physical
wedge, stretch, local compression, and normal and transverse squeeze terms. Each
of these terms describes a specific type of physical motion, and the physical
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significance of each term was brought out. Standard forms of the Reynolds
equations that are used throughout the text were also discussed. The chapter closed
with a description of 13 different sliding and/or normal squeeze motions with
the corresponding Reynolds equation.
7.7 Problems
7. 7.1 Starting from the Navier-Stokes equations expressed in cylindrical polar
coordinates (eqs. (6-31) to (6-33)) derive the Reynolds equation given in
equation (7-56).
7. 7.2 The Navier-Stokes equations in Cartesian coordinates are given in equa-
tions (6-25) to (6-27). Starting with these equations and equation (6-42) show
that indeed equation (7-56) is valid.
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Chapter 8
Hydrodynamic Thrust
Bearings--Analytical Solutions
A hydrodynamically lubricated bearing is a bearing that develops load-carrying
capacity by virtue of the relative motion of two surfaces separated by a fluid film.
The processes occurring in a bearing with fluid film lubrication can be better
understood by considering qualitatively the development of oil pressure in such
a bearing.
8.1 Mechanism of Pressure Development
An understanding of the development of load-supporting pressures in hydro-
dynamic bearings can be gleaned by considering, from a purely physical point of
view, the conditions of geometry and motion required to develop pressure. An
understanding of the physical situation can make the mathematics of hydrodynamic
lubrication much more meaningful. By considering only what must happen to
maintain continuity of flow, much of what the mathematical equations tell us later
in this chapter can be deduced.
Figure 8-1 shows velocity profiles for two plane surfaces separated by a constant
lubricating film thickness. The plates are extremely wide so that side-leakage flow
(into and out of the paper) can be neglected. The upper plate is moving with a
velocity Ua and the bottom plate is held stationary. No slip occurs at the surfaces.
The velocity varies uniformly from zero at surface AB to u_ at surface A'B',
thus implying that the rate of shear du/dz throughout the oil film is constant. The
volume of fluid flowing across section AA' in unit time is equal to that flowing
across section BB'. The flow crossing the two boundaries results only from
Ua_
   1 Ill Ill Ill H                                         
Stationary
Figure 8-1.--Velocity profiles in a parallel-surface slider bearing.
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velocity gradients, and since they are equal, the flow continuity requirement is
satisfied without any pressure buildup within the film. Because the ability of a
lubricating film to support a load depends on the pressure buildup in the film, a
slider bearing with parallel surfaces is not able to support a load by a fluid film. If
any load is applied to the surface AB, the lubricant will be squeezed out and the
bearing will operate under conditions of boundary lubrication.
Consider now the case of two nonparallel plates as shown in figure 8-2(a).
Again the width of the plates in the direction perpendicular to the motion is large,
so that lubricant flow in this direction is negligibly small. The volume of lubricant
that the surface A'B' tends to carry into the space between the surfaces AB and
_Ua_ Moving _------ ua ------_
\\\ K\ \ \ \\ \\\\ \\\ \\\'KN\\\\N_
A '_ _-_'C' B'I _. "7)'
A_..._'_// / _ Stationary
P
(a)
\\\\ \\\ \\\ \\\ \\\\\\N.\\\\\\\\
(b)
N
L _ m M
A' \_--_\\.
/ !/
,J O_
(c)
(a) Couette flow.
(b) Poiseuille flow.
(c) Resulting velocity profile.
Figure 8 2.--Flow within a fixed-incline slider bearing.
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A' B' through section AA' during unit time is AC' A'. The volume of lubricant
that the surface tends to discharge from the space through section BB' during the
same time is BD'B'. Because the distance AA' is greater than the distance BB',
the volume AC'A' is greater than the volume BD 'B' by the volume AEC '. From
flow continuity the actual volume of oil carried into the space must equal the
volume discharged from this space.
It can be surmised that there will be a pressure buildup in the lubricating film
until flow continuity is satisfied. The velocity profiles due to Poiseuille flow are
shown in figure 8-2(b). The flow is outward from both the leading and trailing
edges of the bearing because flow is always from a region of higher pressure
to a region of lower pressure. Note that the pressure flow at boundary AA' opposes
the velocity flow but that the pressure flow at BB' is in the same direction as the
velocity flow.
The results of superimposing Couette and Poiseuille flows are shown in fig-
ure 8-2(c). The form of the velocity distribution curves obtained in this way must
satisfy the condition that the flow rate through section AA' is equal to the flow
rate through section BB'. Therefore, the area AHC' A' must be equal to the area
BID'B'. The area between the straight, dashed line AC' and the curve AHC' in
section AA' and the area between dashed line BD' and the curve BID' represent
the pressure-induced flow through these areas.
The pressure is maximum in section JJ', somewhere between sections AA'
and BB'. There is no Poiseuille flow contribution in section JJ', since the pressure
gradient is zero at this location and all the flow is Couette. Note that continuity of
flow is satisfied, in that triangle JK'J' is equal to the areas AHC'A' and BID'B'.
8.2 General Thrust Bearing Theory
Solutions of the Reynolds equation for real bearing configurations are usually
obtained in approximate numerical form. Analytical solutions are possible only
for the simplest problems. By restricting the flow to two dimensions, say the
x,z plane, analytical solutions for many common bearing forms become available.
The quantitative value of these solutions is limited, since flow in the third
dimension y, which is known as side leakage, plays an important part in fluid
film bearing performance. The two-dimensional solutions have a definite value, since
they provide a good deal of information about the general characteristics of bearings,
information that leads to a clear physical picture of the performance of lubricating
films.
Besides neglecting side leakage, another simplification is achieved by neglecting
the pressure and temperature effects of the lubricant properties, namely viscosity
and density. The viscosity of common lubricants is particularly sensitive to temper-
ature, and since the heat generated in hydrodynamic bearings is often considerable,
the limitation imposed by this assumption is at once apparent.
Introducing variable viscosity and density into the analysis creates considerable
complications, even in the case of two-dimensional flow. The temperature rise
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within the film can be calculated if it is assumed that all the heat produced by
the viscous action is carried away by the lubricant (the adiabatic assumption).
From chapter 7, equation (7-52), the two-dimensional Reynolds equation
expressed in integrated form for constant density can be written as
(7-52)
This equation is used in this chapter as the starting point for analyzing various
thrust bearing configurations. Before proceeding with the various film configura-
tions in thrust bearings, more needs to be said about thrust bearings in general.
Many loads carried by rotary machinery have components that act in the direction
of the shaft's axis of rotation. These thrust loads are frequently carried by self-acting
or hydrodynamic bearings of the form shown in figure 8-3. A thrust plate attached
to, or forming part of, the rotating shaft is separated from the sector-shaped bearing
pads by a lubricant film. The load-carrying capacity of the bearing arises entirely
from the pressures generated by the geometry of the thrust plate over the bearing
pads. What was physically observed earlier in this chapter will be demonstrated
analytically, that this lubricating action is achieved only if the clearance space
between the stationary and moving components is provided with certain geomet-
rical forms.
It is clear that the lubricant flow between the thrust plate and the bearing pads
represents a three-dimensional flow problem. However, for the present purpose,
flow in the radial direction is neglected. In this chapter each pad is analyzed along
a section formed by the mean arc A-A' as shown in figure 8-3. The effect of
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Figure 8-3.--Thrust bearing geometry.
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Figure 8-4.--Force components and oil film geometry in a hydrodynamically lubricated thrust sector.
curvature on this section is neglected, the oil film geometry being represented
by the x,z plane. This simple representation allows the total load-carrying capacity
of the thrust bearing to be written as
_t = No_(ro - ri) (8-1)
where
No number of pads in thrust bearing
_'z normal load-carrying capacity per unit width of one pad, N/m
This expression will lead to an overestimate of the load-carrying capacity for a
given oil film thickness, since lubricant flow in the radial direction (side-leakage
direction) will tend to reduce the mean oil film pressure. Side-leakage effects
are considered in chapter 9.
Results from the analysis of various bearing configurations are expressed in
dimensionless form for ease in comparing the important bearing characteristics.
The following general definitions and relationships are employed. The definitions
should be related to the bearing geometry shown in figure 8-4.
The forces acting on the solids can be considered in two groups. The loads,
which act in the direction normal to the surface, yield normal loads that can be
resolved into components _ and _'z'. The viscous surface stresses, which act in
the direction tangent to the surface, yield shear forces on the solids that have
components f' in the x direction. The component of the shear forces in the z
direction is negligible.
Once the pressure is obtained for a particular film configuration from the
Reynolds equation, the following pressure and force components act on the solids:
, i etjdza = _Ozb = p dx
o
(8-2)
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l _' t ' l dh dx
_',, = - p dh = - P x
ho + sh 0
te ig
.. w,',, = - (ph ) eo+ h dp__dx = h dp__dx
o dx ,o dx
(8-3)
(8-4)
p ,'2 t
'ad b _ 'od "}" °dxb = '_zb (8-5)
P P2
qd a _ _ q- qdxa (8-6)
_= tan-I (w-__')
Shear forces per unit width acting on the solids are
X'f; = (r_).=o dx
o
Substituting equation (7-32) into this equation gives
o 2dx
Making use of equation (8-4) gives
f/, _ w_,, __Oubdx
2 o h
Similarly, the shear force per unit width acting on solid a is
f_ _ --
'*¢dxa r/ub
(r.Oz_h dx - + -- dr
- 2 h
• 0 0
170
(8-7)
(8-8)
(8-9)
Parallel-Surface Slider Bearing
Note from figure 8-4 that
f[ +f,_ + w;,_ = 0 (8-10)
t -- tWzb Wza = 0 (8-1 1)
These equations represent the condition of static equilibrium.
The viscous stresses generated by the shearing of the lubricant film give rise
to a resisting force of magnitude -fb on the moving surface. The rate of working
against the viscous stresses, or power loss, for one pad is
gp= --fbUb = -f_(r,,- _)ub (8-12)
The work done against the viscous stresses appears as heat within the lubricant.
Some of this heat may be transferred to the surroundings by radiation or by
conduction, or it may be convected from the clearance space by the lubricant flow.
The bulk temperature rise of the lubricant for the case in which all the heat
is carried away by convection is known as the adiabatic temperature rise. This
bulk temperature increase can be calculated by equating the rate of heat generated
within the lubricant to the rate of heat transferred by convection
_,p = JpqCp(Atm)g
or the adiabatic temperature rise in degrees Celsius may be expressed as
Aim-- _P (8-13)
JpqCpg
where
J Joule's mechanical equivalent of heat, N m/J
p force density of lubricant, N s2/m 4
q volume flow rate in direction of motion, m3/s
Cp specific heat of material at constant pressure, J/N *C
g gravitational acceleration, 9.8 m/s 2
Some of the relevant equations used in thrust bearing analysis having been
defined, attention will be focused on three simple slider bearings: (1) parallel
surface, (2) fixed incline, and (3) parallel step. The same nondimensionalization
is used to define the resulting performance parameters for all three types of bearing
so that they can be directly compared.
8.3 Parallel-Surface Slider Bearing
Figure 8-5 shows a parallel-surface slider bearing. The thickness is constant for
the entire bearing length. Using the Reynolds equation defined in equation (7-48)
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Figure 8-5.--Parallel-surface slider bearing.
while neglecting the side-leakage term and assuming a constant film thickness gives
the reduced Reynolds equation of
dr---_ = 0 (8-14)
Integrating twice gives
p=A+ 
The boundary conditions are
(1) p=0atx=0.
(2) p=0atx=e.
Making use of these boundary conditions gives p = 0. Hence, a parallel-surface
slider bearing does not develop pressure. Having no pressure development implies
that this type of bearing will not be able to support a radial load. This is the same
conclusion arrived at earlier in the chapter (section 8.1) from physical arguments.
8.4 Fixed-Incline Slider Bearing
Figure 8-6 shows a fixed-incline slider bearing. A fixed-incline slider consists of
two nonparallel plane surfaces separated by an oil film. One surface is stationary
while the other moves with a uniform velocity. The direction of motion and the
inclination of planes are such that a converging oil film is formed between the
surfaces and the physical wedge pressure-generating mechanism (described in
the preceding chapter) is developed in the oil film. It is this pressure-generating
mechanism that makes the bearing able to support a load.
8.4.1 Pressure distribution.--The analysis of this type of bearing begins with
the integrated form of the Reynolds equation as expressed in equation (7-52).
The only change to this equation is that ua = 0 and a constant viscosity % is
assumed.
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Figure 8-6.--FixeA-incline slider bearing.
dp I/ h - hm _
z =
(8-15)
where h,. is the film thickness when dp/dx = O.
The oil film thickness can be written as a function of x.
(8-16)
Choosing to write the film thickness and pressure in dimensionless terms where
P= ps_______, H =h- , Hrn =--hm , H o = --h°, and X =x (8-17)
_oUd sh sh Sh f
causes equations (8-15) and (8-16) to become
dX H3 "
(8-18)
h
H=-- = Ho + 1 - X (8-19)
Sh
dH
- I (8-20)
dX
Integrating equation (8-18) gives
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Making use of equation (8-20) in the preceding equation gives
,=6(; (8-21)
The boundary conditions are
(1) P=0whenX=0--H=H o+ 1.
(2) P=0whenX= l--H=l-lo.
Making use of boundary conditions (1) and (2) gives
2Ho(1 + 14o)
Hm - (8-22)
1 +2H o
and
li -
1 +21-1o
(8-23)
Substituting equations (8-22) and (8-23) into equation (8-21) gives
p
6X(1 - X)
(Ho + 1 - X)2(1 + 2Ho)
(8-24)
Note that the dimensionless pressure is a function of X and Ho. The variation
of P with X for various values of H o is shown in figure 8-7. It can be seen that
the pressure distribution increases with decreasing Ho. Recall that Ho = ho/sh.
Therefore, if the shoulder height sh remains fixed, figure 8-7 indicates that as
the outlet film thickness ho becomes smaller, the pressure profile increases
without any limits. This figure also shows that for large H o there is little pressure
buildup in a fixed-incline thrust bearing.
Evaluating the film thickness at the location where the pressure gradient is equal
to zero gives
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Figure 8-7.--Pressure distributions of fixed-incline slider bearing.
1.0
Making use of equation (8-22) gives
l+Ho
Xm = _ (8-25)
1 +2Ho
As Ho -- 0, the location of the maximum pressure X,n -- 1, but as Ho -- oo,
X,, -- 1/2. Note that Ho -- 0 implies that either ho -- 0 or Sh -- o% but Ho -- oo
implies that either ho -- oo or Sh -- O. The situation of Sh -- 0 implies parallel
surfaces, but as concluded in section 8.3, parallel surfaces do not develop pressure.
With the location of the maximum pressure defined by equation (8-25), the
maximum pressure can be found directly from equation (8-24), which when
X = Xm gives
em
2Ho(1 +//o)(1 + 211o)
(8-26)
Note that, as Ho -- 0, P,, -- oo, and that, as Ho -- oo, Pm -- O. This corresponds
to the conclusion made earlier while discussing figure 8-7. Equation (8-26) can
be expressed in dimensional terms as
Pm
3_oUJSh
2ho(sh + ho)(Sh + 2ho)
(8-27)
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From equation (8-27) it is observed that sh -- 0, which corresponds to a parallel
film, and sh -- oo both produce p,, -- 0.
The shoulder height that produces a maximum pressure can be obtained from
Opm/aSh = O. Evaluating this gives
(Sh)op, = x/2 ho (8-28)
Equation (8-28) will be helpful in practical designs, since if a description of the
surface is known, one can (e.g., from table 9-2) predict what the minimum outlet
film thickness should be. The shoulder height can then be established by using
a safety factor and equation (8-28).
8.4.2 Normal load component.--The normal load per unit width can be written
as
_z = pdr
0
This equation can be written in dimensionless form by making use of equation
(8-17).
= = PdX
Wz _--_bg2 o
Because dH/dX = -1, as shown in equation (8-20),
wz = - P dH
Ho+1
(8-29)
Substituting equations (8-21) and (8-23) into this equation gives
ln(Ho + 1'_ 12
W:=6 _---H_o /I 1 + 2Ho (8-3O)
The variation of Wz with Ito, shown in figure 8-8, suggests that as Ho -- 0 this
bearing has a tremendous potential to support a radial load. These results should be
tempered by the knowledge of the assumptions imposed in getting this result, namely
that side leakage was neglected and smooth surfaces and isothermal conditions
were assumed.
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Figure 8-8.--Effect of film thickness ratio on normal load-carrying capacity.
8.4.3 Tangential force components.--The force per unit width in the direction
of motion due to pressure being developed is
/
Wxb : 0
Wxa = - p dh
Sh
By making use of equation (8-17) the preceding equation may be expressed in
dimensionless form as
fWxa- Wx______a = - P dH = Wz
"170ub H o + 1
(8-31)
8.4.4 Shear force components.--The shear force components per unit width
acting on the solids are
l' f'(O;z)f_; = (r_0:=0 dx = 70 dx
0 0 z=O
f,_ = ( - rzx)z=h dx = - 7o dx
0 0 z=h
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The viscous shear stresses were defined in chapter 7 (eqs. (7-32) and (7-33)).
Making use of these equations while letting Ua = 0 and assuming a constant
viscosity gives
u 0)f;=_ dp+__dr
o dx
0 dr
Equation (8-17) can be used to put these equations in dimensionless form:
_°ub o -_ + dX
l_oUb 0 \2 dX
By making use of equations (8-18) and (8-19) the preceding equations can be
expressed as
Fb =41n( Ho _ +__
kilo+ l/ 1 +2H o (8-32)
F,,=21n( Ho _+__
kilo+ 1// 1 +214o
(8-33)
The dimensionless force components Wx,,, Fb, and Fa are plotted as functions of
H o in figure 8-9. Note that the dimensionless force components Wxa, Fb, and F_
have the term sh/e, whereas Wz has the term (Sh/e)2.
8.4.5 Friction coefficient.--The friction coefficient can be expressed as
fl; _f_ +_'L
#=
t t
VOzb VOza
Making use of equations (8-30) and (8-32) gives
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Figure 8-9.--Effect of film thickness ratio on force components.
\Ho+ 1/ 1 +2Ho
2in("°
\Ho + 1/ 1 +214,,
(8-34)
The variation of tL_/Sh with Ho is shown in figure 8-10. Note that as ho -- 0 the
friction coefficient approaches zero. This implies that the normal load component
becomes much larger than the tangential load component as ho decreases.
8.4.6 Voluraeflow rate.--The volume flow rate per unit width can be expressed
from chapter 7 as
U b + //a /
h 3 01) + h (7-38)
q_ = 12"q Ox 2
Evaluating the flow rate where dp/dx = 0 and setting u,, = 0 gives the volume
2O
.ro
10
0 1 2
Film thickness ratio, Ho = ho/Sh
Figure 8-10.--Effect of film thickness ratio on friction coefficient parameter.
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Figure 8-1 l.--Effect of film thickness ratio on dimensionless volume flow rate.
flow rate as
q___ Ubhrtl
2 (8-35)
The dimensionless volume flow rate can be expressed as
Q = 2q_ H,,, 2Ho(l + H o)
-- = - (8-36)
UbSh 1 + 2H o
The dimensionless volume flow rate Q is plotted as a function of Ho in fig-
ure 8-11. This figure shows that as Ho increases, the dimensionless volume flow
rate increases.
8.4. 7 Power loss and temperature rise.--The total rate of working against the
viscous stresses, or the power loss, can be expressed from equation (8-12) as
_p = -- f bUb = -- f[ (r o -- r i)u b (8-12)
Expressed in dimensionless form
_p Sh = fbSh
Hp - 71oU2g(r° _ ri) rloUbe
- Fb=_41n( Ho _
\Ho+ 1/ 1 +2Ho
(8-37)
All the heat produced by viscous shearing is assumed to be carried away by the lubri-
cant (adiabatic condition). The bulk temperature increase can be calculated by
equating the rate of heat generated within the lubricant to the rate of heat transferred
by convection. Therefore, from equation (8-13) the iubricant's temperature rise is
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Figure 8-12.--Effect of film thickness ratio on dimensionless adiabatic temperature rise.
At,. - Jooq;_ JpoCps_g
where
J Joule's mechanical equivalent of heat, N m/J
P0 constant lubricant force density, N sZ/m4
qx volume flow rate per unit width in sliding direction, m2/s
Cp specific heat at constant pressure, J/N *C
g gravitational acceleration, 9.8 m/s 2
The dimensionless temperature rise may be expressed as
2ut,t_q0 =-Q = Hoo(i+-Ho) \----_o / (1 +/4o)/-/o
(8-38)
Figure 8-12 shows the effect of film thickness ratio on dimensionless adiabatic
temperature rise. As Ho- 0 the dimensionless adiabatic temperature rise
approaches infinity.
8.4.8 Center of pressure--The location of the center of pressure xcp indicates
the position at which the resulting force is acting. The expression for calculating
the location is
If "qoube3 I I
_,z'x_p= px dx - hS-T PX dX
o o
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Figure 8-13.--Effect of film thickness ratio on dimensionless center of pressure.
Therefore, the dimensionless center of pressure can be written as
Xcp xep 1 f t
= =- PX dX
e w_ o
(8-39)
Substituting equations (8-19) to (8-21) into equation (8-39) gives
-6 [(Ho+l)(3Ho+l)ln( Ho "_+3Ho+;]Xcp- Wz(l + 2H o) \H o + 11/ (8-40)
Figure 8-13 shows the effect of film thickness ratio on center of pressure. The cen-
ter of pressure is always more toward the outlet than toward the inlet (Xcp > 0.5).
8.4.9 Velocity profile and stream function.--From equation (7-28) for a
stationary top surface (ua = 0), the fluid velocity can be written as
u:
- + ub--U (8-41)
By using equation (8-17) this equation can be expressed in dimensionless form as
u (1 _ H)( 1 ZHd__)ub 2 (8-42)
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Z
Z----
Sh
and O<_Z<H (8-43)
From equation (8-42) U/Ub = 0 when
(1) Zcr = H
or at the top surface
2(2) Z.-
dP
H--
dX
(8-44)
Note that condition (2) can only exist when dP/dX > 0 and thus when X < X,,,.
Substituting equation (8-18) into equation (8-44) while making sure that the
inequality in equation (8-43) is satisfied gives
0 < 2H - 3Hm (8-45)
Making use of equations (8-19) and (8-22) gives this inequality as
X _< -- (8-46)
21-1o+ 1
This inequality is only satisfied if H o _< 1. This then implies that reverse flow
exists when
H o _< 1 and X _< -- (8-47)
2Ho + 1
If these inequalities are satisfied, then dP/dX > 0 and X < X,,,.
Substituting equation (8-18) into equation (8-42) gives
Ub _ 1
(8-48)
where
Z Z
H Ho+I-X
(8-49)
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Hm = 2Ho(1 + Ho) (8-50)
H (1 + 2Ho)(Ho + 1 - X)
Thus, u/ub is just a function of X, Z, and Ho.
A streamline is a type of curve that has been used to describe the flow of fluid.
More specifically, a streamline is a curve everywhere parallel to the direction of the
fluid flow. Surface boundaries are streamlines, since the fluid cannot cross the
surface boundary. The definition of a streamline may be given mathematically,
while neglecting the side-leakage term, as
dx dz
U W
(8-51)
The continuity equation given by equation (6-41) can be satisfied while negl_ting
the side-leakage term by introducing a new function defined by
aS aS
u = -- and w - (8-52)Oz ax
where ¢ is a function of x and z and is called the stream function. By using the
chain rule of partial differentiation the total derivative of _ can be expressed as
d_ = _a---S-_dx + ga-S-_dz (8-53)
Ox Oz
Making use of equation (8-52) gives
d_ = -w dr + u dz (8-54)
If d_ is set equal to zero, we obtain the definition of a streamline given in equation
(8-51). That is, lines of constant _ represent streamlines.
Equatio_n (8-52) can also be expressed in dimensionless terms of a stream
function @ as
u 1 a_ a_
Ub Ub OZ OZ
(8-55)
where @ = _/ubsh. Substituting equation (8-42) into this equation and integrating
gives
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Z 3dP Z2 t H2d-_l
1 + -- + Z = Constant (8-56)
_(X,Z) = 6 dX 2H
This equation can be easily evaluated by using equations (8-18), (8-19), and
(8-22).
Also from the continuity equation, while neglecting the side-leakage term, the
velocity in the z direction can be written as
w = - Ox,I e OX
OHdz=
OX
t o o
dZ
Substituting equation (8-48) into this equation gives
u-bo - -_J _2 --_ /] = -_ (Z - H)(3H,_ - 2H)
(8-57)
Note from this equation that w/ub(e/Sh) = 0 when Z = 0, when Z = H, and at
H = 3/2 Hm. Making use of equations (8-19) and (8-22) gives the critical value
of X, where H = 3/2 Hm, as
x. = --- (8-58)
i +2_o
Note that 0 <_ Xcr _ l when Ho <- 1.
By making use of equation (8-52) the stream function can be written as
0, .,o.= -_ - OH OX OH (8-59)
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U a = 0
P
- -1.00
(a) ub-.--,..
ua = 0 p
(b) ub_
(a) H,, = 2.
(b) Ho = 1 (critical value).
Figure 8-14.--Streamlines in fixed-incline bearing, at four film lhickness ratios H..
i86
Fixed-lncline Slider Bearing
(c)
(d)
_u=O
Ub_
(c) Ho = 0,5.
(d) Ho = 0.25.
Figure 8-14.--Concluded.
Figure 8-14 shows contours of streamlines within the lubrication film for four
different film thickness ratios. In this figure the A_ value indicates the constant
incrementation of 6 between the specified _ values. No backflow is observed to
occur in parts (a) and (b), which correspond to H o = 2.0 and Ho = 1.0, respec-
tively. Backflow is, however, found in parts (c) and (d), which correspond to
H o = 0.5 and Ho = 0.25, respectively. Also shown in this figure is the pressure
distribution within the bearing as well as the locations where w = 0 and u = 0.
The straight line shown for w = 0 is when H = 3/2 Hm and when equation (8-58)
is satisfied. The curved line shown when u = 0 is when equation (8-44) is satisfied.
The results of figure 8-14 indicate that as Ho becomes smaller, the more difficult
it is for the fluid to pass through the bearing.
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8.5 Parallel-Step Slider Bearing
Lord Rayleigh, as long ago as 1918, demonstrated that a parallel-step geometry
produced the optimum load-carrying capacity when side leakage was neglected.
This bearing has not, however, enjoyed the same development and applications
as the pivoted-pad slider bearing. Past neglect of this mathematically preferable
configuration has been due to doubts about the relative merits of this bearing when
side leakage is considered. Figure 8-15 illustrates the geometric shape of the film
in this bearing as well as a typical pressure profile resulting from the analysis.
The parallel-step slider bearing is analyzed here by considering two connected
parallel-surface bearings. The subscripts "i" and "o" will be used to denote
conditions in the inlet and outlet films, respectively.
8.5.1 Pressure distribution.--From equation (7-48), with side leakage
neglected and a constant film thickness in the inlet and outlet regions, the
appropriate Reynolds equation is
d2p
-0
dr 2
This equation can be integrated to give
_dP= Constant
dx
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Figure 8-15.--Parallel-step slider bearing.
Parallel-Step Slider Bearing
This result shows that the pressure gradients in the inlet and outlet regions are
constant. Since the film thicknesses in the two regions are different, their pressure
gradients are also different. Thus, since there will be no discontinuity in pressure
at the step,
i o
(8-60)
Also the flow rate at the step must be the same, or q._.o = q_,i. Making use of
equation (7-38) and equating the flow for the inlet and outlet regions while
assuming constant viscosity gives
(ho + Sh) 3 q_ _ "F --
127/o _ 2 12_o o 2
(8-61)
Equations (8-60) and (8-61) represent a pair of simultaneous equations with
unknowns (dp/dx)i and (dp/dx)o. The solutions are
= 6TIoUb
i (1 - ns)(h,, + Sh) 3 + nsh,_
(8-62)
o = -6_0uh (1 - ns)(ho + Sh) 3 + n_h, 3,
(8-63)
The maximum pressure (at the step) can be found directly by substituting
equations (8-62) and (8-63) into equation (8-60) to give
ns(l - ns)S h ]p,,, = 6hoUri (1 - nY(ho + _ + nA _,
(8-64)
Substituting equation (8-64) into equations (8-62) and (8-63) gives
(8-65)
,, (1 - ns)f
(8-66)
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By making use of equation (8-17), equation (8-64) can be written in dimensionless
form as
P,,4_ 6ns(1 - ns)
Pm - - (8-67)
710Ubg (1 -- ns)(Ho + 1) 3 + nsH3
Equation (8-67) can be expressed in dimensional terms as
6r/OUbens(1 -- ns)Sh
=
Pm (1 - ns)(h o + sh) 3 + nsh 3 (8-68)
The bearing configuration that produces the largest Pm is achieved when
0Pm 0p,n
- 0 and - 0
Otl s OS h
Using these conditions in equation (8-68) gives
and
0 = (1 - ns)2(ho _1_ Sh)3 _ n_ho23
0 = (1 - ns)(h o + sh)2(ho -- 2sh) + nsho3
(8-69)
(8-70)
Solving for n, and sh in these equations gives
H o =--h° = 1.155 (8-71)
Sh
ns = 0.7182 (8-72)
This is the optimum parallel-step bearing configuration that Lord Rayleigh (1918)
described in his classical paper. Knowing the maximum pressure and that the
pressure gradients are constants allows the dimensionless pressure in the inlet
and outlet regions to be written as
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XPm _ 6X(1 - ns)
Pi - 0 < X < n_ (8-73)
ns (1 - ns)(H o + 1) 3 + nsno 3 - -
Parallel-Step Slider Bearing
Po (1 - X)Pm 6(1 - X)ns- - ns < X -< 1 (8-74)
1 - ns (1 - n_)(Ho + 1) 3 + n_H 3
The pressure distribution is shown diagrammatically in figure 8-15. Note that
P = 0 everywhere if Ho -- oo or if ns = 0 or 1. Also note that Ho -- oo implies
that Sh -- 0 (a parallel film) or that ho -- co.
8.5.2 Normal and tangential load components.--The normal load per unit
width can easily be determined for this simple form of pressure distribution. That
is, _,:' is directly proportional to the triangular area formed by the pressure
distributions.
'--Pme--3rloUbe2[ ns(l--ns)Sh 3ol (8-75)wz 2 (1 -- ns)(ho + Sh)3 + nsh
The dimensionless normal load can be expressed as
qp.
" r/0ub (1 - n,)(Ho + 1) 3 + n,H3o 2
(8-76)
Note that W_ = 0 if 1to -- _ or if n, = 0 or 1 and is thus a function of n_ and Ho.
The tangential load components per unit width acting on the bearing in the direc-
tion of motion are equal to the pressure at the step multiplied by the step height.
!Wxb = Wxb = 0
, lwxa = - p dh = pmSh
ho+s h
(8-77)
or
I ns(1 - ns)S_ ]Wx'a = 6r/oUbe (1 -- ns)(h o + Sh)3 + nsh3
In dimensionless form this equation becomes
W_a _ Wx_..__ = 6ns(l - n_)
_7oUb (i - n_)(Ho + 1) 3 + nsH 3 =Pm
(8-78)
Note that W_a = 0 if Ho- oo or if n_ = 0 or 1.
The general expression for the shear force per unit width at the moving surface
can be written as
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l'nt It)g = (r_)z= 0 dx + (r_)z= 0 dx
o ng
Making use of equation (7-34) yields
h°+sh (_) -_°ub- .]ng+ [ h°(-d_) "q°Ubl(12 i ho+shJ s --2 o-_J -n')e
Making use of equations (8-65) and (8-66) gives
_---_) (h ns l-ns)S;,= - - ,oube o7 sh _, "
Making use of equation (8-77) gives
[ ]f_ _ wx. n_ho + (1 - ns)(ho + Sh). (8-79)2 ,o.be -hT(_+_.)
Similarly,
' [nsho+(l-ns)(ho+Sh)l2 (8-80)
Equations (8-79) and (8-80) can be expressed in dimensionless form as
_oUb 2 Ho(1 + Ho) (8-81)
rloUb = -_-- +
Ho + 1 - ns
1"1o(I+ Ho)
(8-82)
8.5.3 Friction coefficient and volume flow rate.--The friction coefficient for
a parallel-step slider bearing can be directly written from equations (8-81) and
(8-76) as
#: f i, (-_)Fb s' [ 2(H°+ l-ns) 1=, = - <- 7 l + -_Uo-d;7-uT)j (8-83)
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The volume flow rate per unit width can be expressed by making use of equations
(7-38) and (8-65) as
t_e I ub(h,, + Sh)qx-- (ho + Sh) 3 P,, +12r/0 2
The volume flow rate expressed in dimensionless form is given by
Q= 2qx _ (Ho + 1) 3 Pro+H,,+ 1 (8-84)
UbSh 6ns
This expression reduces to the simple parallel-step slider bearing result (Q -- 1),
corresponding to Couette flow between flat plates if Ho = oo or if ns = 0 or 1.
8.5.4 Power loss, temperature rise, and center of pressure.--The rate of work
produced against viscous shearing, or the power loss, can be expressed from
equation (8-12) in dimensionless form as
_eSh _ fgsh _ -Fb (8-85)
Hp = rloU_g(r° _ ri) rloUbg
The adiabatic temperature rise can be written from equation (8-13) as
Atm_______= 2ube'q0 (_)
- Jooq;C_ JpoCpgs_
(8-13)
Equations (8-85) and (8-84) were used in this equation. The center of pressure
when both the inlet and outlet regions are considered can be expressed as
f nst f l_'_cp = pix dx + poX dx
0 nsl
This equation can be expressed in dimensionless form as
fn._ f I
WzXcp = PiX dX + PoX dX
0 ns
Making use of equations (8-73), (8-74), and (8-76) gives
f f
2 I
Xc p = Xc-.--_P.= £ X 2 dX 4- - X(1 - X) dX
l ns o 1 ns ns
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1 +n s
.. Xcp- 3 (8-86)
Therefore, the center of pressure coincides with the step location when ns = 1/2.
Also, Xcp -- 1/3 as ns -- 0 and Xcp -- 2/3 as ns = 1. These results correspond to
pressure profiles that approach the form of right triangles in pads having steps
near their ends.
8.6 Closure
This chapter has considered film shapes in three different slider bearings: parallel
surface, fixed incline, and parallel step. Only flow in the x,z plane, or in the
direction of motion, has been considered. The properties of the lubricant, namely
density and viscosity, were assumed to be constant. A positive pressure profile
was obtained from the physical wedge effect in all the film shapes except a parallel
film, where the pressure was zero throughout the bearing length. The appropriate
Reynolds equation used to evaluate these film shapes was
dr 6rl°Ub Ox
or
dp h - hm
__ = 6-qOUb --
dx h 3
The pressure profile was determined from this equation and the particular film
shape to be evaluated and then used to evaluate load components, shear force
components, power loss, adiabatic temperature rise, friction coefficient, volume
flow rate, stream functions, and center of pressure. Of all these calculations the
most important in most design considerations is the normal load-carrying capacity
per unit width wz'. For the fixed-incline slider bearing the dimensionless normal
load-carrying capacity was found to be
qd.
w_ = _ = f(tto)
rloUb
This implies that the normal applied load per unit width is directly proportional
to the viscosity 770, the velocity Ub, and the length e squared while also being
inversely proportional to the shoulder height sh squared. The film thickness ratio
is defined as Ho = h,,/sh.
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For a parallel-step slider bearing the dimensionless normal applied load is a
function not only of the film thickness ratio, as was found for the fixed-incline
slider bearing, but also of the location of the step. Recall that in this chapter side
leakage was neglected.
8.7 Problems
8.7.1 A slider bearing has an exponential film shape, as shown in the sketch,
and a film thickness defined as h = (ho + sh)e °_. An incompressible fluid is
OD ......_
assumed, and no side flow is considered (only flow in the x,z plane).
Determine the pressure within the bearing as well as the normal load com-
ponents, the shear force components, the friction coefficient, the volume flow rate,
the power loss, and the adiabatic temperature rise within the bearing.
8. 7.2 A flat strip of metal emerges from a liquid bath of viscosity rl0 and
pressure Pi above ambient and has velocity Ub on passing through a slot of the
form shown in the sketch. In the initial convergent part of the slot the film thickness
P=Pi
4 g
nj
X
x Iv-- °ho
Ii
Ub_ /
P =Pi
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decreases linearly from ho + sh to ho over a length nse on each side of the strip.
In the final section of the slot the film on each side of the strip has a constant
thickness ho over a length e(1 - ns).
State clearly the boundary conditions required to determine the pressure distri-
bution along the slot length in the sliding direction on the assumption that the liquid
is isoviscous and incompressible and the slot is infinitely wide.
Sketch the pressure distribution along the x axis and show that the volume flow
rate per unit width q._ on each side of the strip can be written in dimensionless
form as
O __
UbSh
-_- Ho2+l +2Ho(Ho+l)(l+Ho-n_)
ndtto(2Ho+ 1) +2(1 -n_)(Ho+ l) 2
where
piS2h ho
P, = -- and Ho = --
71oUbl sh
Demonstrate that for P_ equal to zero the expression for Q reduces to forms
appropriate to the parallel-surface and fixed-incline-surface bearing situations as
n s approaches zero and unity, respectively.
Determine the minimum value of Pi required to ensure that the peak pressure
in the slot is located at the inlet, where h = hi, if ns = 1/2 and H o = 1.
8.8 Reference
Lord Rayleigh (1918) Notes on the Theory of Lubrication. Philos. Mag, vol. 35, no. I, pp. 1-12.
196
Chapter 9
Hydrodynamic Thrust
Bearings--Numerical Solutions
The analysis of thrust slider bearings in chapter 8 restricted the lubricant flow
to two directions (x,z). Flow of lubricant in the third direction (y) is known as
side leakage. The x coordinate is in the direction of motion, y is transverse to
the direction of motion, and z is across the fluid film. This chapter is concerned
with the side-leakage effect in slider bearings.
For bearings of finite width the pressure along the bearing side edges is ambient,
and if hydrodynamic pressures are generated within the lubricant film, some flow
will take place in the third (y) direction. In this case the flow perpendicular to
the direction of motion (side-leakage effect) has to be included, and the appropriate
Reynolds equation is equation (7--48) with Ua = O.
0 h3aP +L h 3ap =6noUb--
ax ax ay Ox
(9-1)
Analytical solutions for slider bearings that consider side leakage are not normally
available. Numerical solutions generally have to be resorted to when considering
the side-leakage direction. One of the few analytical solutions that is available
is for a parallel-step slider bearing.
For a thrust bearing, as considered in chapter 8 and also in this chapter, a thrust
plate attached to, or forming part of, the rotating shaft is separated from the sector-
shaped bearing pads (see fig. 8-3) by a lubricant film. The load-carrying capacity
of the bearing arises entirely from the pressure generated by the motion of the
thrust plate over the bearing pads. This action is achieved only if the clearance
space between the stationary and moving components is convergent in the direction
of motion (physical wedge pressure-generating mechanism).
The pad geometry parameters affecting the pressure generation and therefore
the load-carrying capacity of the bearing are (1) pad length-to-width ratio )_ = e/b,
(2) film thickness ratio H o = ho/Sh, and (3) step or pivot location parameter n,.
This last parameter is not applicable to a fixed-incline thrust bearing. Recall that
the pad length-to-width ratio did not appear in chapter 8 because side leakage
was neglected. Side leakage is considered in this chapter and three different thrust
bearings are investigated: two fixed-pad types (namely a parallel step and a fixed
incline) and a pivoted-pad bearing.
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9.1 Finite-Width, Parallel-Step-Pad Slider Bearing
A sketch of the parallel-step-pad slider bearing is shown in figure 9-1. In the
solution the inlet and outlet regions are first considered separately and then
combined at the common boundary. Therefore, the film thickness is considered
to be constant in the two regions.
9.1.1 Pressure distribution.--The Reynolds equation given in equation (9-1)
reduces to
02P + O2P : 0 (9-2)
Ox 2 Oy 2
when the film thickness is constant. Equation (9-2) is a Laplace partial differential
equation. Letting
x =ex, y = bY. k = -f, and p = __O°UJp (9-3)
b s_
causes equation (9-2) to become
02P _2 02P
-- + = 0 (9-4)
OX 2
The pressure on the exterior boundaries of the inlet and outlet regions is zero,
but the pressure on the common boundary is not known. It is assumed that the
pressure on the common boundary is given by the following Fourier sine series:
198
yl- "1
T
b
J 1 LX
Figure 9-1.--Finite parallel-step-pad slider bearing.
Parallel-Step-Pad Slider Bearing
(P)x=.s = E _ sin(j_'Y) (9-5)
j=l,3 ....
The summation is over the odd values because of symmetry, and _* is the
Fourier coefficient to be evaluated later.
The general solution for P can be put in the following form for the inlet region:
j=l,3 ....
[Aj cos(jTrY) +/_j sin(j_rr)][Cj cosh(jTrNX) +/)j sinh(j_rNX)]
(9-6)
Note that equation (9-6) does satisfy equation (9-4).
The boundary conditions for the inlet region are
(1) Pi = 0 when X = 0 for all values of Y.
(2) Pi = 0 when Y = 0 for all values of X.
(3) Pi = 0 when Y = 1 for all values of X.
oo
(4) ei ---- E Ff sin(jTrY) when X = n s.
j= 1,3....
From boundary conditions (1) and (2), .4j = Cj = 0. From boundary condition (4)
oo oo
E Fj* sin(jrrY) = E
j=l,3 .... j=l,3 ....
/_fl)j sin(jTrY) sinh(jTrhns)
Fj* (9-7)
• /_//gj = sinh(ja.hns)
F7 sin(jTrY)sinh(jlrhX)
sinh(jTrhns)
0 <- X < ns (9-8)
Note that boundary condition (3) is automatically satisfied by equation (9-8).
For the outlet region the solution is taken to be of the same form as equation (9-6).
Po =
j=l,3 ....
[4 cos(jrY) + _j sin(jTrY)][_ cosh(j_rkX) + _ sinh(j_rkX)]
(9-9)
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The boundary conditions for the outlet region are
(1) Po = 0 when X = 1 for all values of Y.
(2) Po = 0 when Y = 0 for all values of X.
(3) P,, = 0 when Y = 1 for all values of X.
OO
(4) eo = ___ F7 sin(jTrY) when X = n s .
j=l,3 ....
From boundary condition (2), _'j = 0. From boundary condition (1)
/-)j = -_ tanh(jrX) (9-10)
Therefore, equation (9-9) can be rewritten as
j=l,3 ....
Gj_ sin(jrY)[sinh(jrrhX) - tanh(jrh) cosh(jlrhX)] (9-11)
From boundary condition (4)
U sin(jTrY): E
j=l,3 .... j=l.3 ....
Gj_ sin(j_'Y)
x [sinh(j_'hn s) - tanh(jrh) cosh(j_'hn s)l
.. (_j_= Fj' (9-12)
sinh(jTrkns) - tanh(j_'h) cosh(jTrhns)
Substituting equation (9-12) into equation (9-11) gives
Po = _ Fj* sin(jrY) sinhljrh(1 - X)] ns -< X _< 1 (9-13)
sinh[jr_(l - ns)l
j= 1.3 ....
Note that boundary condition (3) is satisfied by equation (9-13).
For the pressure to be calculated, the Fourier coefficient b)*j must be evaluated.
This is done by making use of the principle of flow continuity. It will be seen that
at any point on the common boundary (X = ns) the volume rate of inlet flow is
the same as the volume rate of outlet flow.
• qxix=,s = qxo X=_s (9-14)
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Making use of equation (7-38) while letting u. = 0 and assuming a constant
viscosity yields
Ub(ho+'h) ;o ("Po3(ho + Sh) 3 (dpiN_ + _ +__
12_o \ dx ,],,d 2 12rio \ dx ],,: 2
Then making use of equation (9-3) gives
3 (dP°_ +(l+Ho)3 (dPi_ =6
-m, \ ax Ix=., \---dXlx=o.,.
(9-15)
where 14,, = ho/sh. From equations (9-8) and (9-13)
OX ,Ix=n, J= 1,3.... tanh(j_'hns)
(9-16)
OX']x=ns j=l,3 ....
jTrhF 7 sin(jTrY)
tanh[jr)_(1 - n,)]
Substituting equations (9-16) and (9-17) into equation (9-15) gives
(9-17)
O0
3,_ d jTrhFj* sin(jTrY) + (l + Ho)3 _ jTrhFj* sin(jTrY)Ho tanh[firX(1 - ns)] tanh(jTrkns)
j=l,3 .... j=l,3 ....
=6 (9-18)
But
4 sin(jTrY)
6 = 6j7 r
j=l,3 ....
(9-19)
Then substituting equation (9-19) into equation (9-18) gives
Z j_rkF 7 sin(jlrY)[H3o coth[jTrk(l - ns)]
j=l,3 ....
+ (1 + Ho) 3 coth(jr)_n_) 1
OO
24 sin(jrY)
/.a jTr
j=l,3 ....
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24
U (9-20)
j2v2),[H_ coth[jrM1 - n_)] + (1 + Ho) 3 coth(jTrL_Q,
Note that as H o -- oo, which is a parallel-surface bearing, _* -- 0 and P -- 0.
Once an expression for the Fourier coefficient is known, the pressure in the inlet
and outlet regions can be calculated by substituting equation (9-20) into equations
(9-8) and (9-133.
9.1.2 Normal load component.--The normal applied load can be written as
/_': = Pi dx dy + p,, dx dy
, 0 ,JO 0 _ n_(
This equation can be written in dimensionless form as
W. -- _" = Pi dX dY + P,, dX dY
rloUbb 0 0 _ 0 , n,
Substituting equations (9-8) and (9-13) into this equation gives
(._)e _ 2_" _'cosh(jTr_s) - 1IV.- w__.& = __
j=l,3 ....
(9-21)
+
cosh[ja'X(1 - ns) ] - 1")
sinh[ja'_.(l - nO] 3 (9-22)
Equations (9-20) and (9-22) reveal that when side leakage is considered, the
dimensionless normal applied load Wz is a function of _, as well as Ho and n s.
9.1.3 Results.--The inclusion of side-leakage effects has introduced an
additional parameter, the length-to-width ratio k = e/b. Figure 9-2 shows the effect
of the film thickness ratio 11oon the dimensionless load-carrying capacity Wz for
five step locations n_ and four k values (1/4, 1/2, 1, and 2). The following can
be concluded from figure 9-2:
(1) For any combination of H o and k the maximum load condition never occurs
when the step location is less than 0.5. The location of the step should be closer
to the outlet than the inlet.
(2) For small h, where side leakage becomes less important, the step location
that produces a maximum dimensionless load is larger than when side leakage
is considered.
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2.0 m
1.6
1.2
_ .4
__k Step
location
from
inlet,
.5
.4 .3
.2
(b)
0
.1
I I I
.2 ,4 .6 .8 1,0
Dimensionless film thickness, Ho = ho/S h
(a)), = I/4,
(b) _x = 1/2.
Figure 9-2.--Effect of film thickness ratio on dimensionless normal load-carrying capacity at five
step locations n_ and fimr length-to-width ratios X.
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(d) I
0 .2 .4 .6 .8 1,0
Dimensionless film thickness, Ho = ho/sh
(c) _, = 1.
(d) _, = 2.
Figure 9-2.--Concluded.
2O4
Parallel-Step-Pad Slider Bearing
TABLE 9-1.--MAXIMUM DIMENSIONLESS NORMAL LOAD-CARRYING CAPACITY
[Dimensionless outlet film thickness Ho -- 0.]
Step Length-to-width ratio, ;k
location, I
1/100 1/4 I 1/2 3/4 1n s
m
Maximum dimensionless normal load-carrying
0.1
.2
.3
.4
.5
.6
.7
.8
.9
0.298570 0.264269 0.228659 0.194657 0.164811
.597193 .529825 .459748 .391479 .329074
.895500 .787513 .675112 .564927 .463443
1.193245 1.031140 .862610 .700004 .555898
1.490253 1.256341 1.014517 .791103 .607007
1.786400 1.460020 1.127112 .839600 .622694
2.081597 1.640043 1.200150 .850630 .609714
2.375785 1.795099 1.236016 .830670 .574190
2.668928 1.924660 1.238860 .786357 .521621
3/2 2
capacity, Wz
0.120508 0.092064
.230908 .165224
.305444 .205006
.346178 .223081
.362142 .228742
.359732 .225744
.342147 .214448
.311116 .193714
.268646 .162993
e
(a) (b)
(a) Semicircular step.
(b) Triangular step.
Figure 9-3.--Shrouded-step slider bearings.
Table 9-1 tabulates the results shown in figure 9-2 as Ho -- 0 as well as results
for three additional k. From this table it is observed that as ), becomes smaller, the
maximum load increases. This concurs with the results of chapter 8 (eq. (8-76)),
which indicated that when side leakage is neglected and 11o _ oo the dimensionless
normal load-carrying capacity approaches zero.
The parallel-step bearing shown in figure 9-1 has considerable side leakage,
especially for large h, which reduces its normal load-carrying capacity. Shrouds
are sometimes introduced to restrict this side leakage and thereby increase the
bearing's normal load-carrying capacity. Two types of shrouded step bearings
are shown in figure 9-3. The semicircular-step shrouded bearing (fig. 9-3(a))
has a step radius of e/2, a film thickness ratio of 1.43, and a length-to-width ratio
of 1. The resulting normal load-carrying capacity for this bearing is a 45-percent
increase over that for an optimum unshrouded parallel-step thrust bearing. For
a triangular-step shrouded bearing (fig. 9-3(b)) with 1to = 0.89, the resulting W z
is a 67-percent increase over that for an unshrouded bearing.
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9.2 Fixed-Incline-Pad Slider Bearing
The simplest form of fixed-pad thrust bearing provides only straight-line motion
and"consists of a flat surface sliding over a fixed pad or land having a profile
similar to that shown in figure 9-4. The fixed-pad bearing depends for its operation
on the lubricant being drawn into a wedge-shaped space and thus producing
pressure that counteracts the load and prevents contact between the sliding parts.
Since the wedge action takes place only when the sliding surface moves in the direc-
tion in which the lubricant film converges, the fixed-incline bearing (fig. 9-4) can
carry load only in this direction. If reversibility is desired, a combination of two or
more pads with their surfaces sloped in opposite directions is required. Fixed-incline
pads are used in multiples as in the thrust bearing shown in figure 9-5.
The following procedure assists in designing a fixed-incline-pad thrust bearing:
(1) Choose a pad length-to-width ratio. A square pad (X = 1) is generally felt
to give good performance. From figure 9-6, if it is known whether maximum
load or minimum power loss is more important in the particular application, a
value of the minimum film thickness ratio can be determined.
(2) Determine lubricant temperature. Lubricant temperature can be expressed as
_t_
tm=ti+--
2
where
I i inlet temperature
Atm change in temperature due to viscous shear heating
(9-23)
q_ q -qs'-"
Figure 9-4.--Side view of fixed-incline-pad bearing. From Raimondi and Boyd (1955).
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/-- Sliding surface
/ or runner
Figure 9-5.--Configuration of multiple fixed-incline-pad thrust bearing. From Raimondi and
Boyd (1955).
_2
E
._E
.c_ H
E_
.g
1.0 _
.8
_. /--Maximum
_ / normaloadI
_, /FMinimum power
_ ,_ consumed
,2 m
I I I I
1 2 3 4
Length-to-width ratio, X = fib
Figure 9-6.--Chart for determining minimum film thickness corresponding to maximum load or
minimum power loss for various pad proportions--fixed-incline-pad bearings. From Raimondi and
Boyd (1955).
The inlet temperature is usually known beforehand, but the change in temperature
due to viscous shear heating must be initially guessed. Once the temperature tm
is known, it can be used in figure 4-6 to determine the viscosity of SAEoils.
(3) Determine outlet film thickness. Once the viscosity is known, the next least
likely parameter to be preassigned is the outlet film thickness. That is, once a
length-to-width ratio Xand a dimensionless minimum film thickness (from fig. 9-7)
are known, the dimensionless load can be determined. The outlet film thickness
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10
6 Length-to-width
ratio,
4 h
E 2
"E II .6
E :o .4
@
._ .2
® .1
E
i:5
0 1 2 4 6 10 20 40 60 100 200 400 1000
Bearing characteristic number, 1/W z
Figure 9-7.--Chart for determining minimum film thickness for fixed-incline-pad thrust bearings,
From Raimondi and Boyd (]955).
can be determined from
X)l/2ho = Hoe -Wzrl°Ubb
,,, w: /
(9-24)
(4) Check table 9-2 to see if the minimum (outlet) film thickness is sufficient
for the preassigned surface finish. If it is not, consider one or more of the following
steps:
(a) Increase the speed of the bearing.
(b) Decrease the load, the surface finish, or the inlet temperature.
Upon making this change, return to step (2).
(5) From figure 9-8 determine the temperature rise due to shear heating for
a given length-to-width ratio and bearing characteristic number. Recall from
chapter 4, section 8, that the volumetric specific heat Cs = p*Cp, which is in the
dimensionless temperature rise parameter, is relatively constant for mineral oils
and is equivalent to 1.36× 10 6 N/m 2 *C. If the temperature rise as obtained from
figure 9-8 is within 5 percent of the previous value, go to step (6); otherwise
return to step (2) with a new value of temperature rise.
(6) Evaluate the performance parameters. Once an adequate minimum film
thickness and proper lubricant temperature have been determined, the performance
parameters can be evaluated. Specifically, from figure 9-9 the power loss, the
friction coefficient, and the total and side flow can be determined.
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TABLE 9-2.--ALLOWABLE MINIMUM OUTLET FILM THICKNESS FOR A GIVEN SURFACE FINISH
[From Engineering Sciences Data Unit (1967).1
Surface finish
(centerline average, Ra]
_m pin.
0.1-0.2 4-8
.2-.4 8-16
1.6-3.2 63-125
Description of surface
i Mirror-like surface
without toolmarks;
close tolerances
Smooth surface with-
out scratches; close
tolerances
Smooth surface; close
tolerances
Accurate bearing sur-
face without toolmarks
Smooth surface with-
out objectionable tool-
marks; moderate
tolerances
Examples of Approximate
manufacturing relative
methods costs
Grind, lap, 17-20
and super-
finish
Grind and lap 17-20
Grind, file, 10
and lap
Grind, preci- 7
sion mill, and
file
Shape, mill, 5
grind, and
turn
Allowable minimum outlet
film thickness a,
ha
pm #in.
2.5 100
6.2 250
12.5 500
25 1000
50 2000
aTh¢ values of film thickness are given only for guidance They indicate the film thickness requiredto avoid metal-to-metal contact under clean oil
conditions with no misaligmmcnLIt may be necessaut to take a larger filmthickness than that indicated leg, to cCe4ainan accep(able leml0Cralure
rlscJ II has been assumed 111411Ibe average surface finish of II_ pads is the same as that of tl_ rune_r
'°001
800 I
40oi iii_
¢0 i "-'--P
E_ 100 Ittl
®. :__T
®= 2o r'_ll
E_ 'ilJ_!!
'_ _
40F_ TT'I 2 4 6 10 20 40 60 100 200 400 1000
Bearing characteristic number, IIW z
Figure 9-8.--Chart for determining dimensionless temperature rise due to viscous shear heating
of lubricant in fixed-incline-pad thrust bearings. From Raimondi and Boyd (1955).
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10o0
6O0
400
1000 , L! ..... - -:.',:-;-T_; _lIt;t_i_',_:_-
' '_ii I_I,LZSEI .... _I!I_Z53 +h'__ .. !_'+_"
i...: . _`` _-_-_- -, ..... " .t.._t.,_!+_
_ _0__!'_ .......... i • ,,....
, . -4:+++_: !++,::....
0 1 2 4 6 10 20 40 60 100 200 400 1000
Bearing characteristic number, llWz
(a) Friction coefficient.
(b) Power loss.
Figure 9-9.--Chart for determining performance parameters of fixed-incline-pad thrust bearings.
From Raimondi and Boyd (1955).
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>
.C3
E
.6
.4
.2
0
4
o 1
i!i(c)!
2 4 6 10 20 40 60 100 200 400 1000
Bearing characteristic number, llW z
(c) Lubricant flow,
Figure 9-9.--Concluded.
9.3 Pivoted-Pad Slider Bearing
The simplest form of pivoted-pad bearing provides only for straight-line motion
and consists of a flat surface sliding over a pivoted pad as shown in figure 9-10.
If the pad is assumed to be in equilibrium under a given set of operating conditions,
any change in these conditions, such as a change in load, speed, or viscosity, will
alter the pressure distribution and thus momentarily shift the center of pressure,
creating a moment that causes the pad to change its inclination and shoulder height
sh. A pivoted-pad slider bearing is thus supported at a single point so that the
angle of inclination becomes a variable and has much better stability than a fixed-
incline slider under varying conditions of operation. The location of the shoe's
pivot point can be found from the equilibrium of moments acting on the shoe
about the point. For all practical purposes, only two significant forces may be con-
sidered in the moment equation: the resultant due to film pressure, and the reaction
force normal to the shoe surface. The force due to friction in the pivot is ignored.
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Film pressure
: 1t3_h°
q----_ q - qs'--"
I. '°- l
Figure 9-10.--Side view of pivoted-pad thrust bearing. From Raimondi and Boyd (1955).
Pivoted pads are sometimes used in multiples as pivoted-pad thrust bearings,
shown in figure 9- l 1. Calculations are carried through for a single pad, and the
properties for the complete bearing are found by combining these calculations
in the proper manner, as discussed in section 9.4.
Normally, a pivoted pad will only carry load if the pivot is placed somewhere
between the center of the pad and the outlet edge (0.5 _< n s <_ 1.0). For
bidirectional operation the pivot is located at the center of the pad or at ns = 0.5.
The following procedure helps in designing pivoted-pad thrust bearings:
(1) Having established whether minimum power or maximum load is more
critical in the particular application and having chosen a pad length-to-width ratio,
establish the pivot location from figure 9-12.
/-- Slidingsurface
i or runner
/
/
/ ". I/-- Pivot
"_L-Pads
Figure 9- !1.--Configuration of multiple pivoted-pad thrust bearing. From Raimondi and Boyd (1955).
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,8-
Minimum ,,s.,_s. _'Spower consumed
> _.7
"5.
.5
-- sS
normal load
1 I I I
0 t 2 3 4
Length-to-width ratio, ),
Figure 9-12.--Chart for determining pivot location corresponding to maximum load or minimum
power loss for various pad proportions--pivoted-pad bearings. From Raimondi and Boyd (1955).
(2) Just as was done for a fixed-incline-pad thrust bearing, establish the lubricant
temperature by using equation (9-23). Once the temperature is known, the
viscosity can be obtained from figure 4-6.
(3) Determine the dimensionless load from figure 9-13 and the outlet or
minimum film thickness from equation (9-24).
(4) Check table 9-2 to see if the outlet film thickness is sufficient for the
preassigned surface finish. If it is sufficient, go to step (5). If it is not, consider
(a) Increasing the speed of the bearing
(b) Decreasing the inlet temperature of the bearing
(c) Decreasing the load on the bearing
(d) Decreasing the finish on the bearing lubricating surfaces, thereby making
them smoother
Upon making this change return to step (2).
Length-to-
width ratio,
X
.4 /-0
i
 oP'" I I
.5 .6 .7 .8 .9 1.0
Location of pivot from inlet, ns
Figure 9-13.--Chart for determining outlet film thickness for pivoted-pad thrust bearings. From
Raimondi and Boyd (1955).
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(5) From figure 9-14 determine the temperature rise due to shear heating for
a given length-to-width ratio and bearing characteristic number. If it is within
5 percent of the guessed value, go to step (6); otherwise, let this value of the
temperature rise become the new guess and return to step (2).
(6) Evaluate the performance parameters once an adequate minimum film
thickness and lubricant temperature have been determined. Specifically, from
figure 9-15 the film thickness ratio 1-1o= ho/s_, friction coefficient/_, total flow
q, side flow qs, and power loss _.p can be determined.
Length-to-width
ratio,
k
1.6 ii _ _,t_L=!;:,_.._l__:=].; -T: .... 7
+. _ + . , { • • , .... f t .... ]
.5 .6 .7 .8 .9
Location of pivot from inlet, ns
Figure 9-14.--Chart for determining dimensionless temperature rise due to viscous shear heating
of lubricant for piw)ted-pad thrust bearings. From Raimondi and Boyd (1955).
Length-to-
width ratio,/ ./ ] / ,itI
2-- x °Z//',/' //11/
E / '/"t// II /I 11
E"_Eo=_ // ti// 2/i// i/;/ /
o.°° ,_ /// .'3..'./
_a 4
E
i5 o t (a)l
. .6 . .8 .9 1.0
Location of pivot from inlel, ns
(a) Film thickness ratio.
Figure 9-15.--Charl tbr determining performance parameters of pivoted-pad thrust bearings.
From Raimondi and Boyd !1955).
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r ,_'_ s _m !, r1 .__"-
.%
_6 , t
=o
o t,IS_' 0-_::,> .2
ol/Y I I I I (c)l
15 IS I 7 "8 19 1 I0
Location ot pivot from inlet, ns
(b) Friction coefficient.
(c) Lubricant flow.
Figure 9-15m--Continued.
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25
,5
?
o
_ 15
×E
e_
" 10
_ 5
o
0.5
I\\
I| _ _ Length-to-width
=\\\4
__rOr,122
I I I I _dll
.6 .7 .8 .9 1.0
Location of pivot from inlet, ns
(d) Power loss.
Figure 9-15,--Concluded.
9.4 Thrust Bearing Geometry
This chapter, as well as chapter 8, has dealt with the performance of an individual
pad of a thrust bearing. Normally, a number of identical pads are assembled in a
thrust bearing as shown, for example, in figures 9-5 and 9-11. The length, width,
speed, and load of an individual pad can be related to the geometry of a thrust bear-
ing by the following formulas:
b = ro - ri (9-25)
e-r°+ri2 2& _6) (9-26)
(r o -I- ri)w
ub -- (9-27)
2
_, =N0_z (9-28)
where N O is the number of identical pads placed in the thrust bearing (usually
No is between 3 and 20). The a-/36 portion of equation (9-26) accounts for feed
grooves between the pads. These are deep grooves that ensure that ambient
pressure is maintained between the pads. Also in equation (9-28) ¢0ot is the total
thrust load on the bearing.
216
Problems
In the design of thrust bearings the total normal load-carrying capacity _,, and
the angular velocity 60are usually specified along with the overall bearing dimen-
sions ro and ri. The lubricant is usually specified to suit the design requirements
of the associated journal bearing or other components. It therefore remains only
to determine the number of pads N O and the pad geometry (Ho, ns, and _,). The
bearing performance characteristics may then be evaluated to check if the design
meets the required specifications.
9.5 Closure
The appropriate form of the Reynolds equation for a hydrodynamically lubri-
cated thrust bearing when side leakage is considered is
O--x Ox Oy Ox
The only film shape that can be solved analytically when considering side leakage
is that for a parallel-step slider bearing. Since the film shape is constant within
the inlet and outlet regions, the preceding equation reduces to a Laplacian equation
that can be readily solved for the pressure. Integrating the pressure over the bearing
area enables the normal applied load to be obtained. Side leakage, which reduces
the normal load-carrying capacity, is considerable for a parallel-step bearing. It
therefore was suggested that shrouds be placed at the sides to restrict the side
leakage and thereby increase the bearing's load-carrying capacity.
Results were presented for fixed-incline-pad and pivoted-pad thrust bearings
from numerical evaluation of the Reynolds equation. A procedure was outlined
to assist in designing these bearings. These procedures provide an optimum pad
configuration as well as describe such performance parameters as normal applied
load, friction coefficient, power loss, and lubricant flow through the bearing.
9.6 Problems
9.6.1 Compare the dimensionless normal applied load IV: for the following
three types of thrust pads: (a) parallel step, (b) fixed incline, and (c) tilting pad
for _, = g/b of 1/4, 1/2, 1, and 2. Consider side-leakage effects. Use optimal
geometry for each type of pad at each _. Also compare these results with the W:
when side leakage is neglected.
9.6.2 Draw the pressure profile of an unshrouded parallel-step pad when h = 1,
Ho = 1, ns = 0.5, and Y = 0.5 for X = 0.1, 0.2 ..... 0.9. Use equations (9-8) and
(9-13) in your evaluation. Give numerical values of pressure at the various values
of X. Also for the film shape given, determine the dimensionless normal applied
load Wz.
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9.6.3 A thrust bearing carries a load of 50 000 N at a rotational speed of 2000 rpm.
The bearing has an outside radius of 0.25 m and an inside radius of 0.15 m. A
surface finish of 40 #m CLA is recommended. The oil is SAE lO and the operating
temperature is 50 *C. Design a suitable tilting-pad bearing for maximum thrust load.
The selected pad geometry, pivot location, number of pads, and minimum film
thickness should be stated together with an estimate of ho, sh, lip, #, q, and q_.
9.6.4 For a fixed-incline-pad slider thrust bearing with _'z = 3600 ibf,
Ub = 1200 in./s, f = 3 in., b = 3 in., and r/0 = 6× 10 -6 lbf s/in. 2, determine the
following for a maximum normal load: sh, h o, tin, Iz, gtp, q, and qs.
9.6.5 For a fixed-incline-pad thrust bearing with a total normal load of 12 000 lbf,
N O = 6, r I = 4 in., r2 = 2 in., _0 = 30 rps, e/b = l, SAE l0 oil, and ti = lO0 °F,
determine the following: Sh, ho, tin, it, f_p, q, and qs.
9.6.6 For the input parameters given in problem 9.6.5, determine the same
output parameters given in problem 9.6.5 but for a tilted-pad thrust bearing.
9. 7.6 By starting with equation (9-22) show that, as _, -- 0 or as the situation
is approached where side leakage can be neglected, the optimum configuration
for maximum normal load is as discovered in chapter 8, namely that Ho = I. 155
and n_. = 0.7182 (eqs. (8-71) and (8-72)). Also point out what the maximum
normal load is for this situation.
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Chapter 10
Hydrodynamic Journal
Bearings--Analytical Solutions
The past two chapters have dealt with slider bearing pads as used in thrust bear-
ings. The surfaces of thrust bearings are perpendicular to the axis of rotation as
shown in figure 8-3. This chapter and the next deal with journal bearings, where the
bearing surfaces are parallel to the axis of rotation. Journal bearings are used to
support shafts and to carry radial loads with minimum power loss and minimum
wear. The journal bearing can be represented by a plain cylindrical bushing wrapped
around the shaft, but the bearings can adopt a variety of forms. The lubricant is
supplied at some convenient point in the bearing through a hole or a groove. If the
bearing extends around the full 360 + of the shaft, it is described as a full journal
bearing. If the angle of wrap is less than 360 ° , the term "partial journal bearing"
is used.
Journal bearings rely on shaft motion to generate the load-supporting pressures
in the lubricant film. The geometry of the journal bearing is shown in figure 10-1.
The shaft does not normally run concentric with the bearing. The displacement of
the shaft center relative to the bearing center is known as the eccentricity. The
shaft's eccentric position within the bearing clearance is influenced by the load
that it carries. The amount of eccentricity adjusts itself until the load is balanced
by the pressure generated in the converging lubricating film. The line drawn
through the shaft center and the bearing center is called the line of centers.
The pressure generated, and therefore the load-carrying capacity of the bearing,
depend on the shaft eccentricity, the angular velocity, the effective viscosity of
the lubricant, and the bearing dimensions and clearance.
w z =f(e,w,_o,r,b,c)
The load and the angular velocity are usually specified and the minimum shaft
diameter is often predetermined. To complete the design, it will be necessary to
calculate the bearing dimensions and clearance and to choose a suitable lubricant
if this is not already specified.
The approach used in this chapter is to present two approximate journal bearing
solutions: (1) an infinite-length solution (side leakage neglected) and (2) short-
journal-bearing theory. These two approximate solutions will illustrate the many
important characteristics of journal bearings. The next chapter deals with finite
journal bearings and the required design information.
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I
i
..------- b ------_
I X
_-h
Figure 10- l.--Hydrodynamic journal bearing geometry.
I0.I Infinitely Long-Journal-Bearing Solution
For an infinitely long-journal-bearing solution the pressure in the axial direction
is assumed to be constant. The integrated form of the Reynolds equation can be
written from equation (7-52), while assuming a constant viscosity, as
-_dP--6norb_Ob(_h-_) (7-52)
where h m denotes the film thickness when dp/dx = 0 Now
dx=rbde_
dp 2 . ./h- hm\
.. -- = 671ori,_Ob.-------7_.
dO \h'l
(lO-1)
The transition from equation (7-52) to (10-1) is acceptable, since the film thickness
is small relative to the shaft radius and the curvature of the lubricant film can
be neglected. This implies that the film shape can be unwrapped from around
the shaft and can be viewed as a periodic stationary profile with wavelength 2_rrb
and that the plane surface of the shaft is moving with velocity ro_ as shown in
figure 10-2 From figure 10-1
1
cosu=--[h+rb+ecos(r-¢0]
r,_
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0 xrb 2xrb
1
0 7r 2_
I --r_b "_ I
//_///////_/// // /.4"/
Figure 10-2.--Unwrapped film shape in a journal bearing.
From the law of sines
and
.. h=racosot-r b+ecos
e r_
sin c_ sin q_
e sin q_
.'. sin c¢ = --
ra
cosu:(1-sin2_) ''2= 1- _a sin2_b]
Substituting equation (10-3) into equation (10-2) gives
(10-2)
(10-3)
h=r a 1 - sin2_b -r o+ecosq_
But
[ (e)2 -],/2 1 (e)2 1 (e)41- 7_ sin2_] = 1-- sin2_-2 _ 8 r-_ sin4q_ - ...
.'.h=r_ r b + e cos
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or, since ra -- rb = C,
[ l(_) 1 (__a)3 ]h=c+e cos¢-_ sin2_b-_ sin4_-... (10-4)
Since the ratio of e/r_ is of the order of magnitude 10-3, equation (10-4) can
be safely reduced to
h = c(1 + e cos 0) (10-5)
where
e
= - flU-O)
c
is the eccentricity ratio. Note that 0 <; e -< 1.
Substituting the film thickness equation (eq. (10-5)) into equation (10-1 ) gives
/__)z[ 1 h,,, ]dP = 6_lOWb&b (1 + e cos _b)2 c(1 + _ cos _b)3
(10-7)
An expression for the pressure distribution can be obtained by direct integration of
equation (10-7).
l/rb_2f [ 1P=6tlOO_b_C) J (1 + e COS q_)2
_ h._ + d
c(l ++ cos¢)3 J
(10-8)
10.1. I Full Sommerfeld solution.--The procedure for evaluating integrals of
the type
is to introduce a new variable 6 = tan(_b/2). With this procedure the pressure can
be evaluated, but the expression is not particularly useful, since it is difficult to
obtain the load components from a further integration.
Sommerfeld in 1904 neatly overcame these difficulties by using the substitution
1 + e cos _b - (10-9)
1 - e cos
222
Infinitely Long-Journal-Bearing Solution
TABLE 10-1.--RELATIONSHIP BETWEEN ANGLE _ AND SOMMERFELD
VARIABLE 3' FOR VARIOUS ECCENTRICITIES
[When e = 0, 3' = 0. When ¢ = I, 3' = 0. For 180" -< _ -< 360* the relationship "r(-_) = -')'(0)
should be used (e.g., 4_ = 240* = (-120")"/ = -109,471 at ¢ = 0.2 or 3' = 360 = 109.471),]
Circumfer- Eccentricity,
ential [i Icoordinate 0.2 0.4 , 0.5 0.6 0.7 0.8 0.9 0.95
angle,
_, Sommerfeld variable, _, deg
deg
0 0 0 0 0 0 0 0 0
10 8.172 6.556 5.783 5.010 4.210 3.341 2.300 1.605
20 16.385 13.169 11.626 10.077 8.473 6.727 4.633 3,235
30 24.681 19.899 17.588 15.261 12.844 10.208 7.035 4.914
40 33,102 26,804 23.735 20.628 17.368 13.835 9.546 6,671
50 41.688 33.952 30.136 26,249 22.166 17.670 12.212 8.541
60 50,479 41.410 36.870 32.204 27.266 21.787 15.090 10.564
70 59.515 49.253 44.024 38.591 32.782 26,276 18.252 12.795
80 68.832 57.562 51.696 45.521 38.834 31.253 21.793 15.305
90 78,463 66,422 60.000 53.130 45.573 36.870 28.842 18.195
100 88,436 75.922 69,061 61.579 53.188 43.331 30.583 21.608
110 98,769 86.149 79.014 71.059 61.923 50.914 36.282 25.763
120 109.471 97.181 90.000 81.787 72.080 60.000 43.342 31.003
130 120.538 109,076 102. 147 93,994 84.030 71.117 52.393 37.905
140 131.948 121.854 115.544 107.895 98,187 84.969 64.448 47.494
150 143.663 135.482 130.208 123.626 114.937 102.412 81.140 61.726
160 155.628 149.851 146.034 141.149 134,460 124.244 104.909 84.487
170 167.768 164.776 162.767 160.150 156.471 150.587 138.251 122.699
180 180,000 180.000 180.000 180.000 180.000 180.000 180.000 180.000
This relationship is known as the Sommerfeld substitution and 3, is known as the
Sommerfeld variable. Table 10--1 shows the relationship between the circumferential
coordinate angle 0 and 3' for a number of eccentricity ratios. From equation (10-9)
the following can be written:
(1 - e2)_:sin 3'
sin _b= (10-10)
1 - e cos y
cos 3' -
cos q) - (10-11)
1 - e cos y
(1 - e2)t/2sin _b
sin 3' = (10-12)
1 + e cos _b
+ cos ¢
cos y = (10-13)
1 + e cos
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(1 - _2) 1/2 d3'
de - (10-14)
1 - e cos 3'
Making use of the Sommerfeld substitution and the periodic boundary condition
yields
(__)2
6_OWb E sin qff2 + e cos O)
P -- Po = (10-15)
(2 + e2)(l + e cos O) 2
where P0 is the pressure at the point of maximum film thickness. This equation
represents the Sommerfeld solution for pressure distribution in a full journal bear-
ing. In dimensionless form this equation becomes
p_p--po(_._b)2 = 6e sin (#(2 + _ cos ¢b) (10-16)(2 + _2)(1 + E COS $)2
_OO0b
Booker (1965) has developed a useful tabulation of integrals normally encountered
in journal bearing analysis.
The pressure distribution is shown in figure 10-3 for a full Sommerfeld solution.
Note that positive pressures are generated in the convergent film (0 < _ < 7r)
and negative pressures in the divergent film (a- < _ _< 2rr). Figure 10-3 shows
that the pressure distribution is skewed symmetrically, with the numerical values of
the maximum and minimum pressures and their locations relative to the point of
minimum film thickness being equal. In the derivation of equation (10-15), which
is a problem at the end of this chapter,
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Figure 10 3.--Pressure distribution for full Sommerfeld solution.
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2c(1 - ,2)
h,,, - (10-17)
2+_ 2
Making use of equations (10-17) and (10-5) gives the value of q_where dp/dr = 0
as
_b,,,= cos - I - 3c (10-18)
Note that q_,,,-- + 7r/2 as, -- 0 and _,, -- + 7r as, -- 1. From figure 10-3 the
maximum pressure occurs in the second quadrant, and the minimum pressure in
the third quadrant. The maximum and minimum pressures are equidistant from
the line of centers.
The maximum dimensionless pressure can be written from equation (10-16) as
Pm - Po
P.,-
BoWh (_b/2 ----_ 6, sin qSm(2 +, cos q_,,,)(2 + ,2)(I + _:cos _,n) _
Making use of equation (10-18) and
1,2 (4 - 5' 2 + 64) 1'2
sin_bm=(1-c°s2Cbm) = 2 +,2
gives
3,(4 - 5, 2 + ,4) "(4 - e2)
P., = (10-19)
2(2 + ,2)(1 - 62) 2
Note that Pm-- 0 as , -- O and P,, -- oo as,--1.
Once the pressure is known, the load components can be evaluated. It is conven-
ient to determine the components of the resultant load along and perpendicular
to the line of centers. The coordinate system and the load components are shown in
figure 10-4. where
w_ load component per unit width perpendicular to line of centers
w" load component per unit width along line of centers
_/ resultant load per unit width (equal but acting in opposite direction to applied
load)
,I_ attitude angle (angle through which load vector has to bc rotated in direction of
journal rotation to bring it into line of centers)
225
Hydrodynamic Journal Bearings--Analytical Solutions
Z
Figure 10-4.--Coordinate system and force components in a journal bearing.
Figure lO-5.--Vector forces acting on a journal,
From figure 10-5, which shows the vector forces acting on the journal,
_._ = prb sin(Tr -- _b)d_
0
226
_'z = prb cos(Tr - O)dO
o
These equations reduce to
,i 2-_'X _"
0
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pr b sin e# de (10-20)
, f 2"Wz = - pr o cos 0 de#
0
(10-21)
Equations (10-20) and (10-21) can be integrated by parts to give
2,, dp
• . Wx = rb COSe# _ de#
d0
(10-22)
( 2_ dp de#% = rb sin e# _-
,JO
(10-23)
Substituting equation (10-7) into these equations gives
[  osO(t-)cos°]Wx = 6_o_brbkC; - " de#o (1 + _ cos e#)2 (1 + ¢ cos 0) 3
(10-24)
//ro"_z f 2_ [ sin ¢ (-_-)sine# ]de#w; = 6.0WbrbL---_; 0 (1 +e COS e#)2 - (1 +e cos e#)3
Now
1 [ y y -e sin yl y=2__de#
E ) J_,=o
(10-25)
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2_ cos _ de
o (1 +, cos _b)3
f 2 e 2 ,2
1 y -, sin 3' \2f 4
_: (1 -- If2) 3/2 (1 - ,2)5,'2
:" sin _ d_ = [ _1 ]_=2,0 (1 + e cos _b)2 [_e(1 + e cos _b)]_= 0
,12,s n0 o[ , ]o=2=
o (1 +, cos 40 3 2e(1 +, cos 402 _=o
Substituting these integrals into equations (10-24) and (10-25) gives
(__)2 1 [ 3' 3'-e sin 3'1 (h___) l
_] = 6r/oe°brb - e'_),/2 .........
' (1- " (1-e2)3nJ
×
_ 7=2_ "
3' - e sin 3' 4
(1 - ,2)3_2 (1 - e2) _/2
3,=0
' 6rt (_)2[W x = O0.)brb (1 -- (_2) 3/2 -I- (1- ,2) s;2
Making use of equation (10-17) yields
_,,_ = 127rrlo_Obrb _ _2) _2(2 + (_2)(1
(10-26)
and
w; = 6r/OWbrbtc) ,(1 +e cos q_) - 2,(1 +, cos _)2"j,=o
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_,: = 0 (10-27)
This result demonstrates that the resultant normal load acts at right angles to the
line of centers; that is, the attitude angle is 90*. As load is applied to the bearing,
the journal center moves away from the bearing center at right angles to the load
vector.
.. _I, = 90" (10-28)
' ' (10-29)
Making use of equation (10-17) yields
Wr- _r
rbogb_O
127re
(2 + e2)(l --e2) t/2
(10-30)
where the dimensionless load-carrying capacity is a function of the eccentricity
ratio alone.
Attention is drawn to two important cases for full Sommerfeld solutions:
(1) e-Oas W,f--0
(2)_--1 as W;-oo
The first case demonstrates that, when the shaft is concentric relative to the bearing
(constant clearance around the bearing), the bearing does not have any load-
carrying capacity. The second case demonstrates the tremendous potential of a
fluid film journal bearing for supporting radial loads. The result suggests that load
increases can be accommodated by operating at higher eccentricity ratios, but
this suggestion must be tempered by the knowledge that bearing surfaces are not
perfectly smooth and that restrictively high temperatures will occur in the thin
oil films that exist at high eccentricities. The operating eccentricity must be selected
with several design points in mind, but as a design guide it is worth noting that
most journal bearings operate with eccentricity ratios between 0.5 and 0.8.
10.1.2 HalfSommerfeld solution.--It has been noted that the Sommerfeld solu-
tion for a full 360* journal bearing leads to the skew-symmetrical pressure distribu-
tion shown in figure 10-3. The pressures in the divergent film are all lower than
ambient pressure. Such pressures are rarely encountered in real bearings. Mineral
oils contain between 8 and 12 percent dissolved air. This air will start to come
out of solution whenever the pressure falls below the saturation pressure. In many
situations the saturation pressure is similar to the ambient pressure surrounding
the bearing, and in these cases gas liberation will maintain the pressure in the diver-
gent clearance space at close to the ambient level.
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This hindrance to predicting subambient pressures by the normal Sommerfeld
analysis has led to the suggestion that the subambient pressures predicted by the
analysis should be ignored. This approach, which limits the analysis to the con-
vergent film is known as the half Sommerfeld solution. The approximation does,
in fact, lead to more realistic predictions of some bearing characteristics, but the
simple approach leads to a violation of the continuity of mass flow condition at the
end of the pressure curve. The boundary condition to be applied at the outlet end of
the pressure curve, where the full lubricant film gives way to a ruptured or cavi-
tated film composed of a mixture of gas and liquid, is discussed later.
The pressure distribution assumed for the half Sommerfeld solution is exactly
that shown in figure 10-3 for the region 0 = 0 to _r. However, from 0 = x to 2_r,
instead of the negative pressures shown in the figure, the pressures are zero.
.. p P-P0 _ = 6e sin 0(2+e cos 0) for 0<0 < 7r (10-31)
r/0_ I, (2 + _2)(1 + _ cos 0) 2 - -
and
P = 0 for 7r _< 0 <2_" (10-32)
The equations for the film thickness at the location of maximum pressure h,,,, the
angle of maximum pressure Ore, and the maximum dimensionless pressure P,,, are
exactly the same as those developed for the full Sommerfeld solution. That is, equa-
tions (10-17) to (10-19) provide values ofh m, Ore, and P,, for the half Sonur_rfeld
solution.
The load components per unit width w_ and w:', given in equations (10-20)
and (10-21), are exactly the same for the half Sommerfeld solution except that
the integration limits must be written as 0 to 7r. When this is done, the load com-
ponents turn out to be
(1 - _2) 3'2 2(1 - e2)_2J
(10-33)
,_dJ 671owt,rl,
I -e2 (1 -7_2) 2
(10-34)
Introducing equation ( 1O- ! 7) for h., into equations ( ! 0-33) and (10-34)
23O
,v ( = 6_/(,,.%r,, (-_b)2 I (10-35)
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, - (10-36)
_: = 12r/°wbrb (2 + e2)(l -- e2)
Note that _,_ in equation (10-35) is one-half of the corresponding full Sommer-
feld solution, since the resultant contribution of subambient pressures perpendicular
to the line of centers is neglected in the present case. In addition, note that for
the half Sommerfeld solution a finite force has now arisen along the line of centers,
since the contributions from the convergent and divergent films do not now cancel.
In dimensionless form these components become
170_0brb (2 + e2)(1 -- e2) ''2 (10-37)
rlOWbrb
12_2
(2 + E2)(I - e2)
(10-38)
The resultant load is
6_[7r2 -- E2(Tr2-- 4)] t/2
,= = r/0cobrb _ + _ --__
(10-39)
In dimensionless form the resultant load is
' (¢__h)2 6e[rr2 - e2(Tr2 - 4)]'_eW_- _---_ =
r/owbrb (2 4- _2)(1 - e2)
(10-40)
The attitude angle can be written as
,I,=tan-' (_'_,):tan-' [_-_(1-E2) '_2]
(10-41)
Note that ¢I, = 90 ° when e = 0 and ¢I, = 0 ° when c = 1. The shaft starts to move at
right angles to the applied load at extremely light loads, but ultimately the shaft
meets the bearing along the load line. The locus of the shaft center for full and
half Sommerfeld conditions is shown in figure 10-6.
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Figure IO-6.--Locus of shaft center for full and half Sommerfeld journal bearing solutions.
10.1.3 Reynolds boundary condition.--As described earlier, the half Sommerfeld
solution results in more realistic predictions of load components, but this simple
approach leads to a violation of the continuity of mass flow at the outlet end of the
pressure curve. That is, in figure 10-3 the pressure suddenly becomes zero at
el, = 7r and then stays at zero from _r to 27r. The pressure distribution approaching
7r violates the continuity of mass flow condition. A better boundary condition
is the Reynolds boundary condition, where
p = 0 and dp = 0 at O = O* (10-42)
dx
Figure 10-7 shows a pressure profile for a bearing using the Reynolds boundary
condition.
E _
Figure lO-7.--Pressure profile for a journal bearing using Reynolds boundary condition.
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10.2 Short-Journal-Bearing Theory
It is shown in chapter 9, on thrust bearings, that side leakage can account for a
substantial reduction in the theoretical prediction of fluid film bearing load-carrying
capacity. The complete solution of the Reynolds equation (eq. (7-48)) for three-
dimensional flow generally requires considerable numerical effort. A useful
approximate analytical solution that takes account of side leakage was presented
in 1953 by Dubois and Ocvirk.
When u, = va = Vb = O, OX = rbOd), Ub = rbc%, and the viscosity is constant,
equations (7-38) and (7-39) become
h 3 Op hrbwb
q,_ -- + -- (10-43)
12r/orb O_b 2
h 3 ap (10-44)
q_- 12,/o Oy
Dubois and Ocvirk (1953) state that for short journal bearings the term
(h3/12oorb)(ap/Od)) in equation (10-43) is small relative to hrb_ob/2. That is, for
short journal bearings the pressure-induced flow in the circumferential direction
is small relative to the Couette flow term. Therefore, they assume that
q__ hrbo:b (10-45)
2
It should be emphasized that this assumption implies not that ap/ax = 0 but that
(h3/12r/0rb) (ap/O_b) is small in terms of hrbo:b/2 for short journal bearings. This
assumption further implies that the Poiseuiile (pressure) flow is more significant
in the y direction than in the circumferential (¢) direction. The result of this
assumption is that the Reynolds equation given in equation (7-48) reduces to
( oha h3 Op = 6r_oO:o O---_Oy (10-46)
The short-journal-bearing theory is valid as long as b/rb < 1.0. Of course, the
smaller b/rb is, the better the agreement with the exact theory.
Assuming no misalignment, the film thickness is a function of,b only, and hence
the right side of equation (10-46) is independent of y. Integrating twice gives
6flowb Oh y2 _y
_ + + /3 (10-47)
P= h 3 002 -_-
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Now the y axis is chosen to be in the center of the bearing so that the boundary
conditions, as they relate to the y coordinate, can be written as
b
p=0 when y= 4--
2
Making use of these boundary conditions results in
,i=0
_ 6_loo_b Oh b2
h 3 c94_ 8
P = h a 0--_ y2 _ (10-48)
The film thickness in a journal bearing was defined in equation (10-5). The film
thickness gradient can be written as
dh
-- = -e sin q_ (10-49)
d4_
Substituting equations (10-5) and (10-49) into equation (10-48) gives
3rt0Wbe (-_- y2)[ sin_b ] for 0<4_< lr (10-50)P-- c 2 (1 +ecos4_) 3 -- --
This equation shows that the parabolic function governs the axial variation of
pressure while the trigonometric function dictates the circumferential variation
of pressure. Subambient pressures predicted by equation (10-50) are ignored,
and it is assumed that the positive pressure region from _ = 0 to _ = _r carries
the total load of the bearing (half Sommerfeld assumption).
The location of the maximum pressure is obtained when Op/O4) = 0. From
equation (10-48)
- 3 o 0b - = 0
or
-3h-4 \ O_b// + O_ 2
-0
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Substituting equations (10-5) and (10-49) into this equation gives
3_ sin2Cm + cos 0m(1 + e cos 0.,) = 0
But sin20m = 1 -cos20m
1 - (1 + 24e2) ''2] (10-51)• • 0m = COS- 1 4e
Note that 0m -- + 7r/2 as e -- 0 and 0,. -- + 7r as e -- 1. The maximum pressure
occurs when 0 = 0,, and y = 0. Therefore, from equation (10-50) the equation
for the maximum pressure is
3r/OWb6b2 [ sin_bm ] (10-52)Pm- 4c 2 (1 + _ cos Ore) f
The load components resulting from the pressure development parallel and
perpendicular to the line of centers under the half Sommerfeld assumption are
l _r f b/2
_ox= 2 o Jo prb sinOdydO
(10-53)
ix l bl2
_'z = -2 o Jo prb cos O dy dO
(10-54)
Substituting equation (10-48) into these equations gives
_X m --
rlOO_berbb 3 f x sin20 d0
2c2 Jo (1 +_ cos 0) 3
_qO_Ob_rb3 _ _ sin 0 cos 0 d0
w:- 2c2 .]0 (1 +e cos 0) 3
When the Sommerfeld substitution given in equation (10-9) is used,
rlowberhb 3 _ T
sin2y ct'r
_ = .1o2c2(1 - _2) 3''2 ,
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rlO°°berbb3 i'[_ .... (sin 3' cos 7 - e sin y)dY
2c2(1 _ 152)2 .
Evaluating these definite integrals yields
"r/0Cdbrbb3 [ 71"15 1v.'x .... (10-55)4c2 (1 - e2) 3_2
_, _noc%r_3[ e2 ]c2 (1 _-e2)2 (10-56)
The resultant load vector is
/i/2
2 ,,,_ '10_°br_3 _
_r : qOx + -- [16152 + r2(1 - e2)] ''2 (10-57)
4c2 (1 - 152)2
The attitude angle is
( _ [r(l=e2) ''2]
cI,=tan-t _'x =tan-I
\_'z/ 4e J
(10-58)
Note that the attitude angle depends directly on the eccentricity rate e so that a
single polar curve of e against ,I, applies for all b/r ratios. Equations (10-55) to
(10-57) can be written in dimensionless form as
• rlot°brbb 4(1 - e2) _/2
(10-59)
_. (__b) 2 = (b) 2 62W. - ....z- (1 - e2)"rlOO_brb b --- (10-60)
Wr = rlOWbrbbwr = (1 e_. e2) 2 [16e 2 + r2(l -- e2)] I/2 (10-61)
The volume flow of lubricant supplied to the bearing through a central hole or
groove must be equal to the net rate of outflow along the bearing axis (y direction).
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The total leakage from the sides of the bearing in the convergent film region (half
Sommerfeld assumption) can be expressed as
qv = -2rb I*( "h3 aP I_ d+
" 30 \12r/0 _-Y/y=b/2
Introducing equation (10-48) gives
qy --
Making use of equation (10-49) gives
I" --Wbrbb--------_e(COS 4,)_-_ = o_brbbeWbrbbe sin 4' d4' = 2
qY-- 2 o
(10-62)
In dimensionless form this equation becomes
Qy = 2qyr _ 2eTr (10-63)
O_brbbC
It can be seen from this equation that qy -- 0 as e -- 0 (no side leakage) and
qy -- _brbbC as e -- l (complete side leakage).
The load-carrying capacity as obtained from the long-bearing solution can be
compared with the short-bearing-theory results by comparing equations (10-40)
and (10-61) to give
W(short bearing)=(b) 2 (2 + e2)[16e2 + 7r2(1 --e2)] 112W (long bearing) _b 24(1 -- 1_2)['/1"2 -- 1_2(_ 2 -- 4)] 1/2
(10-64)
Note from this equation that the load ratios are functions of b/rb and _. The long-
bearing analysis overestimates the load-carrying capacity for all e. The short-
bearing theory provides a much better estimate for finite bearings of b/r b < 1.
The useful range of b/rb for the short-bearing theory depends on the eccentricity
ratio. Short-bearing theory leads to excessive load-carrying capacities (sometimes
exceeding the long-bearing values) at large values of b/rb.
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10.3 Closure
Just as was true in chapter 8 for the thrust bearings, in this chapter the Reynolds
equations for real journal bearings were obtained only in approximate form.
Analytical solutions were possible only for the simplest problems. One of these
solutions was obtained by restricting the flow to two dimensions, the circumferential
and cross-film directions, and neglecting the axial flow. The two-dimensional
solutions have a definite value, since they provide a good deal of information
about the general characteristics of journal bearings. Three types of boundary
condition were imposed on the two-dimensional solutions. A full Sommerfeld
solution produced a skew-symmetrical pressure distribution. The pressures in the
divergent film were all lower than the ambient pressure, and such pressures are
rarely encountered in real bearings. This led to the half Sommerfeld solution, which
simply equates the negative pressures to zero. The half Sommerfeld solution is
more realistic in predicting journal bearing characteristics than the full Sommerfeld
solution, but this simple approach leads to a violation of the continuity of mass
flow at the exit. This violation of continuity of mass flow leads to a third type of
boundary condition used in analyzing journal bearings, namely the Reynolds
boundary condition, p = 0 and dp/dx = 0 at the outlet end. This type of boundary
condition gives excellent agreement with experimental results.
A useful approximate analytical approach also covered in this chapter was the
short-journal-bearing theory. It is asserted that the circumferential Poiseuille flow
term is less important for short journal bearings than either the axial Poiseuille
flow term or the Couette flow term and therefore can be neglected. For width-to-
radius ratios less than 1 the short journal bearing gives a good estimate of load-
carrying capacity for finite bearings. However, the useful range of short-bearing
theory depends not only on b/r b but also on the eccentricity ratio c. Short-bearing
theory predicts excessive load-carrying capacities, sometimes exceeding the long-
bearing solution at large b/rb. The half Sommerfeld boundary conditions used
for the infinitely long bearing overestimate the normal load-carrying capacity for
all eccentricity ratios.
10.4 Problems
10.4.I Starting with equation (10-7) show all the steps in arriving at equation
(10-15) by using the Sommerfeld substitution.
10.4.2 Show how the normal load-carrying capacity differs from the full
Sommerfeld solution to the half Sommerfeld solution. Draw a curve for 0 _< c -< 1.
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Hydrodynamic Journal
Bearings--Numerical Solutions
From equation (7-48) the Reynolds equation appropriate when considering the
finite journal bearing can be expressed as
__0 h3 Op + __ h3 = 12tJr_ ° __
Ox Ov Ox
(7-48)
Now for a journal bearing x = rb_b and t_ = uh/2 = rbwb/2.
a (h3 O__) +r2 0 (_,) _ 0h__ (11-1)Odp "_y h 3 = 6_owbr_, 04_
In chapter 10 the film thickness around the journal is expressed as
h = c(1 + e cos O) (10-5)
Therefore, equation (11-1) can be expressed as
O (h3-_-_) +r_h3 O2P =--6rtoo_brgesinda04_ 3Y 2
(11-2)
Analytical solutions to equation (11-2) are not normally available and numerical
methods are needed. Equation (11-2) is often solved by using a relaxation method.
In the relaxation process the first step is to replace the derivatives in equation (11-2)
by finite difference approximations. The lubrication area is covered by a mesh,
and the numerical method relies on the fact that a function can be represented
with sufficient accuracy over a small range by a quadratic expression. Only the
results from using this numerical method are presented in this chapter.
The three dimensionless groupings normally used to define the operating
parameters in journal bearings are
(1) The eccentricity ratio, e = e/c
(2) The angular extent of the journal (full or partial)
(3) The diameter-to-width ratio, Xk = 2rh/b
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Recall from chapter 10 that when the side-leakage term was neglected in equa-
tion (11-2), _.k did not exist in the formulation, whereas for the short-journal-
bearing theory all three parameters occurred although the region of applicability
was somewhat limited. The results presented in this chapter are valid for the
complete range of operating parameters.
This chapter focuses on the following performance parameters:
(1) Dimensionless load, W r = _,r/[_loc%br b (rb/c) 2]
(2) Location of minimum film thickness, sometimes referred to as
attitude angle.
(3) Friction coefficient, u.
(4) Total and side flow, q and qs
(5) Angle of maximum pressure, (_m
(6) Location of terminating pressure, ¢0
(7) Temperature rise due to lubricant shearing, Atm
The parameters q_, qS,,, and ¢0 are described in figure 11-1, which gives the
pressure distribution around a journal bearing. Note from this figure that if the
bearing is concentric (e = 0), the film shape around the journal is constant and
equal to c and no fluid film pressure is developed. At the other extreme, at heavy
loads the journal is forced downward and the limiting position is reached when
hmi n - 0 and e = c; that is, the journal is touching the bearing.
Temperature rise due to lubricant shearing will be considered in this chapter
as was done in chapter 8 for thrust bearings. In equation (11-2) the viscosity
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"-Film pressure, p
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Figure II- I.- Pressure distribution around a journal bearing.
Performance Parameter Results
of the lubricant corresponds to the viscosity when p = 0 but can vary as a function
of temperature. Since work is done on the lubricant as the fluid is being sheared,
the temperature of the lubricant is higher when it leaves the conjunction than on
entry. In chapter 4 (figs. 4-5 and 4-6) it was shown that the viscosity of oils
drops off significantly with rising temperature. This is compensated for by using
a mean of the inlet and outlet temperatures.
At.,
tm = t i + -- (11-3)
2
where
t i inlet temperature
At,, temperature rise of lubricant from inlet to outlet
The viscosity used in the dimensionless load parameter Wand other performance
parameters is the mean temperature tm. The temperature rise of the lubricant
from inlet to outlet At,, can be determined from the performance charts provided
in this chapter.
11.1 Performance Parameter Results
The performance parameters having been defined, the results will be presented
as a function of the operating parameters discussed earlier. The results presented
are for a full journal bearing. Results for a partial journal bearing can be obtained
from Raimondi and Boyd (1958).
Figure 11-2 shows the effect of the dimensionless load parameter (r/W)- _on
the minimum film thickness hmi n, where hmi n = c - e, for Xk of 0, 1, 2, and 4.
Recall that the load is made dimensionless in the following manner,
Wr = _,r/l_ooJhbrb (rh/c)2]. In this figure a recommended operating eccentricity
ratio, or minimum film thickness, is indicated as well as a preferred operating
area. The left boundary of the shaded zone defines the optimum eccentricity ratio
for a minimum friction coefficient; and the right boundary, the optimum eccentri-
city ratio for maximum load. The recommended operating eccentricity is midway
between these two boundaries.
Figure 11-3 shows the effect of the dimensionless load parameter on the attitude
angle ,I, (angle between the load direction and a line drawn through the centers
of the bearing and journal (see fig. 11-1)) for various _.k. This angle establishes
where the minimum and maximum film thicknesses are located within the bearing.
Figure 11-4 shows the effect of the dimensionless load parameter on the friction
coefficient for four values of hk. The effect is small for a complete range of
dimensionless load parameters.
Figure 11-5 shows the effect of the dimensionless load parameter on the
dimensionless volume flow rate Q = 27rq/rbcbwh for four values of Xk. The
dimensionless volume flow rate Q that is pumped into the converging space by
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Figure ! 1-2. -Effect of dimensionless load parameter on minimum film thickness for four diameter-
to-width ratios. From Raimondi and Boyd (1958).
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Figure l 1-3.-Effect of dimensionless load parameter on attitude angle for four diameter-to-width
ratios. From Raimondi and Boyd (1958).
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the rotating journal can be obtained from this figure. Of the volume ofoil q pumped
by the rotating journal, an amount q_ flows out the ends and hence is called side-
leakage flow. This side leakage can be computed from the volume flow ratio qJq
of figure 11-6.
Figure 11-7 illustrates the maximum pressure developed in the journal bearing.
In this figure the maximum pressure is made dimensionless with the load per
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width ratio,
,8
t_
6 .6
0
_ .4
o
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0 ] I i lll,lll I i lilill[ o I I I ,llll
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Dimensionless load parameter, (nW,) 1
Figure 11-6.- Effect of dimem, ionless load parameter on w._lumc fl_w,' ratio fi_r l'_ur diameter-to-width
ratios, From Rainlondi and Boyd (1958),
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Figure 11-7. -Effect of dimensionless load parameter on diinensionless maxinlum fihn pressure f_)r tktur
diameter-to-width ratios. From Rain_3ndi and Boyd (1958)+
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Figure 11-8. - Effect of dimensionless load parameter on location of terminating and maximum pressures
for four diameter-to-width ratios, From Raimondi and Boyd (1958).
unit area. The maximum pressure as well as its location are shown in figure 11-1.
Figure 11-8 shows the effect of the dimensionless load parameter on the location
of the terminating and maximum pressures for four values of Xk.
The temperature rise in degrees Celsius of the lubricant from the inlet to the
outlet can be obtained from Shigley and Mitchell (1983) as
At,,, = (11-4)
a(1-0.5_ _-)
where Wr* = wrl2rbb is in megapascals. Therefore, the temperature rise can be
directly obtained by substituting the values of (rb/c) # obtained from figure 11-4,
Q from figure 11-5, and q_/q from figure 11-6 into equation (11-4). If the value
of At,,, differs from that initially assumed, recalculate the mean temperature in
the conjunction from equation (11-3) and obtain the new viscosity from figure 4-5
or 4-6. Once the viscosity is known, the dimensionless load can be calculated
and then the performance parameters can be obtained from figures 11-2 to 11-8
and equation (11-4). Continue this process until there is little change in At,,, from
one iteration to the next.
The results presented thus far have been for Xk of O, i, 2, and 4. If X, is some
other value, use the following formula for establishing the performance parameter:
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I 1- 1 b
V ..... [ 2
r,,j -
t 1 (l !-5)
where y is any one of the performance parameters (Wr, ¢I,, rb#/C, Q, qs/q, pro,
00, or 0,n) and where the subscript on y is the kk value; for example, Yl is
equivalent to y evaluated at kk = 1. All the results presented are valid for a full
journal bearing. If a partial journal bearing (180" or 120 ° bearing) is desired,
use Raimondi and Boyd (1958). The same procedure developed for the full journal
bearing should be used for the partial journal bearing.
11.2 Optimization Techniques
The most difficult of the parameters in the operating conditions to control is
the radial clearance c. The radial clearance is difficult to control accurately during
manufacturing, and it may increase because of wear. Figure 11-9 shows the
performance of a particular bearing calculated for a range of radial clearances
and plotted with radial clearance as the independent variable. If the clearance
is too tight, the temperature will be too high and the minimum film thickness
too low. High temperature may cause the bearing to fail by fatigue. If the oil
film is too thin, dirt particles may not pass without scoring or may embed
themselves in the bearing. In either event there will be excessive wear and friction,
resulting in high temperatures and possible seizing. A large clearance will permit
dirt particles to pass through and also permit a large flow of oil. This lowers
the temperature and lengthens bearing life. However, if the clearance becomes
too large, the bearing becomes noisy and the minimum film thickness begins to
decrease again.
Figure 11-9 shows the best compromise, when both the production tolerance
and the future wear on the bearing are considered, to be a clearance range slightly
to the left of the top of the minimum-film-thickness curve. In this way, future
wear will move the operating point to the right, increasing the film thickness and
decreasing the operating temperature.
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Figure I 1-9. - Effect of radial clearance on some performance parameters lor a particular case.
11.3 Nonplain Configurations
Thus far this chapter has focused on plain full journal bearings. As applications
have demanded higher speeds, vibration problems due to critical speeds, imbalance,
and instability have created a need for journal bearing geometries other than plain
journal bearings. These geometries have various patterns of variable clearance
so as to create pad film thicknesses that have more strongly converging and diverg-
ing regions. Figure 11-10 shows elliptical, offset-half, three-lobe, and four-lobe
bearings--bearings different from the plain journal bearing. An excellent
discussion of the performance of these bearings is provided in Allaire and Flack
(1980), and some of their conclusions are presented here. In figure 11-10 each
pad is moved toward the bearing center some fraction of the pad clearance in
order to make the fluid film thickness more converging and diverging than that
occurring in a plain journal bearing. The pad center of curvature is indicated by
a cross. Generally, these bearings suppress instabilities in the system well but
can be subject to subsynchronous vibration at high speeds. They are not always
manufactured accurately.
A key parameter used in describing these bearings is the fraction of length in
which the film thickness is converging to the full pad length, called the offset
factor and defined as
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(a)
(c)
(b)
(
(a)
(a) Elliptical bore bearing (et. = 0.5).
(b) Offset-half bearing (eta = 1.125).
(c) Three-lobe bearing (eta = 0.5).
(d) Four-lobe bearing (eta = 0.5).
Figure 11-10.-Types of fixed-incline-pad preloaded journal bearing and their offset factors eta.
Preload factor, rap, 0.4. From Allaire and Flack (1980).
Length of pad with converging film thickness
Full pad length
In an elliptical bearing (fig. 11-10(a)) the two pad centers of curvature are moved
along the y axis. This creates a pad with one-half of the film shape converging
and the other half diverging (if the shaft were centered), corresponding to an offset
factor ot_ of 0.5. The offset-half bearing (fig. ll-10(b)) is a two-axial-groove
bearing that is split by moving the top half horizontally. This results in low vertical
stiffness. Generally, the vibration characteristics of this bearing are such as to
avoid oil whirl, which can drive a machine unstable. The offset-half bearing has
a purely converging film thickness with a converged pad arc length of 160" and
the point opposite the center of curvature at 180 °. Both the three-lobe and four-
lobe bearings (figs. l l-10(c) and (d)) have an ota of 0.5.
The fractional reduction of the film clearance when the pads are brought in
is called the preload factor rap. Let the bearing clearance at the pad minimum
film thickness (with the shaft center) be denoted by cb. Figure 11-1 l(a) shows
that the largest shaft that can be placed in the bearing has a radius rb + Cb,
thereby establishing the definition of Cb. The preload factor mp is given by
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(
(b)
(a) Largest shaft that fits in bearing.
(b) mp = 0; largest shaft, r,; bearing clearance, ct, = c.
(c) mp= 1.0; largest shaft, rb; bearing clearance, % = 0.
Figure 11-11. -Effect of preload factor mp on two-lobe bearings. From Allaire and Flack (1980).
C -- Cb
mp--
C
A preload factor of zero corresponds to all the pad centers of curvature coinciding
at the bearing center; a preload factor of 1.0 corresponds to all the pads touching
the shaft. Figures 11-1 l(b) and (c) illustrate these extreme situations. For the
various types of fixed journal bearing shown in figure 11-10 the preload factor
is 0.4.
Figure 11-12 shows the variation of whirl frequency ratio with the dimensionless
load parameter at the instability threshold for the four bearing types shown in
figure 11-10. It is evident that a definite relationship exists between stability and
whirl frequency ratio such that the more stable bearing distinctly whirls at a lower
speed ratio. With the exception of the elliptical bearing, all bearings whirl at speeds
less than 0.48 of the rotor speed. The offset bearing attains a maximum whirl
frequency ratio of 0.44 at a dimensionless load parameter of about 0.4 and
decreases to a steady value of 0.35 at higher dimensionless load parameters. This
observation corresponds to the offset bearing's superior stability at high speed
and light load.
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Figure 11-12.- Effect of dimensionlessload parameteronwhirl frequency ratio for varioustypes of
journal bearing. From Allaire and Flack (1980).
The whirl frequency ratios of the three-lobe and four-lobe bearings share similar
characteristics. They both rise sharply at low dimensionless load parameters and
remain fairly constant for most portions of the curves. Asymptotic whirl ratios
of 0.47 and 0.48, respectively, are reached at high dimensionless load parameters.
The three-lobe bearing always has a lower whirl frequency ratio than the four-
lobe bearing. The elliptical bearing is the least desirable for high dimensionless
load parameters.
11.4 Closure
The side-leakage term in the Reynolds equation was considered in this chapter
for a journal bearing. Analytical solutions to this form of the Reynolds equation
are not normally available and numerical methods are used. When side leakage
is considered, an additional operating parameter exists, the diameter-to-width ratio
k_. Results from numerical solution of the Reynolds equation were presented.
These results focused on a full journal bearing, four values of kk, and a complete
range of eccentricity ratios or minimum film thicknesses. The performance
parameters presented for these ranges of operating parameters were
(1) Dimensionless load
(2) Attitude angle
(3) Friction coefficient
(4) Total and side flow
(5) Maximum pressure and its location
(6) Location of terminating pressure
(7) Temperature rise due to lubricant shearing
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These performance parameters were presented in the form of figures that can
easily be used for designing plain journal bearings. An interpolation formulation
was provided so that, if kk is something other than the four specified values, the
complete range of kk can be considered.
11.5 Problems
11.5.1 Given a full journal bearing with the specifications _7 = 4 #reyn,
N_=30 rps, _=2200 N, rb=2 cm , c=40 mm, and b=4 cm, use the
figures given within this chapter to establish the operating and performance
parameters for this bearing.
11.5.2 For the same bearing considered in problem 11.5.1 determine what
the operating and performance parameters are when (1) the half Sommerfeld
infinitely long-journal-bearing theory of chapter 10 is used, and (2) the short-
journal-bearing theory of chapter 10 is used. Compare the results.
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Chapter 12
Dynamically Loaded
Journal Bearings
The design procedures for steadily loaded journal bearings given in chapters 10
and 11 enable the designer to calculate the performance parameters in terms of the
operating parameters. For example, the attitude angle and the eccentricity ratio
can be calculated for any steady-state operating condition. This also enables the
minimum film thickness, a most important quantity affecting the performance
o'f the bearing, to be calculated.
In many important bearing operating situations the load varies in both magnitude
and direction, often cyclically. Examples include reciprocating machinery such as
steam, diesel, and gasoline engines, reciprocating gas compressors, and out-of-
balance rotating machinery such as turbine rotors. Bearings are generally dynami-
cally loaded. Although it is probably true that there are few truly steadily loaded
bearings, many problems can be solved with sufficient accuracy by considering
the steady-state conditions.
With dynamically loaded bearings the eccentricity and the attitude angle will
vary throughout the loading cycle, and care must be taken to make sure that the
combination of load and speed does not yield a dangerously small minimum film
thickness. It is not easy to state a unique value of minimum film thickness that
can be assumed to be safe, since a great deal depends on the manufacturing process,
the alignment of the machine elements associated with the bearings, and the general
operating conditions, including the environment of the machine.
12.1 Relevant Reynolds Equation
From equation (7-45) the general Reynolds equation can be written as
O (ph30p) +L(ph30p_ = O [ph(u_? Ub)] ..t.. _ Iph(l:a-t'-_b).]OS \-i_ Ox Oy \ 12, Oy,I -_x _. O) 2
Oh Oh Op
-- + h -- (7-45)
+ p(w,, - wh) - pu_ Ox - Ov_ Oy Ot
The film geometry and velocity components in a dynamically loaded journal bear-
ing are shown in figure 12-1. This figure introduces two new parameters that
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sin
Figure 12-1.--Film geometry and velocity components in a dynamically loaded journal bearing.
differ from those considered in chapters 10 and 11: (1) we, the rotational speed
of the load vector in radians per second, and (2)/3* the angle between the line
of centers and a fixed coordinate system.
The general Reynolds equation given in equation (7-45) can be applied to any
section of the oil film, and there is no restriction on where it is located on the
axis (x,z). The surface velocities at points a and b in figure 12-1 can be written as
Ub=rbwb (12-1)
ae 0/3"
u_ = r,o_ cos o_ + -- sin _ - e -- cos _ (12-2)
at 0t
v_ = v b = 0 (no movement in y direction) (12-3)
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w b =0 (bushing rotates about its own center) (12-4)
Oe aB*
w. = -r_,, sin o_ +-- cos O + e --Ot 3t
Relevant Reynolds Equation
sin 0 (12-5)
From figure 12-1
tan a -
sin ol e sin 4,
cos at rh + e cos 4,
But c_ is extremely small and e cos 4, < < r/,
e
.'. sin ol = -- sin O (12-6)
rh
After making use of equation (12-6) as well as letting r, -_ rb, equations (12-2)
and (12-5) become
ae a_*
u. = rhw_ +-- sin 4, - e--cos O (12-7)
at Ot
ae a13*
w. = -e_o sin O +-- cos O + e-- sin O (12-8)
at Ot
When curvature effects are neglected,
x = rbO and dx = rb dO (12-9)
Making use of the preceding while assuming an incompressible fluid reduces
equation (7-45) to
a (-_ 0-_--) +r2 a.0
-- -- -- COS 4,=6r b_ rh(o_,,+O_b)h+h
2( ae &3*+ 12r -ew. sin ¢ +-- cos 4, + e-- sin 4,at at
+wae sin 4, +---- e 2 a/3* )e ae sin2 O cos 4, sin O
rh Ot rh at
(12-10)
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On the right side of this equation the first, fifth, and sixth terms are of order
h and the rest of the terms are of order h 2 and can be neglected.
.° = -6r_ e(w a + Wb) sin rb
+ 12r_ (a__ a_* )cosrb+e--sinrbOt
But w = al3*/at is the rotational speed of the journal center about the bearing
center. Also e = e/c.
a Op +r_ 0 Op =12cr 2 cos rb+_ sin rb c0
Orb Oy 2
(12-11)
Equation (12-11) is the governing equation for the pressure distribution in dynam-
ically loaded journal bearings. This equation reduces to the following important
forms for particular situations.
12.1.1 Steady-state conditions.--For Oe/at = ol3*/at = _ = 0, equation (12-11)
reduces to
O 0t9 r2 _0 Op -6r_(_ a + wb)e sin rb = 6r_(wa + Wb) OrbOrb -_- + =
(12-12)
This is the form of the Reynolds equation employed in the analysis of steadily
loaded journal bearings covered in chapter 11. Note that this equation describes
three different physical actions of the shaft relative to the bushing:
(1) If the bushing and shaft rotate in the same direction, the Couette term
increases and results in greater load-carrying capacity.
(2) If _,_ and Wb are in opposite directions, the load-carrying capacity is
reduced.
(3) If Wb = --Wa, implying that the speeds are equal but opposite in sign, the
bearing will have no load-carrying capacity.
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12.1.2 Absence of rotation.--For
Infinitely Long-Journal-Bearing Solution
o_ m -- _a = _b = 0 (12-13)
at
equation (12-11) reduces to
am c°s 
(12-14)
This equation corresponds to the normal squeeze film for a journal bearing.
12.1.3 Half-frequency whirL--If the shaft center rotates about the bushing
center at one-half the shaft rotational speed while the eccentricity remains constant
and the bushing is stationary, half-frequency whirl occurs.
a_ a_ * O) a
.. -- = _% = 0 and _0 - - (12-15)
at at 2
When the preceding occurs, the right side of equation (12-11) reduces to zero,
giving
am am/ =0 (12-16)
This implies a constant (zero) pressure throughout the bearing. If the shaft
precesses about the bearing center at a rotational speed equal to one-half the shaft
speed, the theoretical load-carrying capacity is zero and the phenomenon is known
as half-speed whirl.
Complete solutions of equation (12-11) can be obtained by numerical methods
for any prescribed velocities, but analytical solutions can be obtained for the
limiting cases of full Sommerfeld and short-bearing solutions.
12.2 Full Sommerfeld Infinitely Long-
Journal-Bearing Solution
If the side-leakage term in equation (12-1 1) is neglected, the equation can be
rewritten as
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-- = cos _b+ e sin _ _0 (12-17)
O_ 2
Integrating equation (12-17) while making use of equation (10-5) gives
sin _ - E cos 2
(1 + s _)3
(12-18)
Integrating again while assuming that the viscosity does not vary in the circumfer-
ential direction results in
p = 12,/0 dq_ + Constant
(1 +_ cos @)3
(12-19)
From the Sommerfeld substitution presented in chapter 10 the pressure can be
written as
°' ( )2 at Wa + cob.p = 12'qo - oo2e(l + e cos 4_)2 2
_s,n
x 3' - e sin 7 4
(1 -- e2) 3'2 (1 - _2)5a
7(2 + e2) 2e sin 7 + -- sin 27
_ ,_ 2 4 +/_ (12-20)
(1 - _2)5/2
The boundary condition for a full Sommerfeld solution assumes that a continuous
oil film exists all around the bearing (i.e., no cavitation). Thus, p¢ = P¢+2_ at
all points including _b= O. From equation (12-20)
26o
Infinitely Long-Journal-Bearing Solution
I &
_)_:2,_=2,= 12.o 2_(i+ _)2
at +
2e(l + t) 2
71"(2 -f" _:2),_
(1 - _2) 5n (1 - e2)sn
Therefore, if (P),_=o = (P),_=2, = P0,
,'i- 3e2 (2+_2 co
Po
12r/o (_-) 2
igt
2e(1 +e)2
(12-21)
(12-22)
(12-23)
(12-24)
Thus, substituting equations (12-23) and (12-24) into equation (12-20) gives
P - P° = 67/° (1+ _ COS _) 2 (1+_) 2"
t sin 3,(t cos 3' - 2 + e2)]l
+ [2_o - (w,, + wb)] - -- 2-_,, ---Z 3-_ "(2+t)(l-t )
(12-25)
Converting from the Sommerfeld variable 3' back to q_gives the pressure as
(_/2 I_ [__ 1 1 ]
P - Po = 6no (1 + t cos 0) 2 (1 + e)2
[2s'nO'2+'c° O ]]+ (w. + wh - 2w) ( + e2)(l + _ COS 2" ( i 2-26)
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This equation indicates that the pressure generated when a journal bearing is
dynamically loaded can be determined if the normal squeeze velocity ae/at and
the rotational velocities (wa + oab - 2o_) are known at any eccentricity ratio.
Equation (12-26) reduces to equation (10-15), the steady-state equation for a full
Sommerfeld solution, if tou = w = 0 and Oe/Ot = O.
The force components perpendicular and along the line of centers can be written
from equations (10-22) and (10-23). Substituting equations (12-t8) and (12-23)
into these equations while making use of the Sommerfeld substitution covered
in chapter l0 gives
_. = 127rr/obr b (oaa + oab - 2w) (2 + e2)(1 - e2) 1'2
(12-27)
w" = 12"_rl°brb (1-- _2) 3': (12-28)
These equations reduce to the steady-state form given in equations (10-26) and
(10-27) when w = _o_,= &/Ot = O.
12.3 Short-Journal-Bearing Theory
The short-journal-bearing theory introduced in chapter 10 (section 10.2) will
be implemented for the dynamically loaded journal bearing. The short-journal-
bearing theory assumes that the variation of the Poiseuille (pressure) flow is more
significant in the axial (y) direction than in the circumferential direction. Thus,
O (h____Op) l 0 (h__ Op)
Therefore, the relevant Reynolds equation for short-journal-bearing theory under
dynamic loading can be written from equation (12-11) as
g . =12c Ot cos¢+, sin* _
(12-29)
Integrating this equation gives
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Short-Journal-Bearing Theory
2 ' 3' +/i (12-30)
If the bearing is well aligned (h is not a function of y) and the viscosity rl0 of
the lubricant is constant, further integration gives
p=_- _tcos_+esin0 w 2 . y2+Ay+/_ (12-31)
The boundary condition that p = 0 when y = + b/2 gives ,_ = 0 and
- h 3 &-t cos0+c sin_ w 2 4-
6cr/0(__2h3 )[0eOt (wa+wb)]P= _y2 ---cos_+e sin_ w (12-32)I I 2
This solution to the steady-state equation is given in chapter 10, equation (10-50),
when &/at = w = wa = O.
The force components acting along and perpendicular to the line of centers are
defined in equations (10-53) and (10-54). Substituting equation (12-32) into these
equations while making use of the Sommerfeld integration given in chapter 10
and using the full Sommerfeld solution rather than the half Sommerfeld solution
gives
7rr/°rbb3[c2 (1 ---Tr--e _]( +w b )
_x -- 62)3/2 Wa 2 w (12-33)
_ 7rr/orfl93 [ ff_(l__+ 2e2)] Oe (12-34)
": c2 [ (1 - _2)5,'_j at
These equations do not directly reduce to the steady-state results given in equations
(10-55) and (10-56) when co,, = w = & Or = 0, since a full Sommerfeld solution
was applied to the short-journal-bearing theory in arriving at equations (12-33)
and (12-34), whereas a half Sommerfeld solution was applied to the steady-state
solution in arriving at equations (10-55) and (10-56).
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In the analysis and design of dynamically loaded journal bearings the load is usually
specified as a function of time, and it is necessary to rewrite equations (12-33)
and (12-34) for the short-bearing theory and equations (12-27) and (12-28) for
the full Sommcrfeld theory to express the velocities as the dependent variables.
For example, equations (12-33) and (12-34) can be written in the form
_oa + tob w_ _xc 2 (1 -- 2)3_2
-2 "xr/0rbb3 e
(12-35)
Oe _z c2 (1 -- _2) 5/2
Ot 7r_/0rbb3 1 + 2e 2 (12-36)
If the bushing and shaft velocities (tob and o_a)are known, the components of the
shaft center along and perpendicular to the instantaneous line of centers can be
calculated from equations (12-35) and (12-36) for any specified values of _ and
_,: and for a specified initial eccentricity ratio e.
12.4 Closure
This chapter focused on dynamically loaded journal bearings, where many
important bearing operating situations exist in which the load varies in both
magnitude and direction. The transient Reynolds equation was used, and the
various transient terms were interpreted physically. Half-frequency whirl was
defined as occurring if the shaft precesses about the bearing at a rotational speed
equal to half the shaft speed. The result of this action is that the theoretical load-
carrying capacity reduces to zero. Analytical solutions for the full Sommerfeld
and short-journal-bearing theories were obtained for the dynamically loaded journal
bearing. The pressure and load components were found to reduce to the steady-
state solutions when the rotational speed of the journal center about the bearing
center w, the shaft velocity to,,, and the change of eccentricity ratio with time
d¢/dt all were set equal to zero.
12.5 Problem
Establish the pressure and load components for a dynamically loaded journal
bearing by using the short-journal-bearing theory and the half Sommerfeld boundary
conditions.
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Chapter 13
Hydrodynamic Squeeze
Film Bearings
As mentioned in chapter 1 (fig. 1-4), a positive pressure can be generated in
a fluid contained between two surfaces when the surfaces are moving toward each
other. A finite time is required to squeeze the fluid out of the gap, and this action
provides a useful cushioning effect in bearings. The reverse effect, which occurs
when the surfaces are moving apart, can lead to cavitation in liquid films. For
squeeze film bearings a relationship needs to be developed between load and
normal velocity at any instant. The time required for the separation of the surfaces
to change by a specified amount can then be determined by a single integration
with respect to time.
The starting point of the analysis, as for hydrodynamic lubrication of journal
and thrust bearings, is the Reynolds equation. If the motion is restricted to normal
approach such that the sliding velocities are zero (ua = Ub = va = vb = 0), the
general Reynolds equation given in equation (7-58) reduces to
(13-1)
If the density and viscosity are assumed to be constant, equation (13-1) reduces to
Oxx h30x + Oyy h3 : 12,0 0t =
(13-2)
where w = -#h/Ot is the squeeze velocity.
In cylindrical polar coordinates equation (13-1) can be expressed as
a (ph 3 ap) 1 0 (ph3 _/ O(ph)Orr _,-_ ror +r_k-_ :r Ot
(13-3)
For constant density and viscosity this equation reduces to
Or Orr r_ h3_ = 12"°r Ot=
(13--4)
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These are the Reynolds equations that are normally used in analyzing squeeze
film bearings. This chapter is restricted to situations where the density and the
viscosity are considered to be constant (eqs. (13-2) and (13-4)).
13.1 Parallel-Surface Bearing of Infinite Width
When side leakage is neglected and a parallel film is assumed, equation (13-2)
reduces to
OZP _ 12r/oW
c)x2 h' 3 (13-5)
Figure 13-1 shows a parallel-surface squeeze film bearing and the coordinate
system that will be used. Symmetry of the oil film geometry makes it convenient
to place the origin of the coordinates at the midpoint of the bearing.
Integrating equation (13-5) gives
Integrating again gives
dp_ 12r/oW
dx h_
x + _i (13-6)
6"q°w x 2 + .ix + B (13-7)P 3
ho
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Figure 13- l.--Parallel-surface squeeze film bearing.
Parallel-Surface Bearing of Infinite Width
The boundary conditions are
f
p=0 when x= .4- 2
Making use of these boundary conditions gives ,4 = 0 and /i_= 6rloWf2/4h 3.
Substituting these into equations (13-6) and (13-7) gives
dp 12_0wx
ho (13-8)
and
3r/0w
p = _ (f2 - 4x 2) (13-9)
2ho
Letting
P - ph'3 and X = x (13-10)
rtof2W f
equation (13-9) becomes
e __
ph,_ 3 (1 - 4X e) (13-11)
"qOf2W 2
where -1/2 < X_< 1/2.
The pressure distribution is parabolic and symmetrical about the bearing center,
and the maximum pressure is given by
Pm - pmh,_ _ 3 (13-12)
_j2w 2
or
Pl'tl _ --
3r/of2W
2h,3,
(13-13)
The load-carrying capacity as defined at the beginning of chapter 8 can be
expressed as
w,_ = w,b = 0 (13-14)
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The normal load-carrying capacity can be written as
l e/2 3_°w I e/2_'z' = _'z_ = _'z'b = p dx = _ (e2 - 4x2)dr - r/°e3w (13-15)
- _:2 2ho J_ e12 h3o
In dimensionless terms
W_a=Wxb = 0 (13-16)
, 3
_Z ho
Wz r/oe3W 1 (13-17)
By making use of equations (7-32), (7-33), and (13-8), the shear stress acting
on the solid surfaces can be written as
(0:)(r_):= o = ,7 - -_
z=o ho
(13-18)
(O_z) 6_l°wx(r=):=h = - r/ - 2
z=h ho
The shear forces at the solid surfaces can be written as
(13-19)
f e/2
fb = bj_I/2 (7"ZX)z: 0 dx = 0
(13-20)
f/2f_ = b (r=)z= h dr = 0
-f/2
(13-21)
The volume flow rate can be written from equations (7-38) and (13-8) as
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Parallel-Surface Bearing of Infinite Width
The volume flow rate increases from zero at the bearing center to a maximum
of wbg/2 at the bearing edge. The dimensionless volume flow rate, making use
of equation (13-10), is
Q _ 2qx _ 2X (13-23)
wbe
where - 1/2 _< X _< 1/2.
For time-independent loads (wz' not a function of t), equation (13-15) can be
used to determine the time taken for the gap between the parallel surfaces to be
reduced by a given amount. Since w = -ah/Ot and h = ho, from equation (13-15)
_og30ho (13-24)t __
_Z 3
ho at
Rearranging terms and integrating gives
'f t2 lh2dho_ z d t = --_o
-_3 tl hi
• At=12_tl r/°g3 ( 1 1 /• " =-----7 _" 22wz ho,2 ho:
(13-25)
The final outlet film thickness ho,2 can be expressed in terms of the initial outlet
film thickness ho: and the time interval At as
ho, i
ho,2 = (13-26)
1+
Numerical example (1) : Calculate the theoretical separation velocity required
to reduce the oil film pressure between two parallel plates 0.025 m long and
infinitely wide to a pressure of absolute zero if the oil film separating the plates
is 25 #m thick and has a viscosity of 0.5 N s/m 2.
Solun'on (1): Reducing the pressure to absolute zero implies that p,, = -0.1 MPa
in equation (13-13) and
Oho _ 2h 3 -2(25)3(10-6)3( -0.1)(106) = 0.33 × 10 -4 m/s
at 3_og2 Pm= 3(0.5)(0.025)2
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It is clear from the solution that an extremely small separation velocity will lead
to cavitation and rupture of the oil film.
Numerical example (2) : If a load per width _,/of 20 000 N/m is applied to
the conditions prevailing in example (1), calculate the time required to reduce the
film thickness (a) to 2.5 pro, (b) to 0.25 /_m, and (c) to zero.
Solution (2):
(a) Making use of equation (13-25) gives
At= _-
2_: ho, 2 1 .)_ (0.5)(0.025)3 I 1 1 1h_,l 2(20 000) (2.5 x 10-6) 2 (25×;0-6) 2
At = 1.95 × 10-1°(0.16 -- 0.0016)1012 = 30.9 s
(b) At= 1.95×10 -I° [ 1[ (0.25 × 10-6) 2 (25×10-6) 2]
At = 3120 S
(c)
(25 x 10 -6) 2
This implies that theoretically the oil would never be squeezed out of the space
between the parallel plates.
The differences in the way the load is made dimensionless for normal squeeze
action in contrast to the way it was made dimensionless for a slider bearing should
be observed. For normal squeeze action, as the bearing surfaces move toward
each other, the viscous fluid shows great reluctance to be squeezed out the sides
of the bearing. The tenacity of a squeeze film is remarkable, and the survival
of many modern bearings depends on this phenomenon. The expression for the
dimensionless normal load-carrying capacity of a bearing subjected to squeeze
action can be written as
(W,)squeez e___ _z -- 011[
r/oW
(13-27)
In chapter 8 the normal load-carrying capacity for a slider bearing was made
dimensionless in the following way:
_ _'z =O[1] (13-28)
( WZ)sliding ,q0Ub
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Note the difference in exponent on the ho/g term in equations (13-27) and (13-28).
Another point to be made about the results presented thus far is associated with
the separation of the surfaces. Extremely small separation velocities can yield
extremely low pressures and give rise to cavitation in the form of gas release
or boiling at reduced pressures. One of the most common possibilities of severe
cavitation damage in bearings is associated with changes in operating conditions
that might tend to pull the bearing surfaces apart in the presence of the lubricant.
13.2 Journal Bearing
In the absence of rotation, from chapter 12 (eqs. (12-13) and (12-14)),
- - wa = Wb = 0 (12-13)
0t
and
_q_ + rg _y ot
(12-14)
If side leakage is neglected and the viscosity is assumed to be constant, this equation
reduces to
00
-_- h 3 = 12r_c_70 Ot cos ¢
(13-29)
But the film thickness in a journal bearing was defined in chapter 10 as
h = c(1 + e cos 0) (10-5)
Making use of equation (10-5) results in the following form of equation (13-1):
O (h30_)=12_or_ Oh-=-12r/or_wO0 Ot
(13-30)
where w = -Oh/Ot is the normal squeeze velocity.
The film shape expressed in equation (10-5) and shown in figure 12-1 shows
the film thickness to be the largest at q5 = O. For the condition of normal squeeze
motion in a journal bearing, figure 13-2 can be used. Here the th coordinate starts
at the minimum film thickness. Therefore, the film shape is defined as
h = c(l - e cos qS) (13-31)
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b
Angle in cylindricalcoordinates,
Figure 13-2.--lournal bearing with normal squeezefilm action. Rotational velocities are all zero.
This change does not affect the Reynolds equation expressed in equation (13-30).
When the journal is unwrapped as shown in figure 13-2, it can be seen that the
rate at which the film thickness given by equation (13-31) is being reduced owing
to the normal squeeze motion is w cos 4. Thus, for the unwrapped journal the
Reynolds equation is
. ..: wcosod0 (13-32)
Integrating with respect to 0 gives
dp 12_0r_w sin 0
d0 h 3 h 3
Symmetry about the line of centers requires that dp/dO = 0 when 0 = 0. Therefore,
A = 0 and
dp 12_/0rt_w sin 0
dO h 3
(13-33)
With the film thickness relationship given in equation (13-31)
dp 12r/0r_w sin 0
dO c3(1 -- e COS O) 3
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Integrating gives
6_or2w
+/_ (13-34)
P = ec3(l - e cos O) 2
If the pressure p is to have a finite value when t -- 0, it is necessary that
1_ = - -6_°r_w (13-35)
ec 3
• - p --
6rtor_,w cos 4,(2 - e cos O)
c 3 (! - e cos 0) 2
(13-36)
The normal load-carrying capacity can be expressed as
_'=: 2 fo prb cos O dO
Substituting equation (13-36) into this equation gives
_o.' - 12_°r3w _ * c°s20(2 - e cos 0)d0
c3 Jo
This reduces to
12 7trior3w
t
_O z
C3(1 -- _2) 3n
(13-37)
Figure 13-2 shows that the film thickness is a minimum when 0 = 0. Therefore,
from equation (13-31)
hmi n = c(l - e) (13-38)
dhmi n de
.'. - c -- (13-39)
dt dt
The time of approach can be written as
dhmi n de
w - - c -- (13-40)
dt dt
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Substituting equation (13-40) into equation (13-37) gives
E _2
. C" d6
12rr/0 r3 (1 _2) 3'2
.. t2 -- tl =At-- 127roor_ [ e2 e_l_ ]
_"C_ (1 - e2)1'2 (1 - ¢_) 1'2
(13-41)
Numerical example: Calculate the time it takes for the eccentricity ratio to
increase from 0.6 to 0.9 in a 5-cm-diameter journal bearing having a radial
clearance of 25 #m, a lubricant viscosity of 1 P, and a load of 20 000 N/m.
From equation (13-41)
127r(0.1)(0.025)3 [ 0.9 0.6 ]At = (25) (10_ 2)(20 000) (0.19) 1/2 (0.64) 1/2 S
= 4.71(2.064 - 0.750) s
=6.2s
13.3 Parallel Circular Plate
The geometry of a circular plate approaching a plane in a parallel position is
shown in figure 13-3. The appropriate Reynolds equation for cylindrical coordi-
nates is expressed in equation (13-4). If the surfaces are parallel, axial symmetry
exists and the pressure is a function only of the radius. Thus,
(r o3 r)dr (13-42)
Integrating gives
dp 6_/orw
- +
dr h3o rh_
Since dp/dr will not acquire an infinite value when r = 0, then ,4 = 0. Hence,
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dp 6_/orw
dr h,3
(13-43)
Parallel Circular Plate
W
/ill/III////t/lll/lll////
I
I
i
Figure 13-3.--Parallel circular plate approaching a plane surface,
A further integration gives
3_70r2w +t7
P- ho3
The boundary condition is that p = 0 when r = rb.
and
3_°------_w(r_ - r2)
P = h_
(13-44)
(13-45)
The normal load component can be written as
<l"b 67r_°w(r2r2 r_4_"='b_z = 27rrp dr - 3 -
o ho 4/_=o
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3 7r_lor4 w
2h 3
(13-46)
The time of approach can be obtained from this equation while letting w = -dh/dt.
f 37r_o r4 l ;'''2 dh
dt = _ h,,.,. h 3
or
4_. h ,,.2 ,,,
(13-47)
13.4 Infinitely Long Cylinder Near a Plane
The geometry of the solid surfaces being lubricated by normal squeeze motion
considered thus far in this chapter has been conformal surfaces. The present section
deals with the nonconformal surfaces of an infinitely long cylinder near a plane.
The geometry and the coordinate system used to describe these surfaces are shown
in figure 13-4. The cylinder's length is assumed to be large relative to its radius
so that side leakage can be neglected. As with all the other considerations given
in this chapter the viscosity and the density are assumed to be constant and the
solid surfaces, rigid. The appropriate Reynolds equation is
,2 0wdx
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Figure 13-4.--Rigid cylinder approaching a plane surface.
Integrating once gives
Infinitely Long Cylinder Near a Plane
dp 12r_0w x
Making use of the boundary condition that dp/dx = 0 when x = 0 results in ,4 = O.
Integrating again gives
P = - 12_o w _-5 dx +/_ (13-48)
The film thickness in figure 13-4 can be expressed as
h = ho + r - (r 2-x2) ln=ho+r-r 1-
The last term on the right side of this equation can be expressed in terms of a
series as
[  (Xr; ' (96 ]h=ho+r-r 1-_ -_ --_ -...
or
h=ho+ _ 1+_ 8 +""
(13-49)
Because in the lubrication region x < < r so that x2/r 2 < < 1, this equation
reduces to
X 2
h = ho +-- (13-50)
2r
or
xdx
dh - (13-51)
r
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Thus, equation (13-48) becomes
ldhp = _ 12r/owr _ + /_
or
6_owr
P- h 2
Making use of the boundary condition that h is large when the pressure is zero
results in/_ = 0 and
6_owr _ 6Oowr 1
(13-52)
The normal load component can be written as
i _ 6_7owr_," = p dx -
__ h,2,
dx
l+--
2rh o
(13-53)
Let x2/2rho = tan2_. Then
dx = (2rho)
and
I/2 sec2 _ d_ (13-54)
t x2 / 21 + 2-_o = (1 + tan2_b) 2 = sec4¢,
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r
dx
2rh,, )2
- (2rh,,)I/2 cos2_b d_b = r
•,-_/2 _- (2rho)
t/2
(13-55)
Closure
... - (13-56)
h. \ho/
The time of approach can be obtained directly from this equation while making
use of the fact that w = -dh,,/dt.
"'o N o /h -h
ho.l o- _, I
" At- _-_- ( r x)'/e-(_r ") I/2]6_-2r_°r [ \h,---2/ \h,,:/ j (13-57)
If h,,.2 < < h,,.i
At 6_4c27r__or ( r__.__1/2
vo. \ ho,2 /
(13-58)
13.5 Closure
A positive pressure was found to occur in a fluid contained between two surfaces
when the surfaces are moving toward each other. A finite time is required to
squeeze the fluid out of the gap, and this action provides a useful cushioning effect
in bearings. The reverse effect, which occurs when the surfaces are moving apart,
can lead to cavitation in liquid films.
It was found that a parallel film shape produced the largest normal load-carrying
capacity of all possible film shapes. This is in contrast with the slider bearing
results given in chapter 8, where the parallel film was shown to produce no positive
pressure and therefore no load-carrying capacity. It was also found that in the
normal squeeze action, as the bearing surfaces move toward each other, the viscous
fluid shows great reluctance to be squeezed out the sides of the bearing. The
tenacity of a squeeze film is remarkable, and the survival of many modern bearings
depends on this phenomenon. It was found that a relatively small approach velocity
will provide an extremely large load-carrying capacity.
The various geometrical shapes considered were a parallel-surface bearing, a
journal bearing, a parallel circular plate, and an infinitely long cylinder near a
plane. For each of these shapes not only is the pressure given but also the load-
carrying capacity and the time of approach.
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13.6 Problems
13.6.1 Given the parallel stepped bearing shown below, neglect side leakage
and assume only a normal squeeze motion. Determine the pressure distribution
for the inlet and outlet regions. Also determine the location of the peak pressure,
the normal load-carrying capacity, and the volume flow rate.
Oh
W_--m
///////N_/////////////////• x
13.6.2 Derive expressions for the pressure distribution, the load-carrying
capacity, and the time of approach for a squeeze film situation and the following
geometry:
////////II/1111 ,'/1i_//i/1i///i
In cylindrical polar coordinates the Reynolds equation for incompressible,
isoviscous conditions is expressed in equation (134). In the present problem axial
symmetry is assumed that results in the pressure being a function of radius only.
Thus, the preceding Reynolds equation reduces to
_r rh3 0r = -12r/°rw
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Hydrostatic Lubrication
Hydrodynamic lubrication, where the bearing surfaces are completely separated
by a fluid film, was considered in chapters 8 to 12. Film separation is achieved
by using sliding action to develop a pressure within the bearing. Such bearings,
in addition to having low frictional drag and hence low power loss, have the great
advantage that they are basically simple and therefore are reliable and cheap and
require little attention. Self-acting hydrodynamically lubricated slider bearings
have, however, certain important disadvantages:
(1) If the design speed is low, it may not be possible to generate sufficient
hydrodynamic pressure.
(2) Fluid film lubrication may break down during starting, direction changing,
and stopping.
_3) In a journal bearing as was considered in chapters 10 to 12, the shaft runs
eccentrically and the bearing location varies with load, thus implying low stiffness.
In hydrostatic (also called externally pressurized) lubricated bearings the bearing
surfaces are separated by a fluid film maintained by a pressure source outside
the bearing. Hydrostatic bearings avoid disadvantages (1) and (2) and reduce the
variation of bearing location with load mentioned in disadvantage (3). The
characteristics of hydrostatically lubricated bearings are
(1) Extremely low friction
(2) Extremely high load-carrying capacity at low speeds
(3) High positional accuracy in high-speed, light-load applications
(4) A lubrication system more complicated than that for self-acting bearings
(considered in chapters 8 to 12)
Therefore, hydrostatically lubricated bearings are used when the requirements
are extreme as in large telescopes and radar tracking units, where extremely heavy
loads and extremely low speeds are used, or in machine tools and gyroscopes,
where extremely high speeds, light loads, and gas lubricants are used.
14.1 Formation of Fluid Film
Figure 14-1 shows how a fluid film forms in a hydrostatically lubricated bearing
system. In a simple bearing system under no pressure (fig. 14-1 (a)) the runner,
under the influence of a load w:, is seated on the bearing pad. As the source
pressure builds up (fig. 14-1(b)), the pressure in the pad recess also increases.
The recess pressure is built up to a point (fig. 14-1(c)) where the pressure on
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_z
f-Bearing runner/!
17--_ y_-Bearing _1 mpad ,,,,_ ,_]'nil
/,,/i,./ _._) R:ce_s pressure,/Bearing /
recess -J [_
Manifold I
(a)
_Restrictor Flow, _: _]_"_ Pt > 0
q = 01.,'
__(_ Supply pressure, _ P_ >0
Ps I 0
I I I
(b)
_z
q=_ _P=Pt
P = Pr
I I
(c)
w z + ,_w z
/till
fj .....
i//ii/ "-7 "_"r,-_
_, P = Pr + _,°r
___._ P = Ps
I I
(e)
w Z
I ,41]
,,I,, ,,,,
/////_
q,
I
(d)
=If_ (_j.o
_._) P = Ps
I
Wz- AWz
ho + Aho
IIIII/ "-r
q P = Pr - _°r
I I
(a) Pump off.
(b) Pressure building up.
(c) Pressure times recess area equals normal applied load.
(d) Bearing operating.
(e) Increased load,
(f) Decreased load.
Figure 14-1.--Formation of fluid in hydrostatic bearing system From Rippel (1963).
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the runner over an area equal to the pad recess area is just sufficient to lift the
load. This is commonly called the lift pressure Pe. Just after the runner separates
from the bearing pad (fig. 14-1(d)), the recess pressure is less than that required
to lift the bearing runner (Pr < Pr). After lift, flow commences through the
system. Therefore, a pressure drop exists between the pressure source and the
bearing (across the restrictor) and from the recess to the bearing outlet. If more
load is added to the bearing (fig. 14-1(e)), the film thickness will decrease and
the recess pressure will rise until the integrated pressure across the land equals
the load. If the load is then reduced to less than the original (fig. 14-1(f)), the
film thickness will increase to some higher value and the recess pressure will
decrease accordingly. The maximum load that can be supported by the pad will
be reached theoretically when the recess pressure is equal to the source pressure.
If a load greater than this is applied, the bearing will seat and remain seated until
the load is reduced and can again be supported by the supply pressure.
14.2 Pressure Distribution and Flow
Consider a bearing of the form shown in figure 14-2, where a load w. is
supported by a fluid supplied to the recess at pr and the lubricant flow is radial.
The recesses, or pockets, are provided on one of the surfaces to a depth A in
order to increase the resultant pressure. The pressure in the recess is constant
over the whole pocket area if A/ho > 10 for liquid lubricants. Assume that p = Pr
throughout the recess.
p=0
////
i
J
_-----ro_
J
i
r
Figure 14-2.--Radial-flow hydrostatic thrust bearing with circular step pad.
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Assuming that the film thickness is the same in any radial or angular position
and that the pressure does not vary in the 0 direction, from equation (7-57) the
appropriate Reynolds equation is
Integrating once gives
Trr Trr =0
dr rhi_
Integrating again gives
,i
p = L-_ In r +/_
ho
(14-1)
The boundary conditions for the circular thrust bearing shown in figure 14-2 are
(I)p=prat r=r i
(2) p=0at r=r,,
Making use of these boundary conditions gives
and
F,.(-']]P=Prl \r°/|,n( r']
L \ro/
de Pr
(14-2)
(14-3)
The radial volumetric flow rate per circumference is given as
q/- h,3, dp_ h,3, p, (14-4)
120o dr 12r/o /r:\
In
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The total volumetric flow rate is
_rh_p_ 3rhopr
q = 27rrq_ = - (14-5)
6r/0 In (r-_',) 6r/0 In (__i)
14.3 Normal Load Component
Making use of equation (14-2) gives the pressure distribution in a radial-flow
hydrostatic thrust bearing (shown in fig. 14-3). The normal load component is
balanced by the total pressure force or
f r° r
_': = 7rr2pr + 27rr dr
,r i In (r_,',)
This reduces to
qtJ,z
rpr(r_ - r_)
21n(r°_
\ ri/
(14-6)
Note that the load is not a function of the viscosity; therefore, any fluid that does not
_z
p=O
i
Figure 14-3.--Pressure distribution in radial-flow hydrostatic thrust bearing.
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attack the bearing materials can be used. Where a fluid is already present in a
device, it is an ideal lubricant. Some examples are
(l) Kerosene in aircraft engines
(2) Water in hydraulic machinery
(3) Liquid oxygen in a rocket engine
Some other observations about the equations developed:
(1) "Lift-off" will occur if (Lift pressure)(rr_) = _:. It is important to check
for this in the design of hydrostatic bearings.
(2) From equations (14-5) and (14-6) it can be seen that for a given bearing
geometry and fluid
q
w. _ p_ and Pr oc
.'. q oc wzh _
Therefore, for a constant fluid flow rate the normal load component capacity w_
increases as the film thickness decreases. This means that a bearing with a constant
flow rate is self-compensating. The limiting practical load is reached when h,
reduces to the size of the surface roughness.
14.4 Frictional Torque and Power Loss
Assuming (I) that the circumferential component of the fluid velocity varies
linearly across the film and (2) that viscous friction within the recess is neglected,
then from equation (6-1) the shear force on a fluid element can be written as
u (wr_ _ _o_r2dr dO
f= _,vl_ = rlo(r dO dr) \hoj h,,
The frictional torque is
_ 2 ff LIr o
_°°_ r 3 dr dO = rc_.__.___(r 4 _ r4 )
tq = _ , o ri 2h,,
The total power loss required will consist of two parts:
(1) Viscous dissipation
(14-7)
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HL, = O_tq -- (r,4 -- r4) (14-8)
2ho
(2)Pumpingloss
Frictional Torque and Power Loss
rch;,p;:
H,, = p,q - (14-9)
6.o ln ( r" _
\ ri/
Therefore, the total power loss can be expressed as
rhi,p7
H, = H,. + Hp - rrlo_" (r 4 _ r4) +
2ho (r,,6% In
\ ri/
(14-10)
Note from this equation that H_. is inversely proportional to h,, and HI, is
proportional to h;_.
Often the bearing velocities are low and only the pumping power is significant.
Assuming that the bearing outside diameter 2r, is fixed by physical limitations,
many combinations of bearing recess size and pressure will support the load. For
large hydrostatic bearings it can be important to minimize power. That is, we
would like to know the optimum recess size for minimum pumping power.
Expressing the recess pressure from equation (14-6) as
\ r,/
Pr --
7r(r_, - r,2)
and using equation (14-5) gives the power loss due to pumping power as
Ill, = p,q =
6r/o In (r,,_ r2(r,_- r2) 2 3rrr/o(r,_ - r_):
\ri/
Differentiating with respect to ri and equating to zero while assuming a constant
load gives
OHe - 0 and In r,, 1 - 1
Or i \ ri / = -4 \ r?
Therelbre, rilr,, = 0.53. This produces the minimum pumping power loss.
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14.5 Pad Coefficients
Equations (14-5), (14-6), and (14-9) express the flow, load, and power loss for
a circular step bearing pad. The load-carrying capacity of a bearing pad, regardless
of its shape or size can be expressed in a more general form as
w- = a_/l/,pr (14-11)
where
ah dimensionless bearing pad load coefficient
At, total projected pad area, m 2
The amount of lubricant flow across a pad and through the bearing clearance is
q = qb
r/0
(14-12)
where qb is the dimensionless bearing pad flow coefficient. The pumping power
required by the hydrostatic pad can be evaluated by determining the product of
recess pressure and flow. Assume the angular speed to be zero so that the viscous
dissipation power loss is zero.
H,,: : m, h;?
_o
(14-13)
where H h = qjah is the dimensionless bearing pad power coefficient.
Therefore, the designer of hydrostatic bearings is primarily concerned with the
three dimensionless bearing coefficients (ab, qb, and H D. Values of any two of
these coefficients suffice to determine the third. Bearing coefficients are dimension-
less quantities that relate performance characteristics of load, flow, and power
to physical parameters. The bearing coefficients for several types of bearing pad
will be considered.
14.5.1 Circular step bearing pad.--Rewriting equations (14-5), (14-6), and
(14-9) in terms of equations (14-1 l), (14-12), and (14-13), respectively, gives
at, - (14-14)2,°(,-,,)
\ ri/
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qh = (14- 15)
\r,,/j
2_r In (r°_
\ ri/
Hb = (14-16)
3 1- ri "
The total projected pad area is
A n = _rr2,, (14-17)
Figure 14-4 shows the three bearing pad coefficients for various ratios of recess
radius to bearing radius for a circular step thrust bearing. The bearing pad load
coefficient at, varies from zero for extremely small recesses to unity for bearings
having large recesses with respect to pad dimensions. In a sense, at, is a measure
of how efficiently the bearing uses the recess pressure to support the applied load.
The bearing pad flow coefficient qh varies from unity for relatively small recesses
to a value approaching infinity for bearings with extremely large recesses. Physically,
as the recess becomes larger with respect to the bearing, the hydraulic resistance
to fluid flow decreases and thus flow increases. Also from figure 14-4 the power
coefficient Hh approaches infinity for extremely small recesses, decreases to a
minimum as the recess size increases, and then approaches infinity again for
extremely large recesses. For a circular step thrust bearing the minimum value
of Hh occurs at ri/r,, = 0.53.
14.5.2 Annular thrust bearing.--Figure 14-5 shows an annular thrust bearing
with four different radii used to define the recess and the sills. In this bearing
the lubricant flows from the annular recess over the inner and outer sills. An
analysis similar to that done in sections 14.2 and 14.4 for a circular step thrust
bearing yields the following expressions for the pad coefficients:
t rg - r_ r_- - r i
" (14-18)
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E
b
E
o
U.
, I I I
0 .2 .4 .6 .8
Ratio of recess radius to bearing radius, ri/r o
Figure 14-4.--Chart for determining bearing pad coefficients for circular step thrust bearing. From
Rippel (1963).
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/-- Sills
I
Flow Flow
Figure 14-5,--Configuration of annular thrust pad bearing. From Rippel (1963).
I 1 1(r4)qb _ In r33 In '_-I
Pad Coefficients
(14-19)
Ha = q_ (14-20)
ab
For this type of bearing the projected pad area is
Ap = 7r(r24 - r 2) (14-21)
Figure 14-6 shows the pad coefficients for an annular thrust pad bearing for
rl/r4 = 1/4, 1/2, and 3/4. These results were obtained directly by evaluating
equations (14-18) to (14-20). For this figure it is assumed that the annular recess
is centrally located within the bearing width. This therefore implies that rl + r4
= r2 + r3. Note that the curve for the load coefficient ab applies for all rl/r 4 ratios.
[ _ _ Hb 3/4
" //
24-- 114
1/2
1.2
.8
.4
#
.o_
:g:
3
I I I I I
.2 .4 .6 .8 1.0
(r3 - r2Y(r4 - rl)
Figure 14-6.--Chart for determining bearing pad coefficients for annular thrust pad bearings. From
Rippel (1963).
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14. 5.3 Rectangular sectors.--If the pressure drop across the sill of a rectangular
sector is linear, the pad coefficients can be calculated. Figure 14-7 shows a rectan-
gular sector along with the linear pressure distribution. The pad coefficients for
the rectangular sector are
ah =_- 1 + = i
b g 2be
+ (14-22)
B L BL
' v)qh = _ + (14-23)
Hh = qb (14-24)
ab
The areas of the bearing, the recess, and the sill are given as
Ar = (L - 2g)(B - 2b)
A_ = A_, - Ar (14-25)
A b = LB
Equation (14-23) produces a conservative flow rate and larger loads than actually
experienced; equation (14-22) produces slightly smaller loads.
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Lp,
Figure 14-7.--Rectangular hydroslalic pad.
Assuming that the four corners are not contributing,
Pad Coefficients
e b
ab = 1 (14-26)
L B
1 B 2b +
qb = 6ao
(14-27)
Equations (14-26) and (14-27) are preferred over equations (14-22) and (14-23),
since they produce results closer to those actually experienced. For example,
consider a square sector having B = L and b = e = B/4; then
(1) ab = 0.625 from equation (14-22)
(2) ab = 0.500 from equation (14-26)
(3) ao = 0.54 (exact value)
Consequently, formula (14-26) is preferred in calculating the load coefficient.
Similar conclusions can be reached about equation (14-27).
Figure 14-8 gives the pad coefficients for a square pad and for a rectangular
pad with B = 2L and b = e. The optimum power loss coefficients are clearly
indicated in the figure.
r l i-8 -- 1.4 -J-
B
i ,k).," o"..//I" "°:"'{ /-
° I / ,' / ....
_o LL_ ! /" ----- B/L=2
E ill .._..J_"" - .... B/L = 4
I_' L-..--'_ I I (a)l I I I I ) _bll
0 .2 .4 .6 .8 1.0 0 .2 .4 .6 .8 1.0
2b/B ?_.b/B
(a) Square pad.
(b) Rectangular pad with B = 2L and b = e.
Figure 14-8.--Pad coefficients.
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The hydrostatic bearings considered in this book have been limited to flat thrust-
loaded bearings. Design information about conical, spherical, and cylindrical pads
can be obtained from Rippel (1963). The same approach used for the flat thrust-
loaded bearings is used in obtaining the pad coefficients for the more complex
geometries.
14.6 Compensating Elements
Hydrostatic bearings are relatively more complex systems than the hydrody-
namically lubricated bearings considered in the preceding chapters. In addition to
the bearing pad the system includes a pump and a compensating element, or restric-
tor. Three common types of compensating elements for hydrostatic bearings are
the capillary tube, the sharp-edge orifice, and constant-flow-valve compensation.
14. 6.1 Capillary compensation .--Figure 14-9 shows a capillary-compensated
hydrostatic bearing as obtained from Rippel 0963). The small diameter of the
capillary tube provides restriction and resultant pressure drop in the bearing pad.
The characteristic feature of capillary compensation is a long tube of relatively
small diameter (ec > 20 dc). The laminar flow of fluid through such a tube when
inlet and outlet effects and viscosity changes due to temperature and pressure are
neglected can be expressed as
where
kc(ps - Pr)
qc - (14-28)
"qo
k,, - (14-29)
128t_
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' ]ur 'k,_'",--Bearing
IIIF -ca'"'ar'
i lII l c°m_n_satino
manifold } _._)Ps
l From pump
Figure 14-9.--Capillary-compensated hydrostatic bearing. From Rippel (1963).
Compensating Elements
For a given capillary tube kc is a constant expressed in cubic meters. Thus, from
equation (14-28) the flow through a capillary tube is related linearly to the pressure
drop across it. In a hydrostatic bearing with capillary compensation and a fixed
supply pressure the flow through the bearing will decrease with increasing load,
since the recess pressure Pr is proportional to the load. For the assumption of
laminar flow to be satisfied, the Reynolds number must be less than 2000 when
expressed as
61 =--4pqc < 2000 (14-30)
rcd cTlO
where p is the force density of the lubricant in N s2/m 4. Hypodermic needle
tubing serves quite well as capillary tubing for hydrostatic bearings. Very small
diameter tubing is available, but diameters less than 6 × 10-4 m should not be
used because of the tendency to clog.
14.6.2 Orifice compensation.--Orifice compensation is illustrated in fig-
ure 14-10. The flow of an incompressible fluid through a sharp-edge orifice can
be expressed as
qo = ko(Ps - Pr) I/2 (14-31)
where
7rca(_l°)2 (14-32)
k°=
and Cd is the orifice discharge coefficient. For a given orifice size and a given
lubricant, ko is a constant expressed in ma/s N v2. Thus, from equation (14-31)
flow through an orifice is proportional to the square root of the pressure difference
across the orifice.
w Z
//-Runner
/ Ih| .,a......_a,. I__°
,-"i"' "," " '" ' " ' " ]'" _, _r-
I .od \ .Ji
I ]l_.,._p-._l _ Bearing
Orifice_-_ I_do _ pad
su o - JL- 
manitold I _) Ps
h
From pump
Figure 14-10.--Orifice-compensated hydrostatic bearing. From Rippel (1963).
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The orifice discharge coefficient Cd is a function of Reynolds number. For an
orifice the Reynolds number is
112
(R = _ [20(Ps - Pr)]
_/0
(14-33)
For a Reynolds number greater than approximately 15, which is the usual case
in orifice-compensated hydrostatic bearings, Ca is about 0.6 for d,,/dp < O. 1. For
a Reynolds number less than 15 the discharge coefficient is approximately
c a = 0.2_-(R (14-34)
The pipe diameter dp at the orifice should be at least 10 times the orifice diameter
do. Sharp-edge orifices, depending on their diameters, have a tendency to clog.
Therefore, do less than 5 × 10-4 m should be avoided.
14. 6.3 Constant-flow-valve compensation.--Constant-flow-valve compensation
is illustrated in figure 14-! 1. This type of restrictor has a constant flow regardless
of the pressure difference across the valve. Hence, the flow is independent of the
recess pressure.
The relative ranking of the three types of compensating elements with regard to
a number of considerations is given in table 14-1. A ranking of I in this table indi-
cates the best or most desirable type of compensation for a particular application.
Basically, any type of compensating element can be designed into a hydrostatic
bearing system if loads on the bearing never change. But if stiffness, load, or flow
varies, the choice of the proper compensating element becomes more difficult and
the reader is again referred to Rippel (1963).
/--Variable orifice for
T° bearing recess't(_ _-_ scOt_l_tg flOwpr_.._ _
From l
pump IPs
Figure 14-11.--Constant-flow-valve compensation in hydrostatic bearing. From Rippcl (1963).
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TABLE 14-1.--RANKING OF COMPENSATING ELEMENTS a
[From Rippel (1963).]
Consideration
Initial cost
Cost to fabricate and install
Space required
Reliability
Useful life
Commercial availability
Tendency to clog
Serviceability
Adjustability
Compensating element
Capillary Orifice Constant-
flow
valve
2 1 3
2 3 1
2 1 3
1 2 3
1 2 3
2 3 1
1 2 3
2 1 3
3 2 I
aRanking of I denotes best or most desirable element for that particular consideration.
Closure
14.7 Closure
Hydrostatic bearings offer certain operating advantages over other types of
bearing. Probably, the most useful characteristics of hydrostatic bearings are high
load-carrying capacity and inherently low friction at any speed, even zero. The
principles and basic concepts of the film formation were discussed and a circular
step thrust pad configuration was analyzed. The expressions for flow, normal
load-carrying capacity, and pumping power loss for a circular step thrust pad
configuration are
q
_rh3pr
(14-5)
7rpr(r 2 - r2)
(14-6)
np m
32
_hopr
(14-9)
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Equation (14-6) shows the load-carrying capacity to be independent of bearing
motion and lubricant viscosity. There is no problem of surface contact wear at
starting and stopping as was true for slider bearings.
A more general way to express equations (14-5), (14-6), and (14-9) is
q =qb
rlo
(14-12)
_z = abAppr (14-11)
/-)__= Hb
r/0
(14-13)
where qb, ab, and Hh are only functions of the pad geometry being considered
and Ap is the total projected pad area. Results were presented for a circular step
bearing pad, an annular thrust bearing, and rectangular sectors.
Three common types of compensating element for hydrostatic bearings were
considered, namely the capillary tube, the sharp-edge orifice, and constant-flow-
valve compensation:
(1) Capillary compensation implies that the length of the tube ec is much larger
than the capillary diameter (fc > 20 dc). The flow was found to be proportional
to Ps - Pr"
(2) In orifice compensation the flow was found to be proportional to (Ps - Pr)_2.
14.8 Problems
14.8.1 For an annular thrust bearing as shown in figure 14-5 start with the
appropriate Reynolds equation and determine the flow, the load, and the pumping
power loss for this bearing. Prove that equations (14-18) to (14-20) are valid.
14.8.2 Given a circular step thrust bearing that is hydrostatically lubricated
as shown in figure 14-2 and the following values:
r,, =7.5 cm
ri = 5.0 cm
v.,. = 50 kN
p. = 0
N,, = 15 rps
70 = 2.4× 10 -2 N s/m 2
If the desired film thickness is 100/zm, determine what the recess pressure, the
flow rate, and the power loss are for this bearing.
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Chapter 15
Hydrodynamic Bearings--
Considering Fluid Inertia
In chapter 7 the Reynolds number (R was defined as the ratio of inertia effects
to viscous effects. It was found that in typical hydrodynamically lubricated thrust
and journal bearings the inertia effects are small relative to the viscous effects.
However, inertia effects can sometimes be important; for example:
(1) Any change in pressure in the entrance region of a foil bearing can greatly
affect the behavior of the entire bearing. Such a change in pressure can be caused
by inertia effects if the fluid velocity and the inertia are high enough to create
a pressure component (1/2 pu 2) comparable to the bearing pressure (T/ro, where
T is the foil tension).
(2) Inertia effects can be significant if a separation bubble exists when flow enters
the film around a sharp-edged corner as is the case in hydrostatic (also referred
to as externally pressurized) bearings when flow goes from the recessed region
to the bearing region. This effect is the same as the vena contracta effect that
occurs in the flow through sharp-edged orifices. The Reynolds number is generally
larger for hydrostatic bearings than for any other type of hydrodynamic bearing
owing to the fact that the film thickness is larger, especially in the recessed region.
These two examples typify the sort of applications where inertia effects might
need to be considered. Furthermore, as the operational speed of bearings increases,
inertia effects become more important.
This chapter shows how to consider inertia effects. The analysis is as general
as possible, with an application at the end of the chapter to a fixed-incline slider
bearing. In order to illustrate the results of considering inertia effects, a simple
case is considered where
(1) Viscosity is assumed to be constant
(2) Steady-state conditions prevail
(3) Side-leakage effects are neglected
(4) No body forces exist
(5) The fluid is considered to be incompressible
The Navier-Stokes equations applicable under these conditions can be written from
equations (6-28) to (6-30) as
au 0u ldp .0(o2u 02u\
u Ox+ w ..... + - + _-j) (15-1)Oz po dx Po \ _x2
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u Ox + w ..... +-- + (15-2)& poOZ oo\OX z Ozz/
The corresponding continuity equation under these conditions is
Ou Ow
-- + -- = 0 (15-3)
#x OZ
The velocity components are defined in terms of stream functions, which are
introduced in chapter 8, section 8.4.9. Therefore, the Navier-Stokes and continuity
equations are made dimensionless by letting
x=eX, z = hoZ, u = .o,_z(X,Z), '_z -
aZ
P= Tl°gU° P'h---f--ow= -u° (_-_) _x(X'Z)' _x- O_oX
(15-4)
The scale of the velocities is done this way to ensure that aw/az does not vanish,
since it is required to exist in order to get physically meaningful solutions.
Substituting equations (15-4) into equations (15-1) to (15-3) while making use
of equation (7-4) gives
fft,,('I'z4'zx - 'I'x'I'zz) -- -- --+ + _zzz
ox
(15-5)
6Ix ('I'x'I'xz - 'I'z'I'xx) ....
OP h 2
(15-6)
_zx = _xz (15-7)
These then are the first and third Navier-Stokes equations and the continuity
equation, respectively, for the earlier defined situation.
Diprima and Stuart (1972) recommend the following method of solution to the
nonlinear problem described in these equations:
= _oo(X,Z) -'t- $ol(X,Z) "l" (_x_lo(g,z) "1"- $o2(X,Z)
+ o 61x,I,,](X,Z) + 6C_2o(X,Z) + ... (15-8)
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and
(#P = Poo(X,Z) + PoI(X,Z) + (R_PIo(X,Z) + PoE(X, Z)
+ OlxPl_(X,Z) + 6CP:o(X,Z) + ... (15-9)
Substituting equations (15-8) and (15-9) into equation (15-5) gives
aPoo [ho"%2apo,_l aP,o [ho'_21O3_>oo+[ho_2a3_'o,
ox t,-7) -d-x-- "Tf-+ t T ) Lo-7-d-Zt,-F)
03_10 O3_oo+fho\2O3_Ol _ O3_'lo
+ _ az--Z--_+ ...] + +iT) - " (15-10)
Collecting terms of 0(1), O[(ho102], O((Rx), respectively, gives
0 OPoo 03_oo
= ---+-- (15-11)
OX aZ 3
0 = OPoi + 03_00 0"13_01 (15-12)
- 37- o_ + oz----_
a_,0oa2_ a_0_ a2_oo _ OP_o a3_,o
+ -- (15-13)
3Z OZOX OX 3Z 2 OX 3Z 3
These are the terms from the first Navier-Stokes equation. From the third Navier-
Stokes equation (eq. (15-6)) in a similar manner, we get terms of O(1), O[(ho/f)2],
O((Rx), respectively, as
3Poo
0 - Poo = Poo(X) (15-14)
Oz
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0 - aPOl a3_,oo
aZ axaz 2 (15-15)
OPio
0 = PJo = Plo(X) (15-16)
OZ
The boundary conditions as they pertain to equations (15-11) to (15-16) are
(1) When z = 0 or Z = z/ho = 0, then u = Uo.
(2) Whenz=horZ=h/h o=H, thenu=0.
Making use of the nondimensionalization given in equation (15-4) and applying
boundary condition (1) gives
1 = Oz- when Z = 0 (15-17)
OZ
Recalling equation (15-8) gives
0,i;0o
OZ OZ (_.o) 2 a_Ol a_lO
+ --+(Rx - 1
OZ OZ
This implies that
a_oo _Ol a_10
aZ OZ aZ
when Z = 0
- 0 when Z = 0 (15-18)
The result of equation (15-17) implies that
= _ = _01 = _lO = 0 when Z = 0
Making use of equation (15-4) and boundary condition (2) gives
u = Uo-- = 0 when Z = H
OZ
(15-19)
Making use of equation (15-8) gives
U=Uo_ + --+6Ix--+... =0
OZ OZ
304
when Z =H
• a$oo _ a$ol _ a_,o = o
OZ OZ OZ
Order I Solulions
when Z = H (15-20)
_oo = Constant = doo
,I,0L = Constant = d01
,I, Io = Constant =dm
when Z = H
when Z = H (15-21)
when Z = H
15.1 Order 1 Solutions (Po0 and _00)
Integrating equation (15-11) three times with respect to dZ gives
"_ _ _Ja'oorX,_1 Z3 dPoo= - -- + ?oo(x3z2+ Boo(x3z+ coo(x3
6 dX
(15-22)
Maki_ng use of the bou_ndary conditions in equations (15-19) and (15-18) implies
that Coo(X) = 0 and Boo = 1, respectively. Therefore, equation (15-22) becomes
Z 3 dPoo
_oo(X,Z) - + .4oo(X)Z 2 + Z (15-23)
6dX
Making use of the boundary condition expressed in equation (15-20) gives
0 H2(X) dPoo _ [Y_TJIYI
=- + _,.oo,.... ,.. + I
2 dX
or
1 [1 + H2(X) dPoo]Aoo(X) - 2H(X) 2 d-X J
(15-24)
Substituting equation (15-24) into equation (15-23) gives
Z 3 dPoo Z 2 [ H2(X) dPoo]
1+ +Z
_oo(X,Z) 6 dX 2H(X) 2 _-J
(15-25)
Making use of the boundary condition expressed in equation (15-21) gives
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,i,oo(X,Z)= doo-
or
H3 dPoo
6 dX H(I+ +H
B _ dPoo_
2 2 dX/
H 3 dPoo H
d0o = + -- = Constant (15-26)
12 dX 2
Taking the derivative with respect to dX gives
d (H 3 dPoo_ dH
dX k, --_-/ = 6 --_
(15-27)
This is the Reynolds equation describing the variation of pressure P0o with
respect to X. Note also that equation (15-27) is exactly the Reynolds equation
used in chapter 8 (eq. (8-15)) when considering thrust bearings while neglecting
inertia and side-leakage terms.
From the definition given in equation (15-4)
Uo OZ OZ
+ HOT
where HOT denotes higher order terms. Ignoring the higher order terms while
making use of equation (15-25) gives
H2u _ Z 2 dPoo Z 1 +-- dP°° + 1
uo 2 dX H 2 dX /I
or
u---=( l-Z)uo ZHdP°° (I-Z)2 dX
Couette term Poiseuille term
(15-28)
This velocity component is the planar velocity, or the velocity in the direction of
sliding. The velocity in the direction of the film can be written from equation (15-4)
as
w _ h° _- h° Ocb (15-29)
Uo e e OX
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15.2 Order (ho/f) 2 Solutions (PO1 and OO1)
Integrating equation (15-15) with respect to dZ gives
PoI(X,Z) = - --a2_°° + ,4o1(X) (15-30)
07_,0X
Substituting equation (15-30) into equation (15-12) gives
03_01 -- dA°l -- 2 03_---'_
OZ 3 dX #ZOX 2
Substituting equation (15-25) into this equation gives
OZ3 - dX --_ + 2Z _ --_\2 H/
Integrating with respect to dZ three times gives
/3 dZol Z5 d3poo Z4 d2 (n dPoo _)
_o,(X,Z_= _ _ _ 7X_ + E _ _ +
+/_o,(X)Z z + _,(X)Z +/_o,(X) (15-31)
Making use of the boun_dary conditions expressed in equations (15-18) and (15-19)
results in C01 = 0 and Eol = 0, respectively. Making use of the boundary condition
expressed in equation (15-20) gives
HZ d_4°1 H4 d3p°° + + + 2H/_ol (15-32)
0= 2 dX 12 dX 3 3 dX 2 dX
Substituting the boundary condition expressed in equation (15-21) gives
H 3 dAol H 5 d3poo + + + H2/_01
d0a = 6 dX 60 dX 3 12 dX 2 dX
(15-33)
Equations (15-32) and (15-33) have two equations and two unknowns, Bot and
d_,ol/dX. Multiplying equation (15-32) by H/2 while subtracting from equa-
tion (15-33) gives
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- + k- _ + _) (15-34)d01 12 dX 40 dX 3 12 dX _ dX
Differentiating equation (15-34) with respect to X turns, it into a second-order linear
nonhomogeneous equation for ,_01 (X).
Solving for dAol/dX in equation (15-34) while expanding this equation gives
_ d2 (1) 12do_
d/tot H2 d3p°° H dH d2poo H d2H dPoo H
dX 5 dX 3 dX dX 2 2 dX 2 dX dX _ H 3
(15-35)
From equation (15-27)
H3 d2poo dH dPao dH
+ 3H 2 -- -- = 6 --dX dX dX
(15-36)
H3 d3poo dH d2poo
+ 6He dX dX 2 +dP°° d (3H2-_XX)=6d2HdX dX dX 2
From equation (15-36)
d2poo 6 dH 3 dH dPoo
dX 2 H 3 dX H dX dX
(15-37)
(15-38)
Substituting equation (15-38) into equation (15-37) gives
d3poo dP0o [18 (dHX) 2 1 d (3H2 dH)] 6 d2H 36 (dH_ 2dx 3 dX \dX/ n 3 dx +n 3 dx t-r \,tx/
(15-39)
The second and third derivatives in equation (15-35) can be eliminated by making
use of equations (15-38) and (15-39) to give the following:
dAo, _ dPoo (dH_ 2 + __ d2H l _ 4
dX dX \dX/ 10 dX2J --_ \dX] 5H dX 2 H 3
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(15-40)
Equation(15-32)canberewrittenas
H _ dAol H 4 d3poo H 3 dH d2Poo H 3 dZH dPoo
+ + +
0=2 dX 12 dX 3 3 dX dX 2 6 dX 2 dX
Order (hole)2 Solutions
+ -- + 2H/_o_
3 \dX/ 3 dX 2
Expressions for d/lol/dX, d3poo/dX 3, and d2poo/dX 2 having been developed in
equations (15-40), (15-39), and (15-38), respectively, the preceding equation
can be rewritten as
2 ,ix \,ix/
":"1 " :"
1od-X-_J-7 \dx/ 1o ax2 H
-_- m --
H d2H
H 4 dPoo 18 (dH_ 2 3 d2H 6 (dH'_ 2] +
12 dx _ \ex/ n dx_ t-1_ \dx/ j 2 dx_
H 3 dH 6 dH 3 dH dPoo + + _
3 dX \-H3 dX H dX dX/ 6 dX 2 dX 3 \dX/I
H d2H
+ 2H/_o l
3 dX 2
This equation can be rewritten as
_o,=--_ L- -_ \dX/ + --60 dx_J +_ \dX/
1 d2H 3dol
+
30 dX 2 H 2
(15--41)
Having an expression_ for/_l as well as equations (15-35), (15-36), and_(15-39)
while recalling that Col = Eol = 0, we can evaluate the stream function 4'oI(X,Z)
given in equation (15-31).
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15.3 Inertia Correction (P10 and _10)
Substituting equation (15-25) into (15-13) while recalling equation (15-16) gives
ax H 2 ax/ ax 2 dX 2 aX/J
_,,poo l
dX 2 2 dX +- Z 1 +
2 dX,/J dX H 2 dX,/J
OPio 03_10
- +
OX 023
Expanding this equation gives
12 _ dX /l \ dX2/] T
+ + +--
2 ax/-5-_- -_ 2--_/
2 dX/ 2 dX 2 dX 2 dX/
dPlo d3_lo
+
dX OZ3 (15-42)
Integrating three times gives
7! \ d-X-//\-_-U// - -_-.t
+ + +
2 dX/-_ 5T. 2 dX/
d _ dPoox-- + +
dX 2 dX /
Z _ d2poo Z 4 d + _ dPoo_
5! dX 2 4! dX 2 dX /
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Z 3 dPto Z 2 -
-- -- + -- AIO + Z/_ + _1o+ 3! dX 2! 10 Clo = (15-43)
Inertia Correction
The boundary conditions are
(1) Z = 0 and ':I'j9 = 0
(2) Z = 0 and 3_bto/3Z = 0
(3) Z = H and ':I'!o = Constant = dlo
(4) Z = H and 3¢bLo/3Z = 0
Making use of boundary conditions (1) and (2) gives Ci0 =/_to = 0. From bound-
ary condition (3)
Ai0 dl0 2H 5
2 H 2 7! deooX_(d2eooX_ 2H4 ( l ndeooX_d2poo--_-/ \ _2-_-/+ _T. +-2 ---_-/ ax2
(1,,5_ 2 ax / 5-_ 2-_/ 5! dx_
(± 14,iF,®'] 1-1ae,oH 2 d +-- (15-44)
+ 4_-d-X \H : _--J 3! dX
Boundary condition (4) gives
dlo 5H5 fdPoo'_fd2poo'_ 4H4 (71 - ndeooX_d2efro
H 2- 7! \dXJ\dXZJ+_. \H+2 dX] dX 2
-
3,,-,_ +_ ,,,,oo'(]3,,__p_,
4(5!) dX 2 dX // J 2(5!) dX 2
H2 d (1 H dPo_+ _ _x +2--_1
H dPto
12 dX
(15-45)
Making use of the preceding equation gives equation (15-43) as
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HZ 6 H_Z 5
+
7HsZ_ ]6! 4(5!) (4!)(5!)
+ d2P°°I-----z-- --+--+2Z6 9H3Z2 3Z5 HZ4 ]dX" 6!n 4(5!) 2(5!) 2(4!)
q_dn(dPoo_2(2HzS-5H4Z2) (zS-5H3Z2) dH
dX
dPoo dH (Z 4 -- 2H2Z 2) dH (Z 4 -- 2H2Z 2)
+
dX dX 2(4!) dX 4!H 2
+ (15-46)
dX 3!
Thus far in this chapter the formulation is in a general form. The remainder of the
chapter (since it will be related to bearings) is more specific. For example, the
pressure is assumed to be known at two end points a and b. This implies that
(1) At X = 0, P = P, -- P = Poo + Pot + (R._P_o + -.. = P_-
(2) AtX= I,P=Ph--P=Poo+ Pol +(R_Pto+... =Pb.
Therefore, these conditions can be rewritten as
(1) At X = 0, Poo = P_ and Pol = Pio = 0.
(2) At X = I, Poo = Ph and P01 = Pio = 0.
These conditions will be satisfied in establishing the pressure.
312
Force Components
15.4 Force Components
This section uses the already developed expressions for the stream function and
the pressure in determining the force components as they relate to bearing lubrica-
tion. From equation (6-8) the normal stresses acting on a fluid element when the
dilatation term is neglected (since this chapter is concerned with an incompressible
fluid) can be written as
#w
oz = -p + 2% -- (15-47)
Oz
_u
-- (15-48)
0-x= -P + 2% Ox
Also, from equation (6-12) the shear stress can be written as
_'xz= Tlo + (15-49)
Note that only the x-dimensional stress field is considered, since at the beginning of
the chapter it was assumed that side leakage can be neglected.
Making use of the nondimensionalization given in equation (15-4) while making
use of equations (15-8) and (15-9) changes equations (15-47) to (15--49) as
follows:
0"7. _ -- __ h2 eoo + Po, + (RxPIo + 2 c3xa---z axa-_ "'"
(15-50)
rlotUo Poo + Pol + (RxPto - 2
-x= - h-S- axaz x_ + '
(15-51)
_- hoL_ _r+_x--- OZ2 OX2
J (15-52)OX2 + ...
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The normal applied load per unit length is
w" = (a: - p,,)dr
,0
Substituting equation (15-50) gives
- _ - Poo - P,, + Pm + (R._PIo
rloUJ2 , 0
+ 2(_._) 2 02cboo 02cb,o]-- + ffl_ -- + ... dXOXOZ OXOZ
where
.. W: = W:.oo + W:,ol + ff(,W:. ,_ + ... (15-53)
l14I=.oo= - (Poo - P.)dX (15-54)0
W:,ol = - Pol + 2 dX
• o OXOZ/
(15-55)
o oxoz/
Integrating equatmn (15-26) gives
1 1 ix __dP°°dX = P0o(X) - P. = 6 _ - 12d(_ H3
o dX .o , o
Making use of the boundary conditions gives
'l dX
I ,,o H2
doo-
2 (t dXH_
, 0
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(15-57)
(15-58)
Substitutingequation(15-58)intoequation(15-57)gives
Force Components
Poo(X) - P_ = 6
cx x .: xdx
Jo| ----H2-- 6 dX 0 H3
H 3
(15-59)
Substituting equation (15-59) into equation (15-54) gives
l dX
dX'_ dX , oWz,oo = -6 + 6
° _/ i ' dxtr'
0
(15-60)
Integrating by parts gives
i ](I_dxx_dx=fldxOH2/ 0 H2 f l-_dxO
Hs --_ dX
o _/ - _o o
Substituting these two equations into equation (15-60) gives
l 'dxl
_I H2 li X o X
Wz,oo = 6 -_ dX _ ' dX _ (15-61)
0 1 __ 0H 3
0
The evaluation of Wz,ol and Wz,10 would have to be done numerically.
The shearing force per unit length at the moving surface can be expressed as
t
f[ = (rxz)_=o dx
0
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Making use of equation (15-52) while nondimensionalizing the preceding equation
gives
where
Fb -- f['h° -- Fb,oo + Fb,m + 6t_Fb,10 + ... (15-62)
llOUog
S,r<,_,oo(_)0_,.1
Fb'o0 = 0 L Oz2 OX2 ]z=o dX (15-63)
f.ro_+o(_)0_,ol
Fb'°l = 0 [ OZ2 OX2 Jz:o dX (15-64)
l' I-a_,lO(_) o=,,o]
Fb'lO = 0 k oz_ ov Jz=o dX (15-65)
From equation (15-25)
_-/_=o =°
02_oo z dPoo 1 (1-I - H2 dPoo_
OZ 2 dX H \ 2 dX /
02_100" _ 1 ( H e dPoQ'_cgZ2,]z=o= /t 1+ 7 dX/
(15-66)
(15-67)
Substituting equations (15-66) and (15-67) into equation (15-63) gives
f'(-_"_7Fb.oo = -- + --f dX (15-68)
0
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From equations (15-26) and (15-58)
dPoo_ 6
l dX6 o H2
dX
H 2 H 3 f'dX
o H3
(15-69)
Substituting equation (15-69) into equation (15-68) gives
_ dXFb,o0 = -4 0 H
m+
l dXH 3
o
(15-70)
15.5 Fixed-Incline Slider Bearing
The equations developed thus far in this chapter were written in a general form so
that the results are applicable for any film shape. This section applies the solutions
to a fixed-incline slider bearing as was considered in chapter 8, section 8.4.
Note that the first-order solution of this chapter is exactly the same as the results
obtained in chapter 8. In particular, equation (8-30) gives the same results for
Wz as those obtained for Wz,oo from equation (15-61) when the film shape defini-
tion given in equation (8-19) is used. Furthermore, the dimensionless shear stress
at the moving surface Fb for a fixed-incline slider beating given in equation (8-32)
is exactly the same as that obtained from equation (15-70) for Fb,00 when the film
shape given in equation (8-19) is used.
Table 15-1 shows how the inertia correction term compares with the first-order
term when both the normal applied load and the shear stress are at the moving
TABLE 15-1.--FORCES OF A FIXED-INCLINE SLIDER BEARING
AS OBTAINED FROM FIRST-ORDER SOLUTION
AND INERTIA CORRECTIONS
Film thickness Normal applied load Shear stress
ratio,
Ho = ho/sh First-order Inertia First-order Inertia
solution, correction, solution, correction
Wz,0O Wz.10 Fb.o0 Fb,lO
2.0 0.0335 0.0011 -0.424 -0.0237
1.0 .158 .0123 - .772 - .0856
.5 .592 .ll3 -1.396 -.271
.2 2.175 1.470 -2.885 -.861
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surface and the ratio of inlet to outlet film thickness is varied. The inertia correction
becomes more significant with decreasing film thickness ratio. For 11o= 2.0 the
inertia correction is only 3.3 percent of the first-order solution of the normal
applied load; for Ho = 0.2 the inertia correction is 67.6 percent of the first-order
solution. For the shear stress calculations when Ho = 2.0 the inertia correction
is only 5.6 percent of the first-order solution; for H,, -- 0.2 the inertia correction
is 29.8 percent of the first-order solution. Table 15-1 also shows that for an
incompressible fluid, as was the restriction of the chapter, and as a parallel surface
is being approached (H o -- oo), the inertia correction as well as the first-order
solution approaches zero. Of course, the inertia correction approaches zero at
a much faster rate than the first-order solution. Therefore, the flow accelerates
in order to maintain a constant mass flow.
15.6 Closure
The Reynolds number was defined as the ratio of inertia to viscous effects on
a fluid element. Previous chapters indicated that for hydrodynamically lubricated
thrust and journal bearings the inertia effects are small relative to the viscous
effects. In this chapter analytical methods were presented showing how solutions
of pressure, stream functions, and force components can be obtained while con-
sidering inertia effects. The analysis was formulated in the most general manner.
The pressure and stream functions were expressed in first-order terms, inertia cor-
rections, and (h,,/e) 2 terms. Analytical solutions were obtained for each of these
terms while neglecting terms of higher order. A number of assumptions were
imposed, including neglecting side-leakage and body force terms and assuming
incompressible, steady-state, and constant viscosity. General expressions were
also obtained for the normal load-carrying capacity and the shear stress at the
moving surface. At the end of the chapter the general solutions were applied to
a fixed-incline slider thrust bearing. The first-order terms for the normal load-
carrying capacity and the shear stress were found to be the same as those developed
in chapter 8. Furthermore, it was found that the inertia corrections approached
zero as a parallel film shape was approached (Ho- oo) and became more
significant as the film thickness ratio was decreased. It was, however, concluded
that it is in general accurate to neglect inertia effects in self-acting thrust and journal
bearings, since their contribution is small relative to the viscous effects. Inertia
effects may be important when considering the entrance effects in foil bearings
or if a separation bubble exists when flow enters the film around a sharp-edged
corner, as is the case in an externally pressurized bearing.
15.7 Reference
Diprima, R.C.. and Sluarl, J.T. (1972)Flow Between EccentricRotatingCylinder_. J_Lubr. Technol.,
vol. 94, no. 3, pp. 266 274.
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Chapter 16
Gas-Lubricated Thrust Bearings
Gas-lubricated film bearings have commanded considerable attention in recent
years because they possess characteristics that make their use advantageous in many
bearing applications. They are analogous to the hydrodynamic oil-lubricated bear-
ings considered thus far except that the fluid is compressible. Furthermore, air
is 1000 times less viscous than even the thinnest mineral oils. Consequently, the
viscous resistance is very much less. However, the distance of nearest approach
between the bearing surfaces is also correspondingly smaller, so that special pre-
cautions must be taken in manufacturing the bearing.
Some strengths of gas-lubricated bearings are as follows:
(1) Their friction or viscous resistance is extremely low.
(2) The lubricant is ample and clean.
(3) The lubricant does not contaminate surfaces.
(4) The liabricant operates well from extremely low to extremely high temperatures.
(5) The film does not break down from cavitation or ventilation.
Some weaknesses of gas-lubricated bearings are as follows:
(1) For the same size bearing the load-carrying capacity of a gas-lubricated
bearing is many times less than that of an oil-lubricated bearing.
(2) The surfaces must have an extremely fine finish.
(3) The alignment must be extremely good.
(4) Dimensions and clearances must be extremely accurate.
(5) Speed must be high.
(6) Loading must be low.
(7) Their stability characteristics are poor.
Gas bearings are finding increasing usage in gas-cycle machinery, where the
cycle gas is used in the bearings, thus eliminating the need for a conventional
lubrication system; in gyros, where precision and constancy of torque are critical;
in food and textile processing machinery, where cleanliness and absence of con-
taminants are critical; and in high-speed dental drills. It is obvious that gas bearings
will find applications only where their strengths outweigh their weaknesses. Although
their use will always be limited in scope because of inherent weaknesses, it is broad
enough to merit an examination of their behavior as a machine element.
16.1 Reynolds Equation
From chapter 7, equation (7-58), the general form of the Reynolds equations
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can be expressed as
OYO[ Oh(v'2-+ vb) ] + --O(Ph)ot (7-58)
Now if u_ = v. = % = 0, this equation reduces to
....OxO( _ 3 oxOP)+--OyO(P_ 3 _y) =6Ub O(ph)ox+12--0(oh)0t (16-1)
The viscosity of gases varies little with pressure. The viscosity thus can be
considered a function of temperature only and can be accounted for in 70- There-
fore, the viscosity can be assumed to be constant throughout the bearing.
• r/= % = Constant (16-2)
The equation of state for a perfect gas gives the density as
P = Rt., (16-3)
P
where
gas constant, equal to universal gas constant divided by molecular weight
tm gas temperature
Gas bearings normally operate isothermally. In such a case equation (16-3) reduces
to
P = Constant (16-4)
0
Note that a more general, polytropic law can be used where
P
-- = Constant
O n
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Reynolds Equation
and where
1 _< n < Cp (16-6)
Cv
Cp specific heat at constant pressure, J/kg K
Cv specific heat at constant volume, J/kg K
n polytropic gas-expansion exponent
When flow is adiabatic (i.e., there is no transferred heat and the change in internal
energy equals the compression work), n = Cp/Cv. When flow is isothermal,
n = 1 and we have the equation of state, equation (16-4). Experience shows that
equation (16-5) applies to many thermodynamic processes.
Inserting equations (16-2) and (16-5) into equation (16-1) gives
- xV =6 °ub
(16-7)
Letting p = poP, h = hminH, x = O_', y = bY, and t = T/co gives
OX OY
= Ag -_ pl/n + ag _ pl/n (16-8)
where
e
x = - (16-9)
b
is the length-to-width ratio,
6r/OUbt ( 16-1 O)Ag = 2
pahmin
is the dimensionless bearing number, and
12r_o_t2
°g = 2
P ah rain
(16-11)
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is the dimensionless squeeze number. For isothermal condition n = 1 and equa-
tion (16-8) becomes
-- + -- PH 3 = Ag -- + Og --
OX aY ax aT
(16-12)
Either equation (16-8) or (16-12) is normally used in gas lubrication analysis when
laminar flow conditions prevail. As can be seen from these equations, the compres-
sibility of the gas complicates the analysis by making the Reynolds equation
nonlinear. That is, the left sides of equations (16-8) and (16-12) are nonlinear
in the variable P.
The first simplification to equation (16-12) is to consider only time-invariant
lubrication and thereby drop the a (PH)/aTterm. The remaining equation is often
reduced further by ignoring either the side-leakage term #(PH 3 aP/aY)/aY or the
so-called parabolic portion a(PH 30P/aX)/#X of the main bearing flow. The first
of these approximations is the infinitely long-bearing approximation; the second
is the short-bearing approximation. Both were covered while considering journal
bearings in chapter 10. If there is no relative motion, as in hydrostatic bearings,
Ub = 0 and the Ag term in equation (16-12) vanishes.
16.1.1 Limiting solutions.--For steady-state operation, _ = % = 0 and equa-
tion (16-12) reduces to
O (ell3 OP) _k2 O (cge) O(Pt_aX ff-X + -- pH3OY _ = Ag
• OX
(16-13)
There are two important limiting cases in the solution of the compressible Reynolds
equation given in (16-13).
16.1.1.1 Ertremely low velocities (Ub -- O, Ag -- 0): Equation (16-13) can be
differentiated to yield
_ (n3 _e) h2 0 (0P) H 3 [(0PX/2 _2 (0P_ 2]or" -ff + T I_\ox/ j
= + _ (16-14)
Now as Ub -- 0 and Ag -- 0, P -- 1.0 and the pressure rise Ap -- 0. Therefore,
terms such as OP/OX are small. In particular, (OP/OX) 2 < < OP/OX and is there-
fore negligible. Similarly, (OP/OY) 2 < < OP/OY and is therefore negligible.
Furthermore, it can also be shown that H/P (OP/OX) < < OH/OX. Therefore,
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equation (16-14), when Ub -- 0 and Ag -- 0, reduces to
Reynolds Equation
H3--_ + -_ H3"_ = Ag-_ (16-15)
Equation (16-15) is the incompressible form of the Reynolds equation as described
in equation (7-48). This brings us to afirst important principle: at extremely low
velocities self-acting gas lubrication can be considered incompressible, and the
results derived for complete film lubrication for liquids apply directly to low-
velocity gas lubrication.
16.1.1.2 Extremely high velocities (Ub -- oo, Ag -- _): From equation (16-13)
we can observe that as Ub -- oo or as Ag -- oo the only way for the pressure to
remain finite is for OPH/OX- O. This implies that
PH = Constant (16-16)
and that
ph = Constant = pahmin (16-17)
A fundamental difference exists in equation (16-17) between liquid lubrication and
gas lubrication. In liquid lubrication the pressure and load (integrated pressure) are
directly proportional to velocity and viscosity and independent of ambient pressure.
In self-acting, gas-lubricated bearings a second important principle is that at extremely
high velocity the pressure and load (integrated pressure) become independent of
velocity and viscosity but are directly proportional to ambient pressure. Note that
the high-velocity asymptote is determined solely from the right side of equa-
tion (16-13) independent of the terms appearing on the left side of the equation.
This means that the high-velocity asymptote for finite-length bearings is the same
as that for an infinitely long bearing. This leads to a third important principle
as related to gas lubrication, namely that side leakage can be neglected even on
short bearings if the velocity is sufficiently high.
These three fundamental principles of self-acting gas lubrication are presented
graphically in figure 16-1. Repeating these important points,
(1) At extremely low velocities gas bearing behavior is closely approximated by
incompressible or liquid lubrication solutions for the same bearing geometry.
(2) At extremely high velocities ph = Constant and load becomes independent
of speed.
(3) At extremely high velocities side-leakage effects are negligible, since finite-
and infinite-length-bearing solutions both approach ph = Constant.
16.1.2 Slipflow.--The material covered thus far assumes laminar flow. In slip
flow the velocity profile through the film is different from that seen in laminar
flow. In slip flow a difference exists between surface velocity and average fluid
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Figure 16- I ,--Effect of speed on load for self-acting, gas-lubricated bearings. From Ausman [ 1961 ).
velocity at the surface. Slip flow only becomes important in gas-lubricating films.
The Knudsen number 3£ is an inverse measure of the average number of
molecular collisions in a given film thickness.
_rn
3£ - (16-18)
h
where
X,,, mean free molecular path of gas, m
h film thickness, m
When 3£ < 0.01, the flow may be treated as a continuum or as laminar flow;
when 0.01 < 3£ < 15, slip flow becomes significant; and when 3£ > 15, fully
developed molecular flow results. The mean free path of air molecules at room
temperature and atmospheric pressure is about 0.064/_m. Thus, a film thickness
of 2.54 #m yields 3£ = 0.025, and slip is not quite negligible.
Burgdorfer (1959) showed that incorporating slip flow in the boundary condi-
tions results in the following Reynolds equation:
OX (I + 63£)PH s OP X2 0OY
For gases X,,# = C, a constant,
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(
ph
(16-20)
If m is defined as a representative Knudsen number such that
m=--
pahmin
(16-21)
then
m
PH
(16-22)
Substituting equation (16-22) into equation (16-19) gives
[(6m) OP] O [(6m) a__y]
O 1 +-- PH 3 )2 1 +-- PH 3
o-_ t,n -ff + av el_
O(PH) O(PH)
= --+ Crg--Ag OX 0 T
(16-23)
16.2 Parallel-Surface Bearing
Assuming no slip at the gas-surface interface, isothermal conditions, and time-
invariant lubrication and neglecting side leakage, the appropriate Reynolds equation
for gas-lubricated bearings is
d (pH3-._XX) Ag d(PH)dX dX
(16-24)
For a parallel-surface bearing H = 1; therefore,
_, :dX dX
or
d2(p 2) dP
dX 2 - 2Ag dX (16-25)
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Integrating gives
d(p2) - 2AgP + ,4
dX
16.2.1 Low-bearing-number results.--As A_
Integrating gives
The boundary conditions are
(1) P=PiatX=O.
(2) P=Poat X= 1.
dX
p-' =,ix+ _
Making use of these boundary conditions gives
g = PF
_i = e?,- e?
.. p_ = ,,_ + (p), - p2)x
(16-26)
O, equation (16-26) reduces to
(16-27)
(16-28)
fw: = b (p - p,,)dx
o
W. - bep,V"_ Iol (P _ 1 )dX (16-30)
Substituting equation /16-29) into (16-30) gives
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or
Note that if P, = P,,. then P = Pi = Po everywhere. The results for an incom-
pressible parallel-surface bearing, in chapter 8, section 8.3, are similar. The normal
load-carrying capacity is just the integration of the pressure, or
(16-29)
Parallel-Surface Bearing
W.= 1 P + P_,- X -1 dX
o
W. - 2P_, + 2P,,P, + 2p2 - 3Po - 3Pg (16-31)
3(P,, + Pi)
Note that if Pi : P,, = 1, 14/. = 0 for a parallel-surface bearing.
16.2.2 High-bearing-number results.--Equation (16-24) reveals that as
Ag_ oo
d(PH) 0
dX
But H = l for a parallel-surface bearing and
dP
.. ---- 0 (16-32)
dX
or
P = Constant = Pi
The normal load-carrying capacity can be obtained by substituting equation (16-32)
into equation (16-30) to give
ItW= = (Pi- l)dX= P,- 1 (16-33)
o
16.2.3 Intermediate-bearing-number results.--Integrating equation (16-24)
while letting H = 1 for a parallel-surface bearing gives
or
Integrating gives
p --
dP
= AgP + =Ax(P+B)
dX
(1 P _ t_)dP = Ax dX
P -/_In (P +/_) = A_,X + (16-34)
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Making use of the boundary conditions expressed in equations (16-27) and (16-28)
gives
P/- B In(P/+ /Y) = C (16-35)
Po - B In(Po + B) = As + C (16-36)
or
ln(P°+ p,-po+ = -A, (16-37)
This equation shows that/_ can be determined numerically for given values of
Pi, eo, and Ag.
Substituting equation (16-35) into equation (16-34) gives
e - e, +
(16-38)
The normal applied load must be obtained numerically by using equation (16-37)
to solve for /_, equation (16-38) to solve for P, and equation (16-30) to solve
for the dimensionless normal load-carrying capacity.
Note that even for the simplest of film shapes a complete analytical solution is
not possible for gas-lubricated thrust bearings. Therefore, a linearized analysis
needs to be employed if analytical solutions are to be obtained.
16.3 Parallel-Step Bearing
Just as in chapter 9, section 9.1, a finite-width, parallel-step slider bearing was
analyzed for incompressible lubrication, this section analyzes the same bearing
(fig. 16-2) but with gas as a lubricant. In the figure the ridge is where the film
thickness is hr, and the step is where the film thickness is h_, or hr + A. The feed
groove is the deep groove separating the end of a ridge and the beginning of the
next step. Although not shown in this figure, the feed groove is orders of magnitude
deeper than hr. A "pad" is defined as including a ridge, a step, and a feed groove.
The feed groove is short relative to the length of the pad. Note that each pad acts
independently, since the pressure profile is broken at the lubrication feed groove.
16.3.1 Pressure distn'bution.--With no slip at the gas-surface interface,
isothermal conditions, time-invariant lubrication, and constant film thickness,
equation (16-7) becomes
O (p ap) O Cp _y) 617oubap (16-39)
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Figure 16-2.--Rectangular-stepthrust bearing. From Hamrock (1972).
Expanding and rearranging terms give
#2p__ 02p 67/oUb/)p 1 (16-40)
#x 2 Or 2 ph 2 Ox P L \_xj \Oy/ j
In order to solve this equation analytically, linearization assumptions need to be
imposed. Ausman (1961) first introduced this linearization, which states
(1) That the terms on the right side of equation (16-40) are small relative to
the terms on the left side and therefore can be neglected.
(2) That p, which appears as a coefficient in the third term of equation (16-40),
is replaced by the ambient pressure Pa"
Making use of these linearizations reduces equation (16-40) to
a2p + /)2p _ 6,/oUb ap (16-41)
Ox 2 Oy2 pah 2 c_x
Recall from chapter 9, section 9.1.1, that for the same type of bearing but with
an incompressible lubricant the appropriate Reynolds equation is equation (16-41)
but with the right side of the equation equal to zero (see eq. (9-2)).
From equation (16-41) the separate linearized Reynolds equations for the ridge
and step regions of the finite-width, parallel-step slider are
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a2pr a2pr _ 6r/oUb 3p_
+ (16-42)
ax 2 ay 2 p_h ff ax
a2p_ + a2p,_ 6_0ub Op,,
Ox2 03,2 p,,h_ ax
(16-43)
Subscript r refers to the ridge (see fig. 16-2), subscript s refers to the step, and
subscript g refers to the feed groove. Letting
x = bX. v : bY. Pr = P,(P, + 1), and p, = p,,(P, + 1) (16-44)
changes equations (16-42) and (16-43) to
02P r 02P r OP,.
-- + -- = A,,
OX 2 Oy 2
(t6-45)
02p, O2P, A. OP_
OX 2 + 0y2 1-t2 OX (16-46)
where
6%ubb
A,, - (16-47)
Pah_
h_
H,, = -- (16-48)
h_
Using separation of variables while solving for the pressure gives
),,,2]I(5P_=expk_-- ) A-_exp X +J_ + B_exp -X +J_
X 11)r sin(JrY ) + E,. cos(J_Y)] (16-49)
["A,,X_
P_ = exp/=-s3-_/
\2H_,/
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r /exp |X/_7d4 + J{ +/_ exp
k \4/-/,] \4H 4
x [/9_ sin(a(,Y) + _ cos(J,Y)] (16-50)
The boundary conditions are
(1) P_=0whenX=0.
(2) Pr = 0 when
Parallel-Step Bearing
b es+e,.+e_ b
(3) Pr = P_ = E F,_ cos(mrrY) when
m=l,3 ....
x=_-= e_+e,+e_ b
or X = _bsk, where F* is the Fourier coefficient.
(4) OPt _ OPt = 0 when Y= O.
OY OY
1
(5) Pr=Ps=Owhen Y=--.
2
(6) qr = q_ when X = _bgk.
For boundary conditions (1) to (5), equations (16-49) and (16-50) become
m=l,3 ....
Ps= _-_ [F_nc°s(mTrY)e(Ad2tt_)(x-c'gX)l( -x_s )
__ e_XL ] e - e xts (16-52)
re=l,3 ....
where
1/2
_r= [(-_-£)2+m27rZJ
2 l
_J_= \2H_/ +mZTrZ]
The linearized equations describing the mass flow across the ridge and the
step can be written as
331
Gas-Lubricated Thrust Bearings
qm,r = --
P_
qm.s = --
P_
Note that qm.r and q,,.s are mass flow rates in the ridge and step regions having
units of newton-second per square meter. This is quite different from volume
flow rates in chapter 9, having units of cubic meters per second. By making use
of equation (16-44) these equations can be made dimensionless, where
qm.r 12r/0b L 03x]
_ [ Ao ae,,]q"_ 12.oh _ (Ps + 1) - aXJ
Making use of boundary conditions (3) and (6) gives
OPs OP_
x 1 + F_ cos(m_rY)
ra=1,3 ....
(16-53)
By making use of equations (16-51) to (16-53) the Fourier coefficient F_* can
be solved.
4(H.-1) sin(_ --_)
m_'l_+--A. 1--_] +_ l--_J
(16-54)
16.3.2 Normal load component and stiffness.--The dimensionless load com-
ponent for the ridge and the step can be written as
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_r 2 ll/2f_xx= - Pr dXdY
Wr Pa be h Jo ¢_x
ParelleI-Step Bearing
= - Ps dXdY
W_ p,_be X _o _o
Substituting equations (16-51) and (16-52) into these equations gives
re=l,3 ....
re=l,3 ....
x - _ + (16-56)1 - e -2_#x_.,
The total dimensionless load supported by a rectangular step pad can be written as
W = wr + w_ _ Wr + W, (16-57)
pagb
The equation for the dimensionless stiffness is
aW
Ke = -hr -- (16-58)
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Therefore, with equations (16-54) to (16-58) the dimensionless load component
and stiffness for a self-acting, gas-lubricated, finite-width-step thrust pad is com-
pletely defined. From these equations it is evident that the dimensionless load
component and stiffness are functions of the following five parameters:
(1) The dimensionless bearing number, Aa-
(2) The length-to-width ratio of the pad, k -
h$
(3) The film thickness ratio, H a =-
hr
6rloubb
pah 2
e +e,+eg
b
(4) The step location parameter, _bg -
(5) The groove width ratio, /3g -
16.3.30ptimizingprocedure.--The problem is to find the optimal step bearing
for maximum load-carrying capacity or stiffness at various bearing numbers. This
means, given the dimensionless bearing number Aa, find the optimal X, the
optimal Ha, and the optimal _bg.The groove width ratio/3g is much less signifi-
cant than the other parameters. Therefore, for all evaluations/3g will be set equal
to 0.97.
The basic problem in optimizing X, Ha, and _kg for maximum load-carrying
capacity and stiffness is essentially that of finding values of X, H,, and _bgthat
satisfy the following equations:
OW OW OW
OX OHo O_,g
- 0 (16-59)
_ _ _ o
OX OH_ O_g
(16-60)
A Newton-Raphson method is used for solving these simultaneous equations.
16.3.4 Step sector thrust bearing.--Figure 16-3 shows the transformation of a
rectangular slider bearing into a circular sector bearing. For optimization of a step
sector thrust bearing, parameters for the sector must be found that are analogous
to those for the rectangular step bearing. The following substitution accomplishes
this transformation:
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b- ro- r i
No((_ + er + eg) -- 7r(r o + ri)
Figure 16-3.--Transformation of rectangular slider
Parallel-Step Bearing
bearing into circular sector bearing.
ub - -2 (ro + r_)
where No is the number of pads placed in the step sector. By making use of this
equation, the dimensionless bearing number can be rewritten as
3r/0_0(ro2 - r2)
Aa - 2 (16-61)
pahr
The optimal number of pads to be placed in the sector is obtained from the fol-
lowing formula:
rr(r o + ri)
N O - (16-62)
)_opt(ro - ri)
In this equation Xopt is the optimum value for the length-to-width ratio. Since NO
will normally not be an integer, rounding it to the nearest integer is required.
16.3.5 Results.--Figure 16-4(a) shows the effect of Aa on X, H,_, and _,g for
the maximum load-carrying capacity and a range of A a from 0 to 410. The
optimal step parameters (X, H a, and _kg) are seen to approach an asymptote as
the dimensionless bearing number Aa becomes small. This asymptotic condition
corresponds to the incompressible solution of X = 0.918, _,g = 0.555, and
Ha = 1.693. Recall that for the incompressible solution of a step bearing the right
sides of equations (16-42) and (16-43) are zero.
Figure 16-4(b) shows the effect of A, on h, Ha, and fig for the maximum
stiffness. As in figure 16-4(a) the optimum step parameters approach asymptotes
as the incompressible solution is reached. The asymptotes for the maximum stiffness
are ), = 0.915, _bg= 0.557, and Ha = 1.470. Note that there is a difference in
the asymptote for the film thickness ratio but virtually no change in X and g's
when compared with the results obtained for the maximum load-carrying capacity.
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Dimensionless bearing number. As = Peh°r
(a) For maximum dimensionless load-carrying capacity.
(b) For maximum dimensionless stiffness.
Figure 16--4.--Effect of dimensionless bearing number on optimum step parameters. From Hamrock
(1972).
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(a) For maximum dimensionless load-carrying capacity.
(b) For maximum dimensionless stiffness.
Figure 16-5.--Effect of dimensionless bearing number on dimensionless load-carrying capacity and
dimensionless stiffness. From Hamrock (1972).
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Both figures 16--4(a) and (b) show that for bearing numbers A_ greater than the
locations where _bg, k, and Ha approach asymptotic values
(I) The length-to-width ratio k increases (i.e., the length of the pad increases
relative to its width).
(2) The step location parameter ff_ decreases (i.e., the length of the step
decreases relative to the length of the pad).
(3) The film thickness ratio H_ increases (i.e., the step depth increases relative
to the clearance).
Figures 16-5(a) and (b) show the effect of dimensionless bearing number Aa
on dimensionless load-carrying capacity and stiffness. The difference in these
figures is that the optimal step parameters are used in figure 16-5(a) as obtained
for the maximum load-carrying capacity and in figure 16-5(b) as obtained for
the maximum stiffness. Also shown in these figures are values of K 8 and W when
the step parameters are held fixed at the optimal values as obtained for the
incompressible solution. The significant difference between these results does not
occur until A a > 8.
16.4 Spiral-Groove Bearing
An inward-pumping, spiral-groove thrust bearing is shown in figure 16-6. The
dimensionless parameters normally associated with a spiral-groove thrust bearing
are (1) groove angle, _,,; (2) groove width ratio, g/_ = 0r/0_; (3) film thickness
ratio, Ha = h Jhr; (4) radius ratio, c_= ri/ro; (5) groove length fraction,
338
q
G
F l- ...... ; I i- - -r9--_l -]_
Pa
Figure 16-6 --Spiral-groove thrust bearing. From Malanoski and Pan (1965).
Spiral-Groove Bearing
R_ = (r,, - rm) (to - ri); (6) number of grooves, No; and (7) dimensionless bear-
ing number, A, = 3_0_(r_ - _ 2r2)/pahr. The first six parameters are geometrical
parameters and the last parameter is an operating parameter.
The performance of spiral-groove thrust bearings is represented by the following
dimensionless parameters:
Dimensionless load."
1 5Gj_°z (16-63)
Wo_ - 7rpa(r2 _ r_)
where G r is the groove factor
Dimensionless stiffness."
Koe --
Dimensionless mass flow rate."
Dimensionless torque."
1.5hrGfk_
_p.(d - d)
(16-64)
3 r/°qm (16-65)
am -_- - 3
rpahr
6tq (16-66)
rq = _p°(d + r_)h_A_
The design charts of Reiger (1967) are reproduced as figure 16-7. These were
obtained by solving for the pressure in the Reynolds equation (eq. (16-13)) for
the spiral-groove thrust bearing given in figure 16-6 and then solving for the
various performance parameters.
In a typical design problem the given factors are load, speed, bearing envelope,
gas viscosity, ambient pressure, and an allowable radius-to-clearance ratio. The
maximum value of the radius-to-clearance ratio is usually dictated by the distortion
likely to occur to the bearing surfaces. Typical values are 5000 to 10 000. The
procedure normally followed in designing a spiral-groove thrust bearing by using
the design curves given in figure 16-7 is as follows:
(1) Select the number of grooves No.
(2) From figure 16-7(a) determine the groove factor Gf for a given radius ratio
o_ = ri/r o and N 0.
(3) Calculate the dimensionless load W_ (eq. (16-63)).
(4) If W_, > 0.8, then ro must be increased. Return to step (2).
(5) From figure 16-7(b), given W_ and c_ establish A_.
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Figure 16-7.--Charts for determining characteristics of spiral-groove thrust bearings. From Reiger
(1967).
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(6) Calculate Asa1,/2h, [ 13 0o 2\to  j
If ro/h, > 10 000 (or whatever preassigned radius-to-clearance ratio), a larger
bearing or higher speed is required. Return to step (2). If these changes cannot
be made, an externally pressurized bearing must be used.
(7) Having established what c_ and A s should be, obtain values of K=, Tq, and
Qm from figures 16-7(c), 16-7(d), and 16-7(e), respectively. From equations
(16-64), (16-65), and (16-66) calculate k=, qm, and tq.
(8) From figure 16-7(f) obtain the film thickness ratio Ha, the groove angle
_a, and the groove width ratio ¢'a" From figure 16-7(g) obtain the groove length
fraction Rg.
16.5 Closure
Gas bearings are analogous to hydrodynamic oil-lubricated bearings except that
the fluid is compressible. Furthermore, air is 1000 times less viscous than even
the thinnest mineral oils. The viscous resistance is consequently much less.
The Reynolds equation in dimensionless terms for a gas-lubricated bearing where
isothermal conditions and no slip flow prevail can be written as
0 PH 30P X2 0 pH 30P _(PH) +Og--
where
_. length-to-width ratio, e/b
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Ag dimensionless bearing number for thrust bearings, 6710Ubl/pah2min
og squeeze number, 12rloJ2/pah2min
In the preceding equation the compressibility of the gas complicates the analysis
by making the Reynolds equation nonlinear in the pressure P.
When only time-invariant lubrication is assumed, two limiting solutions of
extremely small velocities (Ag -- 0) and extremely large velocities (Ag -- oo)
produce three important principles:
1. At extremely low speeds gas bearing behavior is closely approximated by
incompressible or liquid lubrication.
2. At extremely high speeds ph = Constant and load becomes independent of
speed.
3. At extremely high speeds side-leakage effects are negligible, since finite-
and infinite-length-bearing solutions both approach ph = Constant.
In slip flow a difference exists between surface velocity and average fluid
velocity at the surface. Slip flow becomes important only in gas-lubricated films.
The Knudsen number 3( is an inverse measure of the average number of molecular
collisions in a given film thickness.
_m
3(-
hmin
where _,m is the mean free molecular path of the gas. For 0.01 < 3( < 15 slip
flow becomes important.
Complete analytical results could not be obtained for a gas-lubricated, parallel-
surface bearing with no slip at the fluid-surface interface, time-invariant lubrication,
and isothermal conditions, and neglecting side leakage. This led to a linearization
approach first proposed by Ausman (1961), which was used to analyze a gas-
lubricated, rectangular-step thrust bearing.
16.6 Problem
For gas-lubricated, parallel-surface thrust bearings, covered in this chapter,
evaluate the pressure and normal load-carrying capacity by using equations (16-37)
to (16-39). Calculations are to be done on a digital computer for
(a) Pi = 1, Po = 4, and Ag = 1, 3, 6, 10, 30, and 100.
(b) Pi = 4, eo = I, and Ag = 1, 3, 6, I0, 30, and 100.
Plot pressure profiles and give tabular results of pressure and load-carrying
capacity.
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Chapter 17
Gas-Lubricated
Journal Bearings
In chapter 16 the focus was on the fundamentals of gas lubrication in general
and on applying these fundamentals to thrust bearings. This chapter continues
with gas-lubricated bearings, but the concern here is with journal bearings. Recall
that journal bearing surfaces are parallel to the axis of rotation, whereas thrust
bearing surfaces are perpendicular to that axis. Self-acting journal bearings,
considered in this chapter, rely on shaft motion to generate the load-supporting
pressures in the lubricant film. General information about journal bearing operation
is given at the beginning of chapter 10 and therefore will not be repeated here.
17.1 Reynolds Equation
Assuming no slip at the fluid-surface interface, isothermal conditions, and time-
invariant lubrication, the compressible Reynolds equation in Cartesian coordinates
can be written from equation (7-55) as
C9S -_X + -_y h 3 = 6rloUb Ox
(7-55)
For journal bearings, as considered in chapter 10 (see fig. 10-2), it is convenient
to change the variables in the preceding equation to
x = rdp, y = r_, Ub = ro_ (17-1)
Substituting equation (17-1) into equation (7-55) gives
_- h3 + _-_ h3 = 6r/°_r2 - 06
If p --- paP and h = cH, this equation becomes
0 PH 30P + pH 3 (17-3)
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where
(17-4)
is the dimensionless bearing number for journal bearings.
17.2 Limiting Solutions
Just as for gas-lubricated thrust bearings in chapter 16, two limiting cases are
considered here.
17.2.1 Low bearing numbers.--As in chapter 16 as the speed _0- 0 and
Aj -- 0, P -- 1 and the pressure rise AP -- 0.
< < and -- • < <
\ao/ a,¢,2 a¢, \ ap / ap 2
Also
OP OH
H--<<P--
ao ao
Therefore, expanding equation (17-3) and neglecting these terms results in
+ H 3 --- (17-5)ao : A,
This is the same equation dealt with in chapter 10 fi_r incompressibly lubricated
journal bearings. Neglecting the side-leakage term in equation (17-5) and assuming
a full Sommerfeld solution from equation (10-30) gives
w-' 127rt
- - , (17-6)(W:)_s" 2rp,, (2 + _2)(I - _:)_
From the friction three the friction coefficient is
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(_z)A,-o = 3e / (17-7)
Limiting Solutions
These results are applicable for oJ -- 0 or Aj -- 0 for a self-acting, gas-lubricated
journal bearing.
17.2.2 High bearing numbers.--As in chapter 16, as w -- oo or A) -- oo, the
only way for the pressure to remain finite in equation (17-3) is for
O(PH) 0 (17-8)
implying that PH = Constant. A possible solution is P _x l/Hand P is symmetrical
about the line of centers. In chapter 10 the film thickness was derived as
h = c(! + e cos _b) (10-5)
or
h
H=--= 1 +e cos0 (17-9)
C
• p - (17-10)
1 + e cos 0
and therefore the constant .-4 must be evaluated.
One way to evaluate .4 is to evaluate the mass of gas trapped in an infinitely
long bearing.
T
m,_ = 2 _ phr d¢
o
(17-1 !)
d 0
where m,j is the mass of gas per unit bearing length. The density in this equation
can be expressed as shown in equation (16-3).
I t*• , '_ 2rcp,,_ 2r ph d_=-=- PHdO
m, - _ . o elm o
But when w -- co or Aj -- oo, PH = Constant = ,4.
2rrcp,,.4
t
.. m, = Rt,,,
or
t
m a _ A (17-12)
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From equations (17-9) and (17-10) for a concentric journal (e = O)
P=H=._=I (17-13)
Therefore equation (17-10) gives
p-
I + e cos 0
(17-14)
The normal load-carrying capacity for an infinitely long journal bearing when
Aj--oo is
tJ 7r i_ 7r
_," = -2p.r P cos 0 dO = -2p.r cos O dO
• o ,o 1 +e cosO
Using the Sommerfeld substitution covered in chapter 10 (eqs. (10-11) and (10-14))
gives
,,: [ i - (l - &,,2]W.- " -Tr2p.r e(l - e2) h'2 J (17-15)
The friction force for an infinitely long journal bearing when to -- oo or Aj -- co
is
f' = rr dO = - r +-- dO
,. o , o 2r dO/
In dimensionless form this equation becomes
P __
poc As + H dO
2 o
But
, 2,_ d0 t' 2,_ d0 2r
,.o H .o I +e cos0 (I -c2) _''2
2_r 2_r
H_- dO = H /_2 dO = - -_- = (- In "',o=ota'°=2_r
0 0 ,' 0
348
=0
Pressure Perturbation Solution
f' 7tAdF - - (17-16)
p,c 3(1 - e2) 1'2
The friction coefficient when co -- co and Aj- oo is
(F)Aj-oo _ 7rAj e(l - 2)1'2
(_)Aj-oo -- (W=)b_o ° 3(1 -- _2) 1'2 7r[1 - (1 - _2) 3''_]
-,[ ]
- 3- 1 - (I -- e2) '''2
(17-17)
These limiting solutions are important information when verifying exact numerical
solutions.
17.3 Pressure Perturbation Solution
Ausman (1959) used the perturbation method to linearize equation (17-2) in
order to obtain an approximate solution. The general concept of the perturbation
method is to substitute equation (10-5) and
P =P. + _Pt + _2P2 + ... (17-18)
into equation (17-2) and neglect all terms of order e2 or higher. This gives
O2pl 02pl (0Pl )+ _ = Aj \34} - p" sin 4, (17-19)
Equation (17-19) can be solved (see Ausman, 1959) for the first-order perturbation
pressure, which in turn can be integrated in the usual fashion to obtain parallel
and perpendicular components of the load _x and _,:. The results are
_ % _ cA)
p.b(2r) 1 + A2 [A +f_(A),X))] (17-20)
(2)_ _z _ eAjIV_ p,,b(2r) 1 + A_-_11 -f:(Aj,X)] (17-21)
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where
b
X; = -- (17-22)2r
f,(AvX)) = [Ah - A,Ajl sin(2A,.X)) - [AoAj + A,.] sinh(2AhXj) (17-23)
Xi(l + Af),/2 [cosh(2&b) + cos(2A)9 ]
f:(Aj,kj) = lAb -- &Aft sinh(2AbXj) + [AbAj + A,] sin(2A, Xj)
Xi(I + Af),/2 [cosh(ZAb),j ) + cos(ZA,Aj)] (17-24)
I ] 1'2
Ab = (1 + A2) 'j2 + 1.
2
(17-25)
] 1'2
A,,= (1 +A2) ''2- 1.
2 (17-26)
The equations for the total load and the attitude angle can be written as
W_- _'r _ (I7V2+ _2)',z (17-27)
7cp.rbe
100 Width-to ...... AttPtude angle
diameter _ Load
ratio,
xi 1.o
_/__ _.... 0.5 ._........ 73 ......
80_-- _ "_ 8 A
1 'w_'-_._,_.-.zo .... _ //-Z,'_-_ / I I i_
i
4 60 .6
F-
0
0 .1 .3 .5 .7 1 1.5 2 3 5 10 o=
Dimensmnlees bearing number, AI
Figure 17-1 .--Design chart tor radially' loaded, self-acting, gas-lubricated ymrnal bearings (isothermal
first-order perturbation solution.) From Ausman (1959).
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Linearized ph Solution
(17-28)
Note from equations (17-20) and (17-21) that the first-order perturbation solution
yields a load linearly related to the eccentricity ratio e. This is a consequence
of the linearization and is valid only for small e, say e < 0.3, although as a
conservative engineering approximation it may be used for higher values.
Figure 17-1 plots the load parameter and the attitude angle for the first-order
perturbation analysis at several Xj values.
17.4 Linearized ph Solution
Ausman (1961) introduced a linearized ph solution to the self-acting gas-
lubricated journal bearing problem that corrected for the deficiency of the first-
order perturbation solution at high-eccentricity ratios given in the last section.
The general method of linearization is essentially the same as the perturbation
method except that the product ph is considered to be the dependent variable. To
do this, equation (17-2) is arranged so that p always appears multiplied by h.
Equation (10-5) and
ph = paC + A(ph) (17-29)
are then substituted into this equation, and only first-order terms in eccentricity
ratio e are retained. It is assumed that A(ph) is of order e. The resulting "linearized
ph" equation is
a2(ph) a2(ph) a(ph)
-- + -- = Aj -- - ep,,c cos 4_ (17-30)
a¢, 2 0¢ 2 a_
Equation (17-30) is essentially the same form as the first-order perturbation
equation (eq. (17-19)) and can be solved in the same manner for ph. Once ph
is found, the pressure can be obtained by dividing by h. The resulting expression
for p is then put into the load component integrals to obtain _'x and _'z. The
results are
-- v"r 2 / 1 _ (1 -----_2)*J2-/17Vx[ q (17-31)
W_ Pab(2r) - e2 [J(1 -e2) '_ "
__ _ __ __ -- I ''_ --w, 2 [1 (1 - e2) "]IV. (17-32)
IV. paf-_r ) 2 ..
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The total load and the attitude angle for the linearized ph solution are
_ Wr =(W_ + W 2)''2 217V [ I=(1 -_2_.))"2.] (I _2 sine,_),_2
Wr p,,b(2r) =_- L (1-¢2) 1'_2 J
(17-33)
tan (1, = tan = (1 " tan (17-34)
where W_, W:, Wr, and q_ are the values obtained from the first-order perturbation
solution given in equations (17-20), ( 17-21), (17-27), and (17-28), respectively.
Numerical example: Estimate the maximum load that can be carried by a 2.5-cm-
diameter by 2.5-cm-wide self-acting, gas-lubricated journal bearing operating at
1500 rad/s (14 400 rpm) with an average radial clearance of 7.5 #m and a
minimum clearance of 1.5 /_m. Assume ambient pressure of lx 105 Pa and
r/0 = 2x10 -5 Pa s.
6_ooar 2 6(2X 10-5)(1.5× !03)(1.252 X 10 -4)
(1) Compute Aj
Pac 2 (1 x 105)(7.52 X 10 12)
b 2.5
X, _ -- -- |
2r 2.5
(2) From figure 17-1 for Aj = 5 and Xj = l
71"
W,. = 0.7 or _., = 0.7 -- p,b(2r)e = 68.7¢ newtons
2
_= 35 °
(3) Compute _ and _,,
e 7.5- !.5
c - - - 0.80
c 7.5
From equation (17-33)
/.2[1 -_(_1 - 0.64)'t2]_ ,2
'_'r = 68.7 ( 0.80(I - 0.64) I/2 ) [1 - (0.64)(0.33)] = 92 newtons
Figure 17-2 shows the effectiveness of this method in estimating the load versus
eccentricity ratio for particular Aj and _.j. The linearized ph and the first-order
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Sternlicht and Elwell, 1958) /
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Figure 17-2.--Effect of dimensionless load on eccentricity ratio for finite-length, self-acting, gas-
lubricated journal bearing. Dimensionless bearing number, Aj, 1.3; width-to-diameter ratio, Xj,
1.5. From Ausman (1961).
perturbation are the same for e < 0.4 but differ for larger values of e. For e < 0.4
the linearized ph solution and the numerical exact solutions are in good agreement.
The bearing frictional torque and the power dissipated in a journal bearing are
easily estimated by the simple but fairly accurate formulas given here.
(17-35)
_p= _tq (17-36)
17.5 Nonplain Journal Bearings
Thus far this chapter has been concerned with plain gas-lubricated journal
bearings. A problem with using these bearings is their poor stability characteristics.
Lightly loaded bearings that operate at low eccentricity ratios are subjected to
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fractional frequency whirl, which can result in bearing destruction. Two types
of nonplain gas-lubricated journal bearings that find widespread use are the pivoted
pad and the herringbone groove.
17. 5. I Pivoted-pad journal bearings.--Pivoted-pad bearings were first intro-
duced in chapter 9, section 9.3, as a type of incompressibly lubricated thrust
bearing. Pivoted-pad journal bearings are most frequently used as shaft supports
in gas-lubricated machinery because of their excellent stability characteristics.
An individual pivoted-pad assembly is shown in figure 17-3. A three-pad pivoted-
pad bearing assembly is shown in figure 17-4. Generally, each pad provides pad
rotational degrees of freedom about three orthogonal axes (pitch, roll, and yaw).
Pivoted-pad bearings are complex because of the many geometric variables
involved in their design. Some of these variables are
(1) Number of pads, N O
(2) Angular extent of pad, Olp
(3) Aspect ratio of pad, r/b
(4) Pivot location, Cp/O_p
(5) Machined-in clearance ratio, c/r
(6) Pivot circle clearance ratio, c'/r
(7) Angle between line of centers and pad leading edge, _p
%
BearingJ
Figure lT-3.--Geometry of individual pivoted-pad bearing. From Gunter et al. (1964).
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_-- Pivoted partial
journal bearing
Figure 17-4.--Geometry of pivoted-pad journal bearing with three pads. From Gunter et al. (1964).
An individual pad is analyzed first. Both geometric and operating parameters
influence the design of a pivoted pad. The operating parameter of importance is
the dimensionless bearing number Aj, which was defined in equation (17-4).
The results of computer solutions obtained from Gunter et al. (1964) for the
performance of a single pad are shown in figure 17-5. This figure shows
dimensionless load, dimensionless pivot film thickness, and dimensionless outlet
film thickness as a functions of pivot location and eccentricity ratio. These field
maps apply for a pad with the following held fixed:
(1) Aspect ratio of pad, r/b = 0.606
(2) Angular extent of pad, ap = 94.5 °
(3) Dimensionless hearing number, A/= 3.5
Field maps must be generated for other geometries and bearing numbers. Addi-
tional field maps are given in Gunter et al. (1964).
When the individual pad characteristics are known, the characteristics of the
multipad bearing shown in figure 17-4 can be determined. With the arrangement
shown in figure 17-4 the load is directed between the two lower pivoted pads.
For this case the load carried by each of the lower pads is initially assumed to
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(a) Dimensionless load.
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Figure ]7-5,--Charls for determining load coefficient, pivot film thickness, and trailing-edge film
thickness. Bearing radius-to-length ratio, r/b, 0,6061; angular extent of pad, ¢_s,' 94"5°; dimension-
less bearing number, Aj, 3.5. From Gunter et al. (1964).
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(c) Dimensionless outlet film thickness.
Figure 17-5.--Concluded.
be w cos _p. The pivot film thicknesses hp.i and hp. 2 are obtained from fig-
ure 17-5(b). Furthermore, the upper-pad pivot film thickness hp.3, the eccen-
tricity ratio e, and the dimensionless load Wr,3 can be determined.
Pivoted-pad journal bearings are usually assembled with a pivot circle clearance
c' somewhat less than the machined-in clearance c. When c 7c < 1, the bearing
is said to be preloaded. Preload is usually given in terms of a preload coefficient,
which is equal to (c - c')/c. Preloading is used to increase bearing stiffness and
to prevent complete unloading of one or more pads. The latter condition can lead
to pad flutter and possible contact of the pad leading edge and the shaft, which
in turn can result in bearing failure.
17.5.2 Herringbone-groovejournalbearings.--A fixed-geometry bearing that
has demonstrated good stability characteristics and thus promise for use in high-
speed gas bearings is the herringbone bearing. It consists of a circular journal
and bearing sleeve with shallow, herringbone-shaped grooves cut into either
he hs
-I
Figure 17-6.--Configuration of concentric herringbone-groove journal bearing.
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member. Figure 17-6 shows a partially grooved herringbone journal bearing. The
groove parameters used to define this bearing are
(1) Groove angle, Ba
(2) Groove width ratio, ab = ts/(t, + t_)
(3) Film thickness ratio, Ha = hs/hr
(4) Number of grooves, N O
(5) Groove width ratio, 3'g = bl/b
The operating parameters used for herringbone journal bearings are
(1) Width-to-diameter ratio, X/= b/2r
(2) Dimensionless bearing number, Aj = 6_to_orZ/pah_.
Both of these parameters are dimensionless.
l Width-to-
diameteratio,
xj .e--
-_ 1/4
2.8
_ 2
2.6 ,_,,..._ _.._,.._ ,..m _ _.._. '
_.,_.,/ o.,_'
 -ii_ !l J l J j_ •
_- 2.8-- _.,,.-.- - _ _....-
2.2 _ .3 i
2.0
_e l I i (')1 2° 1 I 1 (b) l0 40 80 120 1110 40 80 120 160
Dimensionlessbearing number, Aj
(a) Optimal film thicknessratio.
(b) Optimal groove width ratio.
Figure 17-7.--Charts for determining oplirnal herringbone journal bearing groove parameters for
maximum radial load. Top plots are for grooved member rolating; bottom plots are for smooth
member rotating. From Hamrt_ck and Fleming (1971).
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Figure 17-7.--Concluded.
Figure 17-7 presents the optimum herringbone journal bearing groove param-
eters for maximum radial load. These results were obtained from Hamrock and
Fleming (1971). The top portion of each part is for the grooved member rotating
and the bottom portion is for the smooth member rotating. The only groove
parameter not represented in this figure is the number of grooves to be used.
Hamrock and Fleming (1971) found that the minimum number of grooves to be
placed around the journal can be represented by No >- AJI5.
Figure 17-8 establishes the maximum normal load-carrying capacity for the
operating parameters of a gas-lubricated herringbone journal bearing. The opti-
mum groove parameters obtained from figure 17-7 are assumed.
More than any other factors, self-excited whirl instability and low load-carrying
capacity limit the usefulness of gas-lubricated journal bearings. The whirl problem
is the tendency of the journal center to orbit the bearing center at an angular speed
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Figure 17-8.--Chart for determining maximum normal load-carrying capacity. From Hamrock
and Fleming (1971).
less than or equal to one-half that of the journal about its own center. In many
cases the whirl amplitude is large enough to cause destructive contact of the bearing
surfaces.
Figure 17-9, obtained from Fleming and Hamrock (1974), shows the stability
attained by the optimized herringbone journal bearing. In this figure the dimension-
less stability parameter is introduced, where
(17-37)
where ma is the mass supported by the bearing. In figure 17-9 the bearings with
the grooved member rotating are substantially more stable than those with the
smooth member rotating, especially at high bearing numbers.
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Figure lT-9.--Chart for determining maximum stability of herringbone-groove bearings. From Fleming
and Hamrock (1974).
17.6 Closure
The discussion of gas-lubricated bearings was continued from chapter 16 with
the focus of this chapter being journal bearings. The appropriate Reynolds equation
was presented and limiting solutions of extremely low- and high-speed results
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were discussed. Because of the nonlinearity of the Reynolds equation two approx-
imate methods were introduced. The first of these approaches is a perturbation
solution where the pressure is perturbed with the eccentricity ratio c. When terms
of order e2 and higher are neglected, the nonlinear Reynolds equation becomes
linear, and thus analytical solutions can be obtained. It was found that the first-
order perturbation solution yields a load relationship that is linearly related to
the eccentricity ratio. This result was found to be valid only for small eccentricity
ratios, say e _< 0.3, although as a conservative engineering approximation it may
be used for higher values.
The second approximate method covered in this chapter was the linearized ph
approach of Ausman. The linearization is essentially the same as the perturbation
method except that the product ph is considered as the dependent variable. This
method predicts the load-carrying capacity more accurately for the complete range
of eccentricity ratios. Furthermore, the results agree well with those found
experimentally.
The latter part of the chapter covered nonplain journal bearings. Two types
of nonplain gas-lubricated journal bearing were considered, namely pivoted-pad
and herringbone journals. Charts were presented to help in the design of these
bearings.
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Chapter 18
Hydrodynamic Lubrication of
Nonconformal Surfaces
The focus of the last 10 chapters has been on conformal lubricated conjunctions
such as those in journal and thrust bearings. The remainder of the book focuses
on nonconformal conjunctions such as those in rolling-element bearings, gears,
and cams and followers. In these conjunctions the common feature is that the
solid surfaces do not fit well geometrically, as was found to be true for conformal
surfaces such as journal bearings. When these nonconformal conjunctions are very
lightly loaded, the hydrodynamic pressure is not high enough to cause appreciable
elastic deformation of the solid surfaces or to significantly change the lubricant
viscosity, so that the lubrication mode is hydrodynamic. Later chapters deal with
elastic deformation surfaces and how pressure affects viscosity; this chapter serves
as a link between the two parts of the book. The particular nonconformal surfaces
investigated here are cylindrical surfaces of finite width and elliptical surfaces
in general.
18.1 Infinitely Long-Rigid-Cylinder Solution
From chapter 7 (eq. (7-58) the Reynolds equation can be written as
_ 0 ph(u +ub) +--
Ox
O(ph )
Ot
(7-58)
Neglecting side leakage and assuming isoviscous, pure rolling, and time-invariant
conditions reduces this equation to
d_ oh3 =6"q0(u,,+ub) dr
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Integrating gives
where
_ =dP6_o (u,, -[- Ub)(ph --ph-3-Pmhm_./
P = Pm when --@ = 0
dx
(18-2)
do
h = hm when --_-'= 0
dx
Figure 18-1 shows the coordinates, surface velocities, and forces associated
with the lubrication of a rigid cylinder near a plane. Recall that in chapter 13 (sec-
tion 13.4) the film shape between a rigid cylinder and a plane was found to be
1 (_)[ 1 (__) 2 1 (__) 4 1h=h0+ _- 1 +-_- +-ff +... (13-49)
If x<< rsothat (x/r)2<< 1,
x 2
h = h0 +-- (13-50)
2r
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Figure 18-1.--Lubrication of a rigid cylinder near a plane.
Infinitely Long-Rigid-Cylinder Solution
Equation (13-50) is referred to as the parabolic approximation to the exact solution.
The film thickness can also be written as
x = r sin 0 (18-3)
and
h=ho+r-rcos (18-4)
This equation can be rewritten as
or
where
( r )h= (ho+r) 1 ho+rC°SO
-r
h = -- (1 + al cos _) (18-5)
al
r
h0 -sl
al - (18-6)
r st+l
l+--
h0
r
sl = -- (18-7)
h0
The advantage that equation (18-4) has over equation (13-49) or (13-50) is that
the Sommerfeld substitution introduced in chapter 10 for journal bearings can be
employed directly.
18.1.1 Pressure distribution.--Assuming incompressible lubrication reduces
equation (18-2) to
//h - h,.'_
dP = 6rl°(Uadx+ Ub)_)
(18-8)
Substituting equations (18-3) and (18-4) into the preceding equation gives
dp _ 6_o(U_+ub)a_ F cos
d_ r L (1 + al cos if)2 co 0]+ (1 + at cos qb)3
(18-9)
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Making use of the Sommerfeld substitution covered in chapter 10, in particular
equations (10-9), (10-11), and (10-14), while integrating equation (18-9) gives
p 6r/°(u_ r+ %)a2 [
(18-10)
where 3` is the Sommerfeld variable
sin 3` - a_3`
B2(al,3,) - (18-11)
(1 - ale) '/2
and
B3(al,y)
1 E3o,, a, ]+ (1 +a 2) sin3,--- sin 3' cos 3'(1 - a_) 5'2 2 2 (18-12)
The boundary conditions assumed by the Martin (1916) analysis are
(1) p = 0 when 0 = 0i-
(2) p = Op/Ox = 0 when _ = ¢o.
The choice of 0i has little effect on the solution as long as Oi is not too small, and
hence it is often assumed that _bi = -90*. The second boundary condition given
above is the Reynolds boundary condition. Unfortunately, an analytical expression
for the pressure distribution cannot be obtained, and numerical methods must
be used.
18.1.2 Load components.--Figure 18-l(b) shows the loads acting on the solid
surfaces. Note that these load components are essentially the same as those
presented in figure 8-4 for thrust bearings. The only difference is that figure 8-4
is for conformal surfaces but figure 18-1(b) is for nonconformal surfaces. The
loads acting on a unit length (in the y direction) of the cylinder and plane are
defined by the following relationships:
w,'b = 0 (18-13)
fo.
h_ p dh = - rj_, p sin _ d_ (18-14)
s 7> s°w q, = _,:,, = dr = r p cos 0 dq_ (18-15)
Oi
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"b = [(";h)" + {"'h)21 '''_ (18-16)
4, = tan- 1 __ (18-17)
A different stress equation must be used in the load-carrying and cavitated parts
of the conjunction. Owing to the presence of air bubbles, the shear stresses act
over a small portion of the cavitated region. If Ye is the fraction of the clearance
space width in the y direction occupied by lubricant, flow continuity yields
hm
y,, = -- (18-18)
h
Figure 18-2 shows the cavitation fingers that normally occur. In general, the
cavitation zone will terminate at some point between xo and R (02 and 7r/2). The
general expressions for the viscous forces acting on the solids are
f x° f R(r):=o dr + Ye(r):=o d,cf_ : lt'i _to
f Oo t 7r/2= r (z)-=o cos O dO + r Yl,(7-)::o cos O dO (18-19)
-- f (r).:h dr - Y_'(_')z=hdrf'; = .3, " ,,,
= - r (z)-=t cos 0 dO - r Yj,(z):=h cos O dO
0, " 0,,
(18-20)
/- Uhr,
/ 2
/
Figure 18-2.--Cavitation fingers.
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It can be shown that
fh - w_, _l(ub - u,)Ai (18-21)
2
f, = - _"_'--2_+ _l(ub - u,)Ai (18-22)
2
where
At = ($i- _,,) +
a21h., [sin y-- aly] y ..... -q"l)% - Yi + __ _ (18-23)
r L (1 a_)_/2J.,,,(I - a_),/2
Solutions have been presented for these force components for a wide range of
r/ho by Dowson and Higginson (1966). For r/ho greater than 104 they found that
a good approximation to the force components is given by
' = 0 (18-24)
_xb
r _1,2
_,_, = 4.58_o(Uh + u-)\_o/
(18-25)
w:,, = _':h = 2.44_o(Ub + u,,) (18-26)
' //r "_1'2
f/ -- _'_"2 2.84r/o ( Uh -- U,) _,_0 ) ( 18-27)
' / r"_ I/2
f,_ _ w.,o2 + 2'84r/°(uh - u,,) _ _0) (18-28)
The results given in equations (18-24) to (18-28) are referred to as the Martin
(1916) solutions. Note from equation (18-26) that the minimum film thickness is
directly proportional to the speed and inversely proportional to the load.
18.2 Short-Rigid-Cylinder Solution
This analysis follows the approach developed by Dubois and Ocvirk (1953)
and used in the short-journal-bearing solution covered in chapter 10 (section 10.2).
It is assumed that the width of the cylinder b is small relative to the radius r and
that the first term on the left side of equation (7-48) can be neglected. As found
in chapter 10 this condition can only be applied if b/r < 1.0.
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18.2.1 Pressure distribution.--Neglecting the first term on the left side of
equation (7-48) gives
Oh__0 ha Op = 6r/°(Ua "[- Ub) --0X#y (18-29)
Since h is only a function of x, the preceding equation can be integrated to give
dp 6r/o(U _ -_- bib) Oh .4
dy - h 3 Ox y + h-5 (18-30)
and
p _.
6r/0(u _ + ub) Oh y2 _y
h 3 Ox 2 + _- +/_ (18-31)
The y coordinate is in the axial center of the bearing so that the boundary con-
ditions are p = 0 when y = -4-b/2. Making use of these boundary conditions gives
= 0 and 1_= - 3____oo(u_ + Ub)b 2 Oh
4 h 3 Ox
3_O(Ua + Ub) dh (y2__l• P- h 3 x
(18-32)
Difficulties are encountered if a circular profile for the film thickness is used as
shown in equation (18-5), since dh/dx and hence p achieve an infinite value when
= -90*. However, if the parabolic profile given in equation (13-50) is used,
the difficulty is removed.
dh x
• °
dx r
..p=
(18-33)
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Note that the pressure is zero (or ambient) along the line of closest approach,
orx=0.
18.2.2 Load components.--If the subambient pressures predicted for the
divergent clearance space are neglected, a normal load component can be defined
as
b/2 0
_za : _zb = ( i p d( dy
-b/2 -oo
(18-34)
Substituting equation (18-33) into this equation gives
V_za _ Wzb-
3_o(U_ + Ub)
b/2 0
b/2 qf_ no
X
_ rlo(Ua + ub)b 3
4h 2
(18-35)
The comparable solution for a width b of the infinitely long cylinder given in
equation (! 8-26) is
_':" = _:b = 2"45_ob(Ub + u,,)(_o) (18-36)
An important difference between the two solutions given in equations (18-35)
and (18-36) is that the short cylinder's load-carrying capacity is independent
of r in equation (18-35). Also note in equation (18-35) that the central (also
minimum) film thickness is proportional to the normal applied load raised to the
-0.5 power. This is contrasted with the results given in equation (18-36) for
an infinitely long cylinder where h0 oc _:-J.
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18.3 Exact Rigid-Cylinder Solution
The infinitely long-cylinder and short-cylinder solutions represent extremes that
are clearly different from each other and that are likely to lead to erroneous predic-
tions for cylinders of realistic size. Therefore, for most applications both Poiseuille
terms are important and need to be considered.
18.3.1 Pressure distribution.--The full solution of the Reynolds equation for rigid
cylinders of finite length has been obtained numerically by Dowson and Whomes
(1967). The appropriate Reynolds equation is
0-x _xx + Oyy h3 = 6rl°(ua + ub) c3--x
(18-37)
Let
bY 6r/0(Ua + ub)rP
x = Xr - r, y = -- h = hoH, p = (18-38)
2 ' h02
Substituting equations (18-38) into equation (18-37) gives
+---- H 3 =--
OX X20Y OX
where
(18-39)
b
Xj = 2rr (18-40)
Assuming a parabolic film shape such as given in equation (13-50) while making
use of equation (18-38) gives
H=I+ (X-I (18-41)
Note that using equations (18-38) and (18-41) in equation (18-33) gives the
dimensionless pressure for the short-cylinder analysis as
(1 -X)(1 - y2)
[]3oth1 +T (x- 1) 2 (18-42)
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where
r
O/h : -- (18-43)
h0
and 0 _< X < 1 and - 1 _< Y _< 1. The pressure distribution exhibits an extremely
localized pressure region with high values ofdP/dX. Such a condition is not favor-
able for using a numerical method in solving equation (18-37). In order to produce
a much gentler curve, a parameter I' is introduced such that
r = Pn 3/2 (18-44)
Expressing the Reynolds equation in terms of F produces a much gentler curve than
just using P. lfP is large, then H is small and vice versa so that the new parameter
F is much gentler.
Substituting equation (18-44) into equation (18-37) gives
02F 1 02F 3 F O/'HI/2OH\_IOH
OX--_ + h20Y 2 2 H 3/20X _ )_ H 3/20X
(18-45)
Note that substituting equation (18-44) into equation (18-37) eliminated all terms
containing derivatives of products of H and F. This turns out to be an advantage
for the numerical calculations that need to be performed.
Relaxation methods are used to solve equation (18-45) numerically. In the
relaxation process the first step is to replace the differential equation (18-45) by
finite difference approximations. The relaxation method relies on the fact that
a function can be represented with sufficient accuracy over a small range by a
quadratic expression. A full account of the relaxation procedure employed in
solving equation (18-45) can be found in Dowson and Whomes (1967). A finite
difference representation is introduced that is based on having equal increments
in the width or axial direction and variable increments in the x direction.
The boundary conditions imposed are
(l) x=xiandP =0.
(2) y= ±b/2, Y= +1, andP=0.
(3) x = x o and P = OP/OX = OP/aY = O.
By making use of these boundary conditions the pressure distribution can be
obtained.
18.3.2 Load components.--Once an acceptable distribution has been obtained,
the load components '_x and _'z can be obtained from the integrals given in the
short-bearing analysis (eq. (18-34)). From equations (18-39) and ( 18-41) the oper-
ating parameters are (1) the width-to-diameter ratio, _,j = b/2r and (2) the radius-
to-central-film-thickness ratio, _h = r/ho. The range of _h is from 102 to 106.
372
Exact Rigid-Cylinder Solution
.d
E
Z
1.0
Ratio of radius
to central
film thickness,
OLh
lo 6
10 3
I I I I I
.2 .4 .6 .8 1.0
Width-to-diameter ratio, _j = bl2r
Figure 18-3.--Side-leakage effect on normal load component.
Figure 18-3 shows the effect of side leakage on the normal load component
for five values of cxh. For increasing values of c_h the asymptotic value of the
normal load ratio is reached for smaller values of Xj. Similar results were found
for the tangential load ratio (fig. 18-4). From these load ratios _, and the infinite-
length solutions from equations (18-25) and (18-26), the load component for a
finite-length bearing can be obtained. That is,
_finite = (_)(_¢'infinite) (18-46)
The normal and tangential load components of a finite-length bearing can be
obtained by making use of figures 18-3 and 18-4 and equations (18-46), (18-25),
and (18-26).
Example: Given a cylinder with b = 2 in., r = 10 in., ho = 10-2 in., rio = 1 poise,
ub = 500 in./s, and ua = O, find _'z.
Solution:
b 2
Xj - 2r 2(10) 0.1
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._o
Ratio of radius
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film thickness,
Crh
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Figure 18-4.--Effect of leakage on tangential load component.
I
1.0
and
r 10
o/h - _ _ 10 3
ho 10 -2
From figure 18-3 for hj = 0.1 and cth = 10 3
"" (w_')f,.i,e = 0'5(_'z)mn..o
From equation (18-26)
(w.)mf_..e = 2.45r/0(u,_ + ub)b(_o)
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From table 4-1
1 poise = 100 cP = (100)(1.45× 10 -7) lb s/in. 2
1 poise = 1.45x 10 -5 lb s/in. 2
(w=)io_ioi,_= (2.45)(1.45 x 10 -5 lb s/in. 2)(500 in./s)(2 in.)(103) = 35.5 lb
(_':)_i.,_ = 8.88 lb
18.4 General Rigid-Body Solution
The three previous sections having been concerned with the lubrication of a
rigid cylinder near a plane, the present section describes the lubrication between
two rigid bodies that have any nonconformal shape. The effect of the normal load
component on the ratio of transverse radius to rolling radius (radius ratio) for
different film thicknesses is investigated. The conjunction is assumed to be fully
immersed in lubricant, thereby implying that a fully flooded condition exists.
18.4. I Film shape.--The thickness of a hydrodynamic film between two rigid
bodies in rolling can be written as
h = ho + S(x,y) (18-47)
where
h0 central (also minimum) film thickness due to hydrodynamic lubrication
action
S(x,y) separation due to geometry of solids
The separation of two rigid solids is shown in figure 18-5(a), in which the principal
axes of rotation of the two bodies are parallel.
S(x,y) = S,_ + &, + &_,+ &, (18-48)
where
S,_ = r,_ - (r].,. - x 2) ,_2 (18-49)
Sh.,= r/,. - (r_,.,- x 2) ,..2 (18-50)
S,,y = r._. - (r],. - 3'2) ,.2 (18-51)
St,,.= rt,,. - (r_.,. - 3,2) ,/2 (18-52)
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Solid a ,_rax ,, /J
) f
u ,-_ h0
Ub' _Sbx
(a-l)
ho
(a-2)
I
I
(b-l)
f
[ ,.x
(b-2)
(a-l) y = 0 plane. (a-2) x = 0 plane.
(a) Two rigid solids separated by a lubricant film.
(b-l) y = 0 plane. (b-2) x = 0 plane.
(b) Equivalent system of a rigid solid near a plane separated by a lubricant film.
Figure 18-5.--Contact geometry. From Brewe et al. (1979).
A simplifying transformation can be effected by summing the curvatures in the
x = 0 and y = 0 planes. In terms of the effective radius of curvature
1 1 1
- + -- (18-53)
R x r_ rb_
1 1 1
Ry ray rby
(18-54)
The resulting equivalent system is shown in figure 18-5(b). The separation in terms
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of the coordinates and the effective radius of curvature is
S(x,y) = Rx - (R_ - x 2)1/2 + Ry - (R 2 - y2)if2 (18-55)
Letting x = XRx, y = YRx, and h = HRx while substituting equation (18-55) into
equation (18-47) gives
[ (H=Ho+ 1--(l--x_)l'Z+olr 1-- 1--"_-r2 / ] (18-56)
where
g-¢
Ot r : _ (18-57)
Rx
Thus, equation (18-56) completely determines the film shape when the hydro-
dynamic effects on the central film thickness are known. For situations in which
X 2 < < 1 and (Y/ar) 2 < < 1, it is convenient to expand Hin a two-dimensional
Taylor series to give
X 2 y2
H =/40 + -- + -- (18-58)
2 2Or r
Equation (18-58) is called the parabolic approximation. In the analysis that follows,
equation (18-58) is used to describe the film shape. Figure 18-1 illustrates the
difference between the parabolic approximation and the actual circular shape.
18.4.2 Pressure distribution .--The hydrodynamic lubrication effect developed
in establishing the central film thickness in equation (18-58) can be obtained from
the Reynolds equation (7-48) while assuming an incompressible Newtonian fluid
operating under laminar, isothermal, isoviscous, steady-state conditions. The
resultant Reynolds equation is
0 0 Oh
= 6r/°(ua + Ub) OX (7--48)
Making use of
Ry
x = XRx, y= YRx, h = HR_, c_r =--,G
_O(Ua + Ub)P
p=
2R_
(18-59)
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changes equation (7-48) to
+ H 3 = 12 --
OX -_ OX
(18-60)
This equation has both a homogeneous solution and a particular solution; that is,
P = Ph + Pp (18-61)
for which P_ is a solution to the homogeneous equation and satisfies the condition
that Ph = -Pp at the boundaries
+ H 3 = 0
ox ox/ or/ (18-62)
For the parabolic film approximation the particular solution for the pressure is
simply proportional to X/H2; that is,
where
4¢X
Pp - H2 (18-63)
1
- (18-64)
2
l+--
3Orr
In the preceding equation ¢ is the side-leakage factor established by Archard and
Cowking (1965-66) and can be verified by inserting Pp back into equation (18-60).
If we define Ph as 4_p/;_,, using equation (18-61) results in the full solution
(x)P = 4_o - -_ +13_ (18-65)
In general, the homogeneous solution of the dimensionless pressure /;h is an
unknown function of X and Y. Consequently, the pressure distribution must be
determined numerically.
The effect of three different types of boundary condition that can be used in
association with this problem are shown in figure 18-6. Sommerfeld (1904)
assumed the pressure to be ambient or zero at the point of closest approach. The
resulting antisymmetric solution with respect to X is shown in figure 18-6(a).
As discussed in chapter 10 for journal bearings, the lubricant is unable to sustain
the negative pressures predicted by the full Sommerfeld solution.
378
General Rigid-Body Solution
Dimensionless coordinate, X = x/R x
(a) Solution using full Sommerfeld boundary conditions.
(b) Solution using half Sommerfeld boundary conditions.
(c) Solution using Reynolds boundary conditions.
Figure 18-6.--Effect of boundary conditions. From Brewe et al. (1979).
A simple approach taken by Kapitza (1955) was to ignore the negative pressures,
that is, to employ the half Sommerfeld boundary condition. Figure 18-6(b) shows
that using this boundary condition gives a reasonable estimate of load-carrying
capacity. However, Kapitza's solution does not satisfy continuity conditions at
the outlet (cavitation) boundary; that is, the pressure gradient normal to the
cavitation boundary must be zero.
To insist on P = aP/aX = 0 at x = 0 would be overspecifying the problem mathe-
matically. However, the Reynolds boundary condition shown in figure 18-6(c)
insists on P = aP/aX = 0 at the outlet boundary, which is undetermined.
The variable-mesh nodal structure shown in figure 18-7 was used to provide close
spacing in and around the pressure peak. This helped to minimize the errors that
can occur because of large gradients in the high-pressure region. The grid spacing
used in terms of coordinates X and Y was varied depending on the anticipated
pressure distribution. That is, for a highly peaked and localized pressure distri-
bution, the fine mesh spacing was about 0.002 and the coarse mesh spacing, about
0.1. For a relatively fiat pressure distribution the fine mesh spacing was about
0.005 and the coarse mesh spacing, about 0.13.
18.4.3 Normal load component.--Once the pressure is known, the normal load
component can be calculated from
379
Hydrodynamic Lubrication of Nonconformal Surfaces
(- xE,YE)
(-XE,O)
(- XE,- YE)
i
i
Iii
b X
Figure 18-7.--Variable nodal structure usedfor numerical calculations.From Brewe et al. (1979).
In dimensionless form and making use of equations (18-59) this equation becomes
_ "_'l
Substituting equation (18-65) into this equation gives
( x /Ua "[- lgb _ "-- + Ph dX dY= - 1_,
_%- 4r/° 2 /
(18-66)
For the parabolic film assumption the central film thickness can be isolated from
the integral by defining the following transformation:
X = (2H0) I/2 ,_ (18-67)
Y= (2ot,.H0) 1/2 Y (18-68)
If it is assumed that the homogeneous solution can be transformed in the same
manner as the particular solution,
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2 , oJfl -_ + &x, _] dX dr(1 + ._2 + _2) 2
(18-69)
Kapitza (1955) refers to this integral as the reduced hydrodynamic lift L. Thus,
Ill ]L = 2 2 + ?h(x,b dX dr(1 + + Y2) 2 (18-70)
Therefore, the dimensionless minimum film thickness is
[ _r/0(Ua + Ub)RxL ] 2
Hmin = Ho = 128% L 2-_z J
(18-71)
The ratio of the dimensionless speed to the dimensionless load can be defined as
where
U l_o(U a -}- Ub)R x
W 2w z
U = r/°---_-d W = - wz and u- - ua + ub
J
e'Rx E'R2x ' 2
(18-72)
Therefore, equation (18-71) can be rewritten as
nmin = H0 = 128Otr (_UwL t2 (18-73)
For the parabolic film approximation, L needs to be determined only as a function
of the geometry; that is,
i 1
,_2 < < 2Ho
L = L(otr) if (18-74)
1
_2<< 2H0
This will be determined numerically.
18.4.4 F'dm thicknessformulas.--The film thickness formula can be determined,
while assuming the parabolic film thickness equation given in equation (l 8-58),
by numerically determining the pressure distribution from equations (18-60) and
(18-65), integrating the pressure to establish the load-carrying capacity from
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equation (18-69), and then inserting the load _': into equation (18-71) and
solving for L for a specific o_,. If the Reynolds boundary conditions are assumed,
the resulting formula obtained from curve fitting the data as obtained from Brewe
et al. (1979) is
(18-75)
where
L= 0.131 tan-l(_-_) + 1.683 (18-76)
The minimum-film-thickness equation derived by Kapitza using half Sommerfeld
boundary conditions and assuming a parabolic film approximation is
H0 = Hmin = 1280_r (-_-_ 2) 2 (18-77)
By equating equations (18-75) and (18-77) for a given speed parameter, the load-
carrying capacities for the two theories can be compared; that is,
W L
W K 7r
2
(18-78)
The effect of the geometry on the reduced hydrodynamic lift is shown in fig-
ure 18-8. This figure shows that L, and hence the load-carrying capacity
(eq. (18-78)), is 11 to 20 percent greater than that predicted by Kapitza. The least
difference occurs for a ball-on-plane contact. As or, is increased, the difference
.o
or
2.0
1.5
Parabolic approximation
Full circular film
Kapitza's analysis (1955)
L(cQ = _12
-- I I --I f I
0 5 10 15 20 25
Radius ratio, _r = Rr/R_
1 I I
30 35 40
Figure 18-8.--Effect of radius ratio on reduced hydrodynamic lift, From Brewe et al. (1979).
382
General Rigid-Body Solution
Rolling _ _, ,,,',,,'I,,i_
direction t//_! i' i:!i_
,_ ._ ,',,'"j]_ _ r Cavitation
1+" _i ,L ..;..-,.'_unda,y
,,, ",,,
_ Outlet
(a)
P
Rolling
direction
Y
boundary
Inlet
Outlet
(b)
(a) a_ = 1.00.
(b) _r = 36.54.
Figure 18-9. Three-dimensional representations of pressure distributions as viewed from outlet region
for two radius ratios o_r. From Brewe et al. (1979).
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in load-carrying capacities approaches a constant 20 percent. The alteration of
the pressure distribution due to the Reynolds boundary conditions at the cavitation
boundary is responsible for this geometry effect.
Figure 18-9 is a three-dimensional representation of a pressure distribution for
_r of 1.00 and 36.54. This figure also illustrates the shape of the cavitation bound-
ary. As _r becomes large, the cavitation boundary tends to straighten out, accom-
panied by decreasing changes in L. The scale along the Y axis in figure 18-9(a)
has been magnified three times to improve the resolution. Consequently, the
differences in the shapes of the cavitation boundary are actually subdued as they
are presented.
Isobar plots for three radius ratios (i.e., o_r of 25.29, 8.30, and 1.00) are
shown in figure 18-10. The contours belong to the family of curves defined by
equation (18-65). The center of the contact is represented by the asterisk. The
pressure peak builds up in the inlet region, which is located to the left of the
contact center and is indicated by the plus sign. Since the isobars in each case
are evenly spaced, the pressure gradients can be easily depicted. Note that, as
the radius ratio increases, the steeper pressure gradients are predominantly along
the rolling direction. This implies that the amount of side leakage decreases as
c_ increases. A decrease in side leakage is reflected in an increase in _p.
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f
(a) (b) (c)
(a) % = 25.29.
(b) % = 8.30.
(c) ur = l.O0.
Figure 18-10.-Pressure contours for three radius ratios ct,. From Brewe et al. (1979).
18.5 Starvation Effects
Starvation Effects
The effect of starvation in a hydrodynamically lubricated conjunction can be
studied by systematically reducing the inlet supply and observing the resultant
pressure distribution and film thickness. This starvation effect can have a signifi-
cant role in the operation of machine elements. It is desirable that the hydrodynamic
film generated between the roller end and the guide flange provide stiffness and
damping to limit the amplitude of the roller skewing motion. However, at high
rotational speeds the roller end and the flange are often subjected to a depletion
in the lubricant supply owing to centrifugal effects. In such cases the minute amount
of lubricant available at the roller end-flange conjunction might well represent
an example of steady-state starvation. Starvation effects in hydrodynamically
lubricated contacts are important for cual,culating the rolling and sliding resistance
and traction encountered in ball aned roller bearings (see Chiu, 1974).
In another example the effect ,_'f r,_ricting the lubricant to a roller bearing
is seen experimentally and theor_,l_._|l, to reduce the amount of cage and roller
slip (see Boness, 1970). The thecl,r_,.tk: I analysis was accomplished by changing
the location of the boundary wheic ule pressure begins to build up and noting
the effect on the hydrodynamic forces.
18.5.1 Film thicknessformulas.--The difficulty with the equation developed
by Brewe et al. (1979), equation (18-75), is that its range of applicability is limited.
In a later publication by Brewe and Hamrock (1982) a minimum film thickness
valid for the full range of dimensionless film thickness normally encountered in
a fully flooded undeformed contact is given as
-2
U
H0 = Hm_, = + 3.02 (18-79)
soL(128_r) 1/2
Brewe and Hamrock (1982) found that the reduction in minimum film thickness
from the fully flooded value, if the fluid inlet level is known, is
[C in) ]1= . cHinnmin, s _ + 3.02 k/_n -- 1
-*mtn
(18-80)
where Hin, the dimensionless fluid inlet level, is equal to hin/g x. Dividing both
sides of equation (18-80) by Hmin gives
Hmin s HI/2 2 " " -- 1
- e Hin - 13s - _ 1 + 3.02 --min
etmi,
(18-81)
where 3s is the reduction in minimum film thickness due to starvation.
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18.5.2 Pressure distribution.--The discussion of lubricant starvation can be
facilitated by focusing on one of the simplest geometric arrangements (i.e., a ball
rolling or sliding against a flat plane) as shown in figure 18-11. The figure com-
pares the pressure distribution determined numerically for the fully flooded inlet
(/-/in = 1.00) with that for the most severely starved inlet (Hin = 0.001). The
comparison is made for a constant minimum film thickness of nmi n = 1.0 X 10-4
Note that the pressure peak built up in the starved inlet is only slightly smaller
than that of the fully flooded inlet. However, the area of pressure buildup is
considerably smaller, so that the starved inlet is unable to support as much load
for a given film thickness as the fully flooded inlet.
Figure 18-12 provides the same sort of comparison but for a thicker minimum
film, nmi n : 1.0x 10 -3. The significant difference between the two figures is
that the starved inlet for the thicker film has a more pronounced effect on the
pressure peak. The fluid inlet level (/'/in = 0.002) for the thicker film represents
Inlet !Hin 1.00
1 /
/// l
/
Hmi n = 1 xl0 -4
Outlet
Cavitation
boundary
(a)
Rolling
Inlet
X Outlet y
X
,n,et( /
t /l"t
Z Hm,n = 1 x 10 -4
Cavitation
Outlet boundary Inlet
boundary
(b)
X Y
X
(a) Fully flooded condition.
(b) Starved condition.
Figure 18-11. Three-dimensional representation of pressure distributions for dimensionless minimum
film thickness Hmi n of 1.0x 10 -4. From Brewe and Hamrock (1982).
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/// l
_Hmm = 1 x 10 .3
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Outlet
X
Rolling
direction
Cavitation P l_ f
boundary _.,_._':_ ._._ _'
\ _i _/,_,.7_ Inlet
_: ,%(,'ii_
x
P
Cavitation
_2-__ boundary +_
OutletInlet
";},'i/ill,',
Hin = 0.
-'//(It , x /xx
_Hrnin = 1 x 10 .3
(b)
_,_, //,bolnlet
undary
,_',.y:/f
..... )IN
(a) Fully flooded condition.
(b) Starved condition.
Figure 18-12. - Three-dimensional representation of pressure distribution for dimensionless minimum
film thickness Hmi n of 1.0× 10 -3. From Brewe and Hamrock (1982).
a more highly starved inlet since//in is of the order of nmi n in this case. The
other feature to be noticed in comparing figures 18-11 and 18-12 is that the
pressure distribution is more evenly spread out for the thicker film. Thus, changes
in the meniscus (or integration domain) are going to have a more noticeable effect
on the load-carrying capacity. Note also that because of the boundary conditions
the integration domain takes on a kidney-shaped appearance. This is more clearly
shown in the isobaric contour plot in figure 18-13.
18.5.3 FuUyflooded-starved boundary.--Of practical importance to lubricant
starvation is the decrease in the film thickness reduction factor _s from the fully
flooded value. Equation (18-81) is a derived expression for _s in terms of the
fluid inlet level and the fully flooded film thickness. Figure 18-14 is a plot of
_ as a function of Hi, for four values of Hmi,. It is of interest to determine a
fully flooded-starved boundary (i.e., the fluid inlet level after which any further
decrease causes a significant reduction in the film thickness). The definition of
this boundary is established by
(1 --_=)H_.:H_ = 0.03 (18-82)
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Inlet
/Cavitation
Inlet t Inlet t/
meniscus t
boundary J
meniscus
boundary J
(a) (b) (c)
'_ Cavitation
boundary
(a) Fully flooded condition: dimensionless fluid inlet level, Hin, 1.00; dimensionless pressure where
dP/dX= 0, Pro, i'20x !06; dimensionless toad-speed ratio, W/U, 1153.6.
(b) Starved condition: Hin, 0.004; Pm= 1.19x 106; W/U = 862.6.
(c) Starved condition: /-/in = 0.001; Pm = 1.13x106; W/U = 567.8.
Figure 18-13. -Isobaric contour plots for three fluid inlet levels for dimensionless minimum film thick-
ness Hmi n of 1.0× 10 -4. From Brewe and Hamrock (1982).
The value of 0.03 is used in equation (18-82) because it was ascertained that the
numerical data obtained were accurate to only ± 3 percent.
Thus, for a given value of Hmi n a value of H_ncan be determined that satisfies
equation (18-82). A suitable relationship between H_. and H,.in was obtained by
Brewe and Hamrock (1982) and is given as
H_. = 4.1 l(Hmin) 036 (18-83)
This equation determines the onset of starvation. That is, for/-/in _>H_. a fully
flooded condition exists, whereas for Hi. < H_na starved condition exists.
5 x 10-5 7
1.0
10 3
O 9
-_ _J/ _ Dimensionless
8 [_ Crit:cally minimum- t ckness,film
.7
E 1[ I I I I J
0 .2 .4 .6 .8 1,0
Dimensionless fluid inlet level, Hin
Figure 18-14.- Effect of fluid inlet level on film thickness reduction factor in flooded conjunctions.
From Brewe and Hamrock (1982).
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18.6 Combined Squeeze and Entraining Motion
Thus far this chapter has been confined to entraining motion, but this section
incorporates both squeeze and entraining motion in the hydrodynamic lubrication
of nonconformal surfaces. The basic principle that enables a positive pressure to
be generated in a fluid contained between two surfaces when the surfaces are
moving toward each other is that a finite time is required to squeeze the fluid
out of the gap, as was discovered in chapter 13. In this section the discussion
is limited to fully flooded conjunctions.
18.6.1 Pressure distribution and/oad.--Figure 18-15 shows the flow of lubri-
cant in a conjunction with combined squeeze and entraining motion. The Reynolds
equation for the hydrodynamic lubrication of two rigid solids separated by an
incompressible, isoviscous lubricant film with entraining and normal squeeze
motion can be expressed from equation (7-45) as
0 (h3OP_ + O (Op) ,,_ /Ua +UbX_ Oh OhOx Ox/I" Oy h3 = -- + 12r/ (18-84)-
Making use of the dimensionalization given in equation (18-59) and
Oh wa
Wa
_ and u - Ua + Ub
' U 2 (18-85)Ot
Yv,a,.0
,o,.,
li ',,,Pressure , i
Dimensionlesscoordinate,X= x/Rx
Figure18-15.- Lubricantflow for aro|]ing-slidingcontactandcorrespondingpressurebuildup.From
Ghoshctal. (1985).
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changes equation (18-84) to
(18-86)
If
a,_ (18-87)
(2Hmin) "
this equation becomes
(18-88)
The parabolic approximation (eq. (18-58)), along with the Reynolds boundary
conditions, can be used to evaluate equation (18-88) numerically.
The load-carrying capacity can be calculated by integrating the pressure in the
contact region or
w: = iAp dx dy
In dimensionless form it is expressed as
w. - f P dX dY (18-89)W : _o_gRx A
where A is the dimensionless domain of integration that is dependent both on the
fluid level and the cavitation boundary. The instantaneous load-carrying capacity
is expressed as a ratio
W
9, - (l 8-90)
(W)_ :o
18. 6.2 Results and discussion .--The dynamic performance of hydrodynamically
lubricated nonconformal contacts in combined entraining and normal squeeze
motion is governed by the dimensionless normal velocity parameter /3_,. It
incorporates three major parameters, namely the normal squeeze velocity w,,, the
entraining velocity u, and the central or minimum film thickness hmi n. The
pertbrmance parameters affected by the normal velocity parameter are
(1) The dynamic load ratio, ¢3t
(2) The dynamic peak pressure ratio, [j, = P,,,/(P,,,),_ ,_
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(3) The dimensionless location of peak pressure, Xe, s
(4) The dimensionless location of film rupture, Xe.r
This section attempts to show the effect of the operating parameters on these
performance parameters.
Figure 18-16 shows the effect of the dimensionless normal velocity parameter
on the dynamic load ratio. The dimensionless normal velocity parameter j3_
clearly has a significant pressure-generating effect during the normal approach,
where the dynamic load ratio/3 r increases with increasing/3,_. On the contrary,
/3t is significantly reduced during normal separation for/3_ > 0.
The magnitude of the peak pressure generated in a conjunction, its location,
and the location of the film rupture boundary are also affected significantly by
the dimensionless normal velocity parameter. Pressure distributions for five values
of/3,_ are shown in figure 18-17. The inlet meniscus boundary is not shown in
this figure. During normal approach the film rupture boundary moves downstream
into the outlet region (or the divergent portion of the film) with reference to the
minimum-film-thickness position. During separation it moves upstream, reaching
the convergent portion of the film for higher values of 13,_.The location of the
pressure peak and the entire pressure distribution in the contact also shift
accordingly. Thus, superposition of normal motion on the entraining velocity alters
both the magnitude and distribution of the pressure in the contact.
3 --
__c_"
E
0
10-2
Normal
ap!ryayh. J
L I
10-1 100
Dimensionless normal velocity parameter, I/3_1
Figure 18-16. - Effect of dimensionless normal velocity parameter on dynamic load ratio. Dimensionless
central film thickness, nmi n, 1.0X 10-4; radius ratio, c_r, 1.0; dimensionless fluid inlet level, Hin,
0.035. From Ghosh et at, (1985).
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Rolling
--.\
boundary
Y
(a)
(c)
(a) _,_ = -!.0. (b)/3,_ = -0.5. (c) _,_ = 0.
Figure i 8-17.- Pressure distribution in contact for various values of dimensionless normal velocity
parameter _. Dimensionless central film thickness, Hmin, 41.0X 10 ; radius ratio, _r, 1.0; dimen-
sionless fluid inlet level, Hin , 0.0006. From Ghosh et al. (1985).
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\ _ Rolling
X j _ - Y
(d)
Y(e)
(d) /3,_= 0.25. (e) _,, = 0.75.
Figure 18-17. -Concluded.
The variation of the dynamic peak pressure ratio _s with normal velocity
parameter is shown in figure 18-18. Pressures approximately three or four times
the corresponding peak pressure in the steady situation are generated in the
conjunction during normal approach. Relative reductions in the peak pressures
of similar magnitude occur during separation.
The influence of the radius ratio Otr on the dynamic load ratio ft and the
dynamic peak pressure ratio _s is shown in figures 18-19 and 18-20, respec-
tively. Recall that for O_r> 1 the major axis of the film contours is transverse to
the entrainment velocity, so that for (_r) > 1 the geometry resembles a lubricated
cylinder, as covered in the first three sections of this chapter (18.1 to 18.3). During
normal approach/_, increases with increasing cxr up to a certain value and then
tends to approach a limiting value for further increases in cir. Similarly, during
normal separation fit initially decreases with increasing O_r and then approaches a
limiting value for higher values of tXr. Similar variations with cxr can be observed
for _s in figure 18-20. Therefore, it can be said that the radius ratio significantly
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Figure 18-18.- Effect of dimensionless normal velocity parameter on dynamic peak pressure ratio.
Dimensionless central film thickness, Hmin, 1.0x 10-4; radius ratio, (_,, 1.0: dimensionless fluid
inlet level, Hin, 0.035 From Ghosh et al. (1985).
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Figure 18-19.-Effect of radius ratio on dynamic load ratio. Dimensionless central film thickness,
Hmi n, l.Ox I0 4; dimensionless fluid inlet level, Hm, 0.035. From Ghosh et al. (1985).
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Figure 18-20.-Effect (}f radius ratio on dynamic peak pressure ratio. Dimensionless central film
thickness, H,m n. 1.0x 10 4; dmlcnsionless fluid inlet level, Hin, 0.035. From (;hosh el al. (1985).
394
Closure
affects the dynamic performance of nonconformal conjunctions for ar between
0.2 and 10. However, for otr between 10 and 35 the effects are small. By curve-
fitting 63 cases Ghosh et al. (1985) came up with the following formula for the
dynamic load ratio:
13r = [ar °°28 sech(1.68_,)] _:_ for _ ;_ 0 (18-91)
It has been pointed out that significantly higher peak pressures can be generated
in the conjunction during normal approach than during normal separation.
Therefore, the estimation of peak pressures in the conjunction is of practical
importance for estimating the maximum stress in the contact and the fatigue life
of the contact. Dynamic peak pressure ratio _s is expressed by a simple formula
as a function of the normal velocity parameter 13,_and the radius ratio o_r or
_s -----[Otr 0"032 sech(2_,_)] _:_' for _,o ¢ 0 (18-92)
18.7 Closure
This chapter is the first of a number that will focus on the lubrication of
nonconformal surfaces. The first three sections dealt with the lubrication of a
cylinder near a plane: the first section with an infinitely long cylinder, the second
with a short cylinder, and the third with the exact solution. The infinitely long-
cylinder theory found the minimum film thickness to be inversely proportional
to the normal applied load. The short-cylinder theory found the minimum film
thickness to be proportional to the normal load-carrying capacity raised to the
-0.5 power, and this is much closer to the exact solution results.
For the exact solution it was found that two important operating parameters
exist, namely (1) width-to-diameter ratio, X)= b/2r, and (2) radius-to-central-
film-thickness ratio, ah = r/ho. Figures were provided that enable easy calcula-
tion of the normal and tangential load components when side leakage is considered
and the operating parameters and the load component for infinite width are known.
The influence of geometry on the isothermal hydrodynamic film separating two
general rigid solids was investigated. The investigation was conducted for a
conjunction fully immersed in lubricant (i.e., fully flooded). The effect of the
geometry on the film thickness was determined by varying the radius ratio from
1 (a ball-on-plane configuration) to 36 (a ball in a conforming groove). It was
found that the minimum film thickness had the same speed, viscosity, and load
dependence as Kapitza's classical solution. The central or minimum film thickness
for the complete range of operation for a fully flooded conjunction is
H0 _ nmin =
-2
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where
L=0.131 tan-1(2)+l.683
1
2
l+--
3orr
Numerical methods were used to determine the effect of lubricant starvation
on the minimum film thickness under conditions of hydrodynamic lubrication and
side leakage. Starvation was effected by varying the inlet level. The reduction
in minimum film thickness due to starvation can be expressed as
- Hmin's - I 1 + 3.02HIm]2n
_s Hmin t. I 2 - Hin I/2 e Hin-I _ -2
A numerical solution to the hydrodynamic lubrication of nonconformal rigid
contacts with an incompressible, isoviscous lubricant in combined entraining and
normal squeeze motion has been obtained. The following conclusions were reached
through a parametric study:
1. Normal squeeze motion combined with entraining motion significantly
increases the load-carrying capacity and peak pressure in the conjunction during
normal approach. A correspondingly significant decrease in load-carrying capacity
and peak pressure occurs during normal separation.
2. The film rupture (or cavitation) boundary moves farther into the outlet region
away from the minimum-film-thickness position during normal approach but
moves toward the inlet and into the convergent portion of the film for higher
normal velocities during separation.
3. Increasing the radius ratio c_r increases the dynamic load ratio/3 t and the
dynamic peak pressure ratio _s during normal approach. Reverse effects are
observed during separation.
4. The ratios/3, and _s are weakly dependent on the minimum film thickness
and can be expressed in terms of the dimensionless normal velocity parameter/3o_
and the radius ratio or, by
_3,= [0/7 0.028 sech(1.68_,_)1 '/_
396
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Chapter 19
Simplified Solutions for Stresses
and Deformations
In the preceding chapters the solid surfaces in a lubricated conjunction have been
considered to be rigid. This then is the demarcation point where elastic deformation
of the solid surfaces will begin to be considered and remain of concern until the
end of the book.
The classical Hertzian solution for deformation requires calculating the ellipticity
parameter k and the complete elliptic integrals of the first and second kinds 5:
and £, respectively. Simplifying expressions for k, 5:, and g as a function of
the radius ratio o_r were presented by Brewe and Hamrock (1977) in a curve-fit
analysis. With these expressions researchers could determine the deformation at
the contact center, with a slight sacrifice in accuracy, without using involved
mathematical methods or design charts. The simplified expressions were useful
for radius ratios ranging from circular point contact to near line contact normal
te the rolling direction (i.e., 1.0 _< o_r < 100).
However, in a number of applications the semimajor axis of the elliptical contact
is parallel to the rolling direction, resulting in c_r< 1. Some of these applications
are (1) Novikov gear contacts, (2) locomotive wheel-rail contacts, and (3) roller-
flange contacts in an axially loaded roller bearing. The elliptical contact deformation
and stresses presented by Hamrock and Brewe (1983) are applicable for any contact
ranging from something similar to a disk rolling on a plane (_ = 0.03) to a ball-
on-plane contact (c_r = 1) to a contact approaching a nominal line contact (od r -- 100)
such as a barrel-shaped roller bearing against a plane. This chapter focuses on
the results obtained by Hamrock and Brewe in their 1983 paper.
19.1 Curvature Sum and Difference
The undeformed geometry of nonconformal contacting solids can be represented
in general terms by two ellipsoids, as shown in figure 19-1. The two solids with
different radii of curvature in a pair of principal planes (x and y) passing through
the contact between the solids make contact at a single point under the condition
of zero applied load. Such a condition is called point contact and is shown in
figure 19-1, where the radii of curvature are denoted by r's. It is assumed
throughout this book that convex surfaces, as shown in figure 19-1, exhibit positive
curvature and concave surfaces, negative curvature. Therefore, if the center of
curvature lies within the solid, the radius of curvature is positive; if the center
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Y
Figure 19-1.--Geometry of contacting elastic solids. From Hamrock and Dowson (1981).
of curvature lies outside the solid, the radius of curvature is negative. Figure
19-2 shows the sign designations for the radii of curvature for various machine
elements such as rolling elements and ball and roller bearing races. The importance
of the sign of the radius of curvature presents itself later in the chapter.
Note that, if coordinates x and y are chosen such that
1 1 1 1
-- +-- _> -- +-- (19-1)
rax rbx ray rby
coordinate x then determines the direction of the semiminor axis of the contact
area when a load is applied and y, the direction of the semimajor axis. The direction
of the entraining motion is always considered to be along the x axis. For those
situations in which the principal curvature planes of the two contacting bodies
are not coincident, refer to Timoshenko and Goodier (1970).
The curvature sum and difference, which are quantities of some importance
in analyzing contact stresses and deformation, are
1 1 1
- + (19-2)
R Re Ry
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(a)
Sphere Cylinder Conic frustrum Barrel shaped Concave
rax-
r T
ray = r Lray
raX_
_ r.y , - ray
Thrust Radial inner Radial outer
Lr_
(b)
Thrust Cylindrical inner Cylindrical outer
rbx i - rbxJ--
(a) Rolling elements.
(b) Ball bearing races.
(c) Roller bearing races.
Figure 19-2.--Sign designations for radii of curvature of various machine elements.
(19-3)
where
1 1 1
- + -- (19-4)
R, r_ rbx
1 1 1
- + -- (19-51
R>, ray /'by
Equations (19-4) and (19-5) effectively redefine the problem of two ellipsoida|
solids approaching one another in terms of an equivalent solid of radii Rx and
R v approaching a plane. Note that the curvature difference expressed in equa-
tion (19-3) is dimensionless.
The radius ratio cxr defined in chapter 18 (eq. (18-57)) is the same for this
chapter.
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•. ol_ = -- (18-57)
R_
Thus, if equation (19-1) is satisfied, o_r ) 1; and if it is not satisfied, or'r ( 1.
19.2 Surface Stresses and Deformations
When an elastic solid is subjected to a load, stresses are produced that increase
as the load is increased. These stresses are associated with deformations, which
are defined by strains. Unique relationships exist between stresses and their
corresponding strains. For elastic solids the stresses are linearly related to
the strains, with the constant of proportionality being an elastic constant that
adopts different values for different materials as covered in chapter 5 (sec-
tion 5.6.2). The modulus of elasticity E and Poisson's ratio u are two important
parameters described in chapter 5 that are used in this chapter to describe contacting
solids.
As the stresses increase within the material, elastic behavior is replaced by plastic
flow, in which the material is permanently deformed. The stress state at which
the transition from elastic to plastic behavior occurs, known as the yield stress,
has a definite value for a given material at a given temperature. In this book only
elastic behavior is considered.
When two elastic solids are brought together under a load, a contact area
develops, the shape and size of which depend on the applied load, the elastic
properties of the materials, and the curvatures of the surfaces. When the two solids
shown in figure 19-1 have a normal load applied to them, the contact area is
elliptical. It has been common to refer to elliptical contacts as point contacts,
but since under load these contacts become elliptical, they are referred to herein
as such. For the special case where rax = r_y and rb._= rb,. the resulting contact
is a circle rather than an ellipse. Where r,y and rby are both infinite, the initial
line contact develops into a rectangle when load is applied.
Hertz (1881) considered the stresses and deformations in two perfectly smooth,
ellipsoidal, contacting solids much like those shown in figure 19-1. His application
of the classical elasticity theory to this problem forms the basis of stress calculations
for machine elements such as ball and roller bearings, gears, and cams and
followers. Hertz made the following assumptions:
(1) The materials are homogeneous and the yield stress is not exceeded.
(2) No tangential forces are induced between the solids.
(3) Contact is limited to a small portion of the surface, such that the dimensions
of the contact region are small in comparison with the radii of the ellipsoids.
(4) The solids are at rest and in equilibrium.
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/
Figure 19-3.--Pressure distributionin ellipsoidal contact.
Making use of these assumptions, Hertz (1881) was able to obtain the following
expression for the pressure within the ellipsoidal contact (shown in fig. 19-3):
(19-6)
where
Dx diameter of contact ellipse in x direction, m
Dy diameter of contact ellipse in y direction, m
If the pressure is integrated over the contact area, it is found that
6_, z
Pm = ---- (19-7)
7rDxDy
where _'z is the normal applied load. Equation (19-6) determines the distribution
of pressure or compressive stress on the common interface; it is clearly a maximum
at the contact center and decreases to zero at the periphery.
The ellipticity parameter k is defined as the elliptical contact diameter in the
y direction (transverse direction) divided by the elliptical contact diameter in the
x direction (direction of entraining motion) or
k _m Dy (19-8)
Dx
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If equation (19-1) is satisfied and c_r > 1, the contact ellipse will be oriented with
its major diameter transverse to the direction of motion, and consequently k _ 1.
Otherwise, the major diameter would lie along the direction of motion with both
ar < 1 and k < 1. To avoid confusion, the commonly used solutions to the
surface deformation and stresses are presented only for _r > 1. The simplified
solutions are presented and then their application for c_r < 1 is discussed.
Harris (1966) has shown that the ellipticity parameter can be written as a
transcendental equation relating the curvature difference (eq. (19-3)) and the
elliptic integrals of the first 5: and second g kinds as
where
25: - 8(1 + Rj)] 1_2
k = L _-1- Z Ra)- ] (19-9)
1 sin201 _/2d_b (19-10)5:= 1- 1-_- 2
• 0
) ]I t/2E = 1 - 1 -_ sin20 dO (19-11)
0
A one-point iteration method that was adopted by Hamrock and Anderson (1973)
can be used to obtain the ellipticity parameter, where
k,+_ =- k, (19-12)
The iteration process is normally continued until k,,+l differs from kn by less than
1.0x 10 -7. Note that the ellipticity parameter is a function only of the solids'
radii of curvature:
k =f(r,_, rb., ray, rh,,) (19-13)
That is, as the load increases, the semiaxes in the x and y directions of the contact
ellipse increase proportionately to each other, so that the ellipticity parameter
remains constant.
Figure 19-4 shows the ellipticity parameter and the elliptic integrals of the first
and second kinds for a radius ratio (C_r = RJRx) range usually encountered in
nonconformal conjunctions. Note from figure 19-4 that g = 5: when ar = !.
Also both g and 5: are discontinuous at ar = 1.
When the ellipticity parameter k, the normal applied load _,:, Poisson's ratio
v, and the modulus of elasticity E of the contacting solids are known, the major
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Figure 19-4.--Variation of ellipticity parameter and elliptic integrals of first and second kinds as
function of radius ratio. From Hamrock and Brewe (1983).
and minor axes of the contact ellipse and the maximum deformation at the contact
center can be written from the analysis of Hertz (1881) as
2 (6k2_;wzR'_l/3
Oy= \ _k_ .!
(19-14)
where
2 ff6/;_,zR']l/3
Dx= \_--ffU!
[( 9 "/(' ,,,z .''
_" = _ L\T_! \ _--_-! j
(19-15)
(19-16)
2
E' = (19-17)
2 1 _2| -- p a
+f_
In these equations, Dx and Dy are proportional to _,_:3 and <5m is proportional to
2/3
ud z
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19.3 Subsurface Stresses
Fatigue cracks usually start at a certain depth below the surface in planes parallel
to the rolling direction. Because of this, special attention must be given to the
shear stress amplitude in this plane. Furthermore, a maximum shear stress is
reached at a certain depth below the surface. The analysis used by Lundberg and
Palmgren (1947) is used here to define this stress.
The stresses are referred to in a rectangular coordinate system with its origin
at the contact center, its z axis coinciding with the interior normal of the body
considered, its x axis in the rolling direction, and its y axis perpendicular to the
rolling direction. In the analysis that follows, it is assumed that y = 0.
From Lundberg and Palmgren (1947) the following equations can be written:
_ f cos24, sin sin7. (19-18)
1
x = -- (D 2 + D_ tan2%) L': sin 4,`` (19-19)
2
O_,
z = _ tan 3'`` cos ¢`` (19-20)
2
where 4,`` and 7`` are auxiliary angles used in place of the coordinate set (x,z).
They are defined so as to satisfy the relationship of a conformal ellipsoid to the
pressure ellipse (for further details see Hertz, 1881, and Lundberg and Palmgren,
1947).
The maximum shear stress is defined as
r0 = (r:0 .....
The amplitude of ro is obtained from
19 7"z. _ 0 7"z. r
-0, -0
04,`` 07,,
For the point of maximum shear stress
tan24,`` = t*
tan_%, - 1
(19-21)
(19-22)
D_- i[(t,)2 - 1](2t*- 1)1 I:
Ov
(19-23)
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where t* is the auxiliary parameter. The position of the maximum point is
determined by
Zo = _. __Dx (19-24)
2
x0 = +_, __Dx (19-25)
2
where
_'* = (t* + 1)(2t* - 1) 1/2 (19-26)
t* ( 2t* + 1 ) 1/2t* + 1 2t* 1
(19-27)
Furthermore, the magnitude of the maxtmum shear stress expressed in terms of
t* is given by
1/2
(2t* -- 1)
ro =Pm (19-28)
2t*(t* + 1)
It should be emphasized that r0 represents the maximum half-amplitude of the
subsurface orthogonal shear stress and is not to be confused with the maximum
subsurface shear stress that occurs below the center of the contact on the plane
oriented 45 ° to the surface. The Lundberg-Palmgren prediction of fatigue life
is based on the calculation of r0 and was limited to cross sections lying in the
plane of symmetry of the roller path (y = 0).
19.4 Simplified Solutions
The classical Hertzian solution presented in the previous sections requires the
calculation of the ellipticity parameter k and the complete elliptic integrals of the
first and second kinds 5: and g. This entails finding a solution to a transcendental
equation relating k, 5:, and g to the geometry of the contacting solids, as expressed
in equation (19-9). This is usually accomplished by some iterative numerical
procedure, as described by Hamrock and Anderson (1973), or with the aid of
charts, as shown by Jones (1946).
Table 19-1 shows various radius ratios _r and corresponding values of k, 7,
and _; obtained from the numerical procedure given in Hamrock and Anderson
(1973). Hamrock and Brewe (1983) used a linear regression by the method of
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TABLE 19-1.--COMPARISON OF NUMERICALLY DETERMINED
VALUES WITH CURVE-FIT VALUES FOR GEOMETRICALLY
DEPENDENT VARIABLES
[From Hamrock and Brewe (1983); R_ = 1.0 cm.]
Radius Ellipticity
ratio,
c_r k k Error,
er,
percent
1.00 1.00 1.00 0
1.25 1.16 1.15 .66
1.50 1.31 1.29 1.19
1.75 1.45 1.42 1.61
2.00 1.58 1.55 1.96
3.00 2.07 2.01 2.87
4.00 2.50 2.41 3.35
5.00 2.89 2.78 3.61
6.00 3.25 3.12 3.74
7.00 3.58 3.45 3.80
8.00 3.90 3.75 3.81
9.'00! 4.20 4.05 3.78
10.00 4.49 4.33 3.74
15.00 5.79 5.60 3.32
20.00 6.92 6.73 2.81
25.00 7.94 7.76 2.29
30.00 8.87 8.71 1.79
35.00 9.74 9.61 1.32
40.00 10.56 10.46 .87
45.00 11.33 11.28 .44
50.00 12.07 12.06 .03
60.00 13.45 13.52 -.72
70.00 14.74 14.94 - 1.40
80.00 15.95 16.27 -2.03
90.00 17.09 17.54 -2.61
100.00 18.18 18.76 -3.15
Complete elliptic Complete elliptic
integral of integral of
first kind second kind
5: _: Error, _ _ Error,
e r, er,
percent percent
1.57 1.57 0 1.57 1.57 0
1.68 1.69 -.50 1.46 1.45 .52
1.78 1.80 -.70 1.39 1.38 .76
1.87 1.89 -.75 1.33 1.32 .87
1.95 1.96 -.73 1.29 1.28 .91
2.18 2.19 -.44 1.20 1.19 .83
2.35 2.36 -.11 1.t5 1.14 .69
2.49 2.48 .17 1.12 1.11 .57
2.60 2.59 .40 1.10 1.09 .48
2.69 2.68 .59 1.08 1.08 .40
2.77 2.75 .75 1.07 1.07 .35
2.85 2.82 .88 1.06 1.06 .30
2.91 2.88 1.00 1.05 1.05 .26
3.16 3.11 1.38 1.03 1.03 .15
3.33 3.28 1.60 1.02 1.02 .10
3.46 3.40 1.74 1.02 1.02 .07
3.57 3.51 1.84 1.01 1.01 .05
3.67 3.60 1.90 .04
3.74 3.67 1.95 .03
3.81 3.74 1.99 .02
3.88 3.80 2.02 i , .02
3.98 3.90 2.06 1.00 1.00 .01
4.08 3.99 2.08 .01
4.15 4.07 2.09 .01
4.22 4.13 2.10 0
4.28 4.19 2.10 " 0
least squares to power fit the set of pairs of data [(ki, O/r.,), i = 1,2 ..... 26] shown
in table 19-1. They obtained the following equation:
2/,_ (19-29)k_--o/r
The asymptotic behavior of _; and 5: (O/r -- 1 implies 8 -- _: -- 7r/2, and O/r -- oo
implies • -- oo and g -- l) was suggestive of the type of functional dependence
that _ and _ might follow. As a result, both inverse and logarithmic curve fits
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were tried for _; and _, respectively. Hamrock and Brewe (1983) obtained the
following:
= 1 + q-5-a for (_l-> 1 (19-30)
O/r
where
7r
2
and
_: = _Tr+ qa In _ for (_l- >_ 1 (19-32)
2
Values of k, 8, and _: are also presented in table 19-1 and compared with the
numerically determined values of k, 8, and _:. Table 19-1 also gives the percentage
of error determined as
el. -_-
(i- i)100 (19-33)
where
i = {k, 8, or 71 (19-34)
i= [k, 8, or _} (19-35)
The agreement between the exact solution and the approximate formulas is quite
good. The best agreement is with 8, which is between 0 and 1 percent; the worst
agreement is with k, which is ±4 percent.
Table 19-2 shows various radius ratios am and corresponding values of the
auxiliary parameter t* used in calculating the position and value of the maximum
subsurface orthogonal shear stress. The exact solution for t* was obtained from
the numerical procedures given in Hamrock and Anderson (1973). For the set
of data [(t/*, e_J, i = 1,2 ..... 44] shown in table 19-2 the following simplified
formula was obtained from Hamrock and Brewe (1983):
t*=l+ 0.16 csch/-_t
(19-36)
The percentage of error er is given for the auxiliary parameter in table 19-2.
409
Simplified Solutions
TABLE 19-2.--EFFECT OF RADIUS RATIO ON AUXILIARY
PARAMETER USED IN SUBSURFACE STRESS CALCULATIONS
[From Hamrock and Brewe (1983).]
Radius Auxiliary parameter Radius Auxiliary parameter
ratio, ratio,
o_r t* t-* Error, _r t* [* Error,
er, e r,
percent percent
0.01 5.71 7.00 -22.47 2.00 1.14 1,18 -3.71
.02 4.42 4.86 -9.87 3.00 1.09 1,13 -3.78
.03 3.81 3.98 -4.49 4,00 1.06 1.10 -3,45
.04 3.43 3.48 -I.51 5.00 1.05 1.08 -3.03
.05 3.16 3.15 .35 6.00 1.04 1.07 -2.62
,06 2,96 2.91 1.58 7.00 1.03 1.05 -2,24
,07 2.80 2.73 2.42 8.00 1,03 1,05 -1.91
.08 2,67 2.59 3.01 9.00 1,02 1.04 -1.61
.09 2.56 2.47 3.43 10.00 1.02 1.03 -1.35
• 10 2.47 2.38 3,72 15.00 1.01 1.01 -.50
,20 1,96 1.88 3.90 20,00 1.00 1.01 -•09
.30 1,73 1.68 2.86 25.00 I 1.00 .12
.40 1.59 1.56 1.79 30.00 .21
.50 1.50 1.48 .85 35.00 .26
.60 1.43 1.43 .05 40.00 .27
.70 1.38 1,39 -.62 45.00 .27
.80 1.34 1.35 - 1.19 50.00 .26
.90 1.30 1.33 -I.66 60.00 i .24
1.00 1.28 1.30 -2,05 70.00 .21i
1.25 1,22 1.26 -2.78 80.00 .19
1.50 1.19 1.23 -3.25 90.00 .17
1.75 1.16 1.20 -3.54 100.00 ,, , .15
The agreement between the exact and the approximate values of t* is quite good
except at extremely small radius ratios (o_r __<0.1). Once the value of t ° is
determined, the position and value of the maximum subsurface orthogonal shear
stress can readily be calculated from equations (19-24) to (19-28).
Table 19-3, from Hamrock and Brewe (1983), gives the simplified equations
for 0.01 _< otr- 100, which is the complete range normally experienced in
practice. It is important to make the proper evaluation of o_r, since it has great
s_ignific_ance in the outcome of the simplified equations. Table 19-3 shows that
k and t* are unaffected by the orientation of the ellipse but that the elliptical
integrals of the first and second kinds (5: and _;) are quite affected. It is important
to realize that the reciprocal of err produces the same values of 5: and _; as are
produced by changing the orientation of the ellipse.
Figure 19-5 shows three diverse situations in which the simplified equations can
be usefully applied. The locomotive wheel on a rail (fig. 19-5(a)) illustrates an
example in which the ellipticity parameter k and the radius ratio _ are less than 1.
410
TABLE19-3.--SIMPLIFIEDEQUATIONS[FromHamrockandBrewe(1983).]
Y
fyy° 
.11 2
i , ] x|
2
_r<__ 100
]£ = ot2fx
5: =- + qa ln c¢r
2
71"
where qa = - - I
2
E = 1 + q--._a
_r
yi _
f+a4
0.01 <- otr -< 1.0
= Or2 / _r
= - - q. In c*r
2
whereq_ =-- 1
2
= 1 + qaOtr
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(a) Wheel on rail.
(b) Ball on plane.
(¢) Bail-outer-race contact.
Figure 19-5.-Three degrees of conformity. From Hamrock and Brewe (1983).
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TABLE 19-4.--PRACTICAL APPLICATIONS
FOR DIFFERING CONFORMITIES
[From Hamrock and Brewe (1983); effective elastic modulus,
E', 2.197xl0 It Pa.]
Contact Wheel on rail Ball on plane Ball-outer-race
parameters contact
w:, N
r,L,,m
r,v, m
r_,m
rm, m
Ot r
k
f(
D v, m
b_,, m
D_,m
l.OOx 105
0.5019
(20
Or3
0.300000
0.5977
0.7099
0.7206
1.3526
1.3412
1.8508
1.8645
0.010783
0.010807
0.015190
222.4111
0.006350
0.006350
oo
oo
1.0000
1.0000
1.0000
1.5708
1.5708
1.5708
1.5708
0.000426
0.000426
0.000426
222.4111
0.006350
0.006350
-0.038900
-0.006600
22.0905
7.3649
7.1738
1.0267
1.0258
3.3941
3.3375
0.001842
0.001810
0.000250
/_t, m
tS,,, _m
_m. pm
Pro, GPa
Pro, GPa
t*
x 0, m
"_0, Ill
Zo, m
_-o, m
r o, GPa
?0, GPa
0.014996
106
108
t.166
1.178
1.4354
1.4346
+ 0.008862
+0.008745
+0.005410
+ 0.005350
0.162
0.164
0.000426
7.13
7.13
2.34
2.34
1.2808
1.3070
±0.000195
±0.000197
±0.000149
±0.000145
0.501
0.494
0.000252
3.56
3.57
0.922
0.930
1.0090
1.0089
± 0.000096
±0.000097
±0.000123
±0.000124
0.229
0.232
The ball rolling against a plane (fig. 19-5(b)) provides a pure circular contact
(i.e., o/r = k = 1.00). Figure 19-5(c) shows how the contact ellipse is formed
in the ball-outer-race contact of a ball bearing. Here the semimajor axis is normal
to the rolling direction and consequently ot r and k are greater than 1. The detailed
geometry and the values that can be calculated from the simplified formulas are
given in table 19-4 for each of these three configurations. In using these formulas
it is important to pay attention to the sign of the curvatures. Note that the outer
race in figure 19-5 is a concave surface and therefore requires a negative sign.
Table 19-4 shows both the maximum pressure Pm and the maximum shear stress
to be highest for the ball-on-plane configuration.
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19.5 Rectangular Conjunctions
For rectangular conjunctions the contact ellipse discussed throughout this chapter
is of infinite length in the transverse direction (D r -- 00). This type of contact
is exemplified by a cylinder loaded against a plane, a groove, or another, parallel,
cylinder or by a roller loaded against an inner or outer race. In these situations
the contact semiwidth is given by
where the dimensionless load is
(19-37)
tO
W' - (19-38)
E' R_
and tO' is the load per unit width along the contact. The maximum deformation
for a rectangular conjunction can be written as
6m 2W'Rx[2 /4rax'_ (-_)]
- _- + Int--_- ) + In (19-39)
The maximum Hertzian pressure in a rectangular conjunction can be written as
1,. = E'\UUI
19.6 Closure
This chapter has presented an alternative approach to the classical Hertzian
solution for the local stress and deformation of two elastic bodies in contact. Sim-
plified formulas that use curve-fit analysis are given in terms of the radius ratio
_Xrfor the eilipticity parameter k and the complete elliptic integrals _ and E of the
first and second kinds, respectively. Thus, their interdependence can be uncoupled,
and solution of the resulting transcendental equation avoided. Simplified equations
were developed that permit a more direct and easier approach to the calculation
of the elliptical contact deformation and the maximum Hertzian pressure. In
addition, a curve-fit analysis was used to derive a simplified formula for an
auxiliary parameter t* as a function of otr. This eliminated having to solve a cubic
equation for t* as a function of k. A shortcut calculation could be made for the
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location and magnitude of the maximum subsurface shear stress. Therefore, the
elliptical contact deformation and stresses presented are applicable for any contact
ranging from a disk rolling on a plane (at = 0.03) to a ball-on-plane contact
(at = 1) to a contact approaching a normal line contact (a_- 100) such as a
barrel-shaped roller against a plane.
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Chapter 20
General Solution for Stresses and
Deformations in Dry Contacts
The previous chapter described simple formulas for the maximum surface and
subsurface stresses as well as the maximum deformation at the contact center.
This chapter defines the stresses and the deformations in a more general manner.
As in the previous chapter the contacts are assumed to be dry, or unlubricated.
When two elastic solids like those shown in figure 19-1 are brought into contact
and subjected to a normal load, the solids deform and the nominal point of contact
becomes an elliptical area. Two limiting cases can be identified from this general
principle. In the first, a point contact becomes a circle, for example, when the
solid surfaces are a sphere on a sphere, or a sphere on a plane, or identical cylinders
crossed at right angles. In the second limiting case, a nominal line contact becomes
a rectangle, for example, when the solid surfaces are a cylinder on a cylinder
with parallel axes, or a cylinder on a plane, or a cylinder in a groove with parallel
axes as in a journal. The stresses, deformations, and contact dimensions are
presented here for normal loaded contacts with no tangential loading, not only
for the general elliptical contact solution but also for the two limiting situations
of circular and rectangular contacts.
In this chapter it is assumed that the linear size of the contact area is small
relative to the radii of curvature of the contacting solids. This implies that one
body can be replaced by an elastic semi-infinite space. The second assumption
imposed in this chapter is that the friction forces arising between touching bodies
are neglected.
20.1 General Elasticity Theorems
The behavior of an isotropic and homogeneous perfectly elastic material is
generally defined by equilibrium conditions in which the body forces have been
made equal to zero. Imposing these conditions yields the following equations:
_2
(1 + v)V2ox + --3x2 (ax + o,,.+ oz) = 0 (20-1)
_2
(1 + v) V 2_7y at- _y2 (fix "1" fly q- (7z) : 0
(20-2)
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_2
(1 + v)v2o. + -- (ox + o,, + oz) = 0 (20-3)
oqZ2
(1 + v)V 2r_>_+ _ (crx ÷ a_,+ az) = 0 (20-4)
oq2
( 1 + v) V 2r>,z + -- (ox + o>,+ oz) = 0 (20-5)
aycgz
_2
(1 + v) V2r:_ + _ (Ox + oy + oz) = 0 (20-6)
where
a 2 0 2 a 2
V 2 =--+--+-- (20-7)
Ox 2 ay 2 Oz2
Thesolutionto any elasticity problem mustsatis_ theseconditionsandthe given
boundary equations.
20.2 Line Load Solution
Figure 20-1 shows the plane polar coordinates used for a line load _'z' acting
in the z direction in the x = 0 plane on the boundary surface of an elastic half-
space. Also shown in this figure are the Cartesian coordinates. A line load
condition is a two-dimensional problem, and the equilibrium conditions for this
problem reduce to the following:
-- + _" = 0 (20-8)
Ox 0z
Oo. Or_.
+ _" = 0 (20-9)
Oz ax
+ (ox + Oz) = 0 (20-10)
Note that equations (20-8) to (20-10) for the two-dimensional problem are much
simpler than the three-dimensional equations ((20-1) to (20-6)).
Equations (20-8) to (20-10) may be solved by a stress function approach, in
which 0, which is a function of x and z, is introduced and expressed in terms
of the stresses as
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x
Z
Figure 20-1.--Plane polar coordinates used for line load w" acting in z direction in x = 0 plane on
boundary surface of elastic half-space. From Tripp (1985).
32_ 02¢ 32_
ax - a. - rxz = - -- (20-11)
az 2' " ax 2' OxOz
These satisfy equations (20-8) and (20-9) identically, while equation (20-10)
becomes
34_ + 2 a4_ + a4_ 0 V4_ (20-12)
3X 4 OX2OZ 2 OZ 4
This is a biharmonic governing equation. In order to solve a particular problem such
as the line load problem, it is necessary to find the appropriate stress function that
will satisfy equation (20-12) and the appropriate boundary conditions. In many
plane problems it is advantageous to express line load in a polar coordinate system
as shown in figure 20-1 rather than in Cartesian coordinates. Equations (20-8)
and (20-9) become
3or 1 3rr_ G - %
-- +---- + - 0 (20-13)
Or r 3¢ r
1 30¢ + Or_ + 2r,-¢ = 0 (20-14)
r 3¢ Or r
The stress function given in equation (20-11) can be expressed in polar coordinates
as
1 3_ 1 3_
o r -- + a¢ --
r Or rz 0¢ 2, o(132_ r_ = - -- (20-15)3r 2 ' 3r
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The corresponding biharmonic equation in equation (20-12) is expressed in polar
coordinates as
+ -- -- -_ + -- -- + = 0 (20-16)\ r ar r 20ff2//\Or 2 r Or _-0¢2J
The line load problem shown in figure 20-1 is solved by using the Boussinesq
stress function given as
_bb= _z'r¢/ sin _b (20-17)
71"
Substituting equation (20-17) into equation (20-15) gives
2_ z' cos ¢/
ar = , a¢, = 0, rr_ = 0 (20-18)
71"/"
This indicates that the stress is radial and directed toward the line where the load
is applied. Equations (20-18) are suitable for determining the stress distribution
within a semi-infinite solid.
Besides the stresses the surface deformation is also of interest, especially in
elastohydrodynamic lubrication studies. It is more convenient to revert to Cartesian
coordinates for the deformation considerations. The stress function given in
equation (20-17) can be expressed in Cartesian coordinates as
- -- tan -I (20-19)
The stress field in Cartesian coordinates is
2uazx2z
o_ = (20-20)
,/i-(x2 + z2) 2
2wz'Z3
az - (20-21)
71"(X 2 + Z2) 2
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rx: = (20-22)
r(x 2 + Z2) 2
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From Hooke's law the plane strain components in the solids can be expressed as
08x _ 1 [ax _ V(ay + az) ] (20-23)
ex= Ox E
_r= a_y =0 =1
Oy --_ [ay- v(a z + ax)]
(20-24)
_z - O_z - 1 [az _ _(_ + %)1 (20-25)
3z E
a6x O6z rxz 2(1 + v)
e-xz= -- + - - rxz (20-26)
Oz Ox G, E
where Gs is the shear modulus of elasticity. From equation (20-24), the plane
strain condition,
% = v(ox + az) (20-27)
Substituting this into equations (20-23) and (20-25) gives
05x 1-v 2 v(1 +v)
ex - - ax az (20-28)
ax E E
08: l-v 2 v(l +v)
ez - - °z _x (20-29)
Oz E E
Integrating equations (20-28) and (20-29) while making use of equations (20-20)
and (20-21) gives
6x-----_'z'[ (1-2v)(l+v) tan-t(z) l+v xz ]r E E x 2+ _ +A(z) (20-30)
6z = _ _'_.._z In (X 2 "1- Z 2) -- --
7r Z2 ] v(1 + p)x2 1x2+z , + - +B(x)E x 2 + z 2
(20-31)
By symmetry -6_(-x) = 8_(x). Hence, .4(z) = 0.
Equation (20-26) must be used to determine/_(x). That is, substituting equa-
tions (20-22), (20-30), and (20-31) into equation (20-26) gives
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a/_(x)
- 0 (20-32)
ax
This implies that/_ is not dependent on the field point x but does depend on the
source point _-, in this case chosen at the origin. The value of/_is determined by the
relative positions of the source and the fixed datum. Therefore, equations (20-30)
and (20-31) describe the elastic deformation anywhere in the body due to a line
load at the origin, The deformation can be found for any applied surface pressure
by an integration method that uses these basic results. Only the normal deformation
at the surface is usually of interest, but for completeness the general expression
is given. From this point on in this text we will only be concerned with normal
deformations so that 6 = 6z.
Example: Establish what the normal deformation is for a strip of pressure p
and width ds acting on a line on the surface (z = 0) at a distance _-from the origin
(x=s_.
Figure 20-2 shows the strip of pressure that is acting as a line load. In equation
(20-31) if z = 0. (x - s) _ x and w:' = p(ds),
6- p(ds-) In (x-y)2 +__ + /_
7r E
When displacements from the distribution of sources are superimposed, they must
all be referenced to the same datum. Thus,an expression for B is needed inside
the integral. The result of integration is C and it will depend on the choice of
the datum.
6- -p(ds) 1 - u2 In (x-_-)2+C(s)
7r E
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Figure 20-2.--Strip of pressure acting as line load.
Elastic Deformations in Rectangular Conjunctions
The displacement due to a variable pressure p(s_) between x = sl and x = s2 is
found by integrating the preceding equation.
p(s-) In (x _-)2 + ((_-)- ds (20-33)
6 - rE ,2
When it is known how the pressure varies, this integral can be evaluated.
In general, one wants to know the displacement of the surface relative to some
fixed point beneath the surface, for example, the axis of a cylinder at depth R.
Since the integrand describes only the surface displacements (z = 0), it cannot
be used to evaluate/_. Therefore, the integration will actually involve additional
terms in z that can be obtained from equation (20-31). If on the other hand the
datum can be taken somewhere on the surface itself, it is sufficient to evaluate
the integral in equation (20-33) and then adjust C by using the integrated results.
Thus, the deformation of the surface (z = 0) under a uniform pressure p,.,
extending between _ = -b2 and s = bz is given as
I=- In (x-_)2ds+7rE
- 2
_ m
(1 - v2)/_c [(x - b2) in (x - b_) 2 - (x + b2) In (x + b/) 2] +/) (20-34)
7rE
The preceding equation must be referred to a datum. Setting 6 = 0 at x = 0 and
z = 0 while solving for/) gives the following:
cS_(1-J'_) [ (lx-bzl'__bzln(!X2_b_l"_]
_-/_ /_c x In _ + b2l ,] \ b2 ,/J
20.3 Elastic Deformations in Rectangular Conjunctions
The general expressions for the deformations in a rectangular conjunction having
been developed, these formulas will now be used in elastohydrodynamic lubrication
analyses. For two surfaces having the same elasticity but made of different
materials coming into contact, equation (20-31) gives the elastic deformation at
any point x on the surface (z = 0) as
2 i xe"d ,)2 dx'
6 - 7rE' ._x,,,i.p In (x - x (20-35)
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where
1 1 (l-v 2 l-v_'_E' - 2 _ + (20-36)G /
and p is pressure that is a function ofx' varying from Xmin to xend. Note that since
B in equation (20-31) depends on the elastic constants, the expression for 5 in
equation (20-34) would have an added material-dependent term if the surfaces did
not have the same elasticity. Letting
x = bX, x' = bX', p = pH P, 6 = b26/Rx,
1 1 1 R_ 1 /e 7r "_ 1/2 w"
- +--, " - l / W'-
R_ r .... rh._ D x 4 \_-W-7/ ' E'Rx
(2o-37)
where P, is the maximum Hertzian pressure, causes equation (20-35) to become
Pin(X_ X,)2 dX, + ln _ 8W' x_.,OP dX,
27r Jx_+_ _ / _xm,.
(20-38)
But the normal applied load is just the integration of the pressure from the inlet
to the outlet.
This implies that
• _,= fpdx
f PdX' r2 (20-39)
Substituting equation (20-39) into equation (20-38) gives
Pin (X- X') 2 dX' ---In R_
27r Jx.,o 4
(20-40)
Note that the last term on the right side of equation (20-40), which is a constant,
depends on how X and P are made dimensionless. This term represents, in general,
80 to 90 percent of the total deformation. This grouping of the elastic deformation
was discovered by Houpert and Hamrock (1986) and proved to be a useful separa-
tion in that the remaining pressure-dependent deformation is now of the same
order as the film thickness at moderate loads.
Using integration by parts on the integral given in equation (20-40), Houpert
and Hamrock (1986) fbund that
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'
+ 2rr ox.,_ dX' 4
where
I = S In (X - X') 2 dX' = -(X - X')[ln (X - X') 2 - 2] (20-42)
Since the pressure is zero at Xmin and Xend, the first term on the right side of the
preceding equation (20-41) vanishes and
-- (X- X')[ln (X- X')2 - 2]dx' - l ln (R2 _-- t4
(20-43)
The integral in equation (20-43) can be calculated analytically by assuming
that the pressure is described by a polynomial of second degree in the interval
[Xj_ t, _+ t]. The details of the calculations are given in appendix A. The result-
ing equation from their studies gives the dimensionless deformation 5i at node
i as a function of the dimensionless pressure Pj and the influence coefficients D0:
6i = E DijPj - 21n R_
j=l
(20-44)
The results obtained from Houpert and Hamrock (1986) are compared in table 20-1
with results obtained by Hamrock and Jacobson (1984) as well as by Okamura
(1982), who used simpler approaches than that used by Houpert and Hamrock
(1986). Hamrock and Jacobson (1984) assumed the pressure to be constant in the
interval [Xj - AX/2, _ + AX/2] and used an analytical expression for the integral
of In (Xi - X'). Okamura (1982) did not use any analytical solutions and assumed
simply that
3=---27r '_ __ P;ln (Xi+t+Xi Xj X'-2+X' )2Xj
j=l
(20-45)
where A = Xi+t -X_. The three approaches can be compared by assuming a
Hertzian pressure. Between X = -1 and X = 1 the film shape while assuming
a Hertzian pressure should be flat, leading to AH = 0, where AH is defined as
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TABLE 20- I.--THREE WAYS OF CALCULATING ELASTIC DEFORMATIONS
[From Houpert and Hamrock ( [986); OK denotes Okamura ( 1982); HJ denotes Hamr(_ck and Jacobson (1984);
HH denotes Houperl and Hamrock (1986).]
N.... x_,° X,o. 4,,/,_,,-n_
51 - 10 1.0
51 -3.6 1.4
151 -I.0 1.0
151 -3.6 14
301 - 1.0 1.0
301 -36 1.4
661 -3.6 1.4
51 _- 1.0 _1.0
aNonumlbtm
OK HJ
-I.9×10 3 -2.7×10-3
-4.9xi0 3 -l.l×10 2
-6.3x10 4 -5. Ixl0 4
-16×10 3 -2.0xl0 3
-3.1×10 4 -l.Sxl0 4
--78×10 -4 -7.1×10 4
HH OK
8.6X 10 -7 94xi0
1.0xl0 _ 3 _,xl0 2
5.lxl0 -s 4 _)xl0
5.4x10 7 I 2x10 2
8.1xlO 9 2 2×10
9.0x 10 -8 63xlO
6.5x 10 7 ....
-- - 2.2x I0 6
55×10 3
-1.6×10 2
-I 4×10-3
-44× l0 3
-5.6x )0 -4
1.8×10 .a
2.6×10 _4
HH
-2.7× 10 3
-86× I0 3
-6.4x 10 4
-2.1 × 10 -3
-2.5× 10-4
-8.6x 10 -4
-2.7x 10 4
X 2
AH = -- + 6 - 6,, (20-46)
2
and 6,, is the dimensionless maximum deformation. This can be compared with
the value of _H obtained by analytic integration of equation (20-40) with a Hertzian
pressure distribution.
_.= _ lln R_ +--In (2) + 0.25 (20-47)4
The largest value AHmlH m of AH/Hm is found at X = - 1 and X = 1 (because
of the slope discontinuity) and is shown in table 20-1 with the corresponding
value of 6,,,/6tt - 1. The film thickness Hm where dP/dX = 0 has been chosen
to be equal to 0.5; Xmi, and Xmax define the first and last values of X; Nma_ is
the number of nodes.
Table 20-1 shows that for a given mesh the best accuracy in calculating 6 and
AH m is obtained by using the Houpert and Hamrock (1986) approach. The value
of 6m from Hamrock and Jacobson (1984) is in some cases less accurate than
that from Okamura (1982) because they did not separate the constant as was done
in equation (20-40). But _m is not really significant, since any inaccuracy in its
calculation can be compensated for by H 0 in the film thickness equation. The
important parameter of table 20-1 is AHm, since it is a measure of the flatness
of the film. This aspect is extremely important at high loads, where the elastic
deformations are two or three orders of magnitude larger than the film thickness.
Also shown in table 20-1 are the results obtained with a uniform mesh of 661
nodes by Hamrock and Jacobson (1984). Extremely small values of AH,, were
calculated and cannot be reproduced with the new approach because of storage
problems with the matrix Dij and because a large system of equations would have
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to be solved with such a mesh. By using a nonuniform mesh with a fine grid
near X = - 1 and X = 1, similar results were found with a small value of Nmax
(Nmax = 51), as indicated in table 20-1. The latter case illustrates the power of
the approach developed by Houpert and Hamrock (1986).
20.4 Point Load Solution
The stress tensor for the problem of a concentrated point load acting along the
normal to the undeformed plane surface of an elastic half-space is chosen as the
starting point. Because of symmetry the coordinates best suited for these
considerations are the cylindrical system (r, 0, z) shown in figure 20-3.
Consider a point load _'z acting along the positive z axis on the boundary
surface (z = 0) of an elastic half-space defined by z > 0 and having modulus of
elasticity E and Poisson's ratio p. By symmetry, polar angle 0 does not appear
in the stress tensor, and the shear stress components r,_ and roz vanish. The four
remaining stresses can be obtained from Timoshenko and Goodier (1951) as
Or=_ (1-2_) _-_ r2(r2+z2)''i (r2+z2)5 n
(20-48)
O'Z
3_,, zz3
2_r(r 2 + Z2) 5n
(20-49)
_z(l - 2y) 1- 1
o0= 27 [-7 z z ]r2(r 2 + Z2) '/2 + (r 2 -t-'-Z 2"3'2) J (20-50)
=}(
¥
Z
Figure 20-3.--Cylindrical polar coordinates used for point load _: acting in z direction at origin on
bounding surface of elastic half-space. From Tripp (1985).
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3wzrz 2
r_ -- (20-5I)
21r(r2 + z2)_a
Note that (r 2 + z 2) _:2is the distance from the point where the load is applied.
The stress components given in equations (20-48) to (20-51) satisfy the general
requirements of mechanical equilibrium and compatibility. These equations and this
physical situation can be likened to the line load solution given in equations (20-20)
to (20-22).
The deformations in the direction of increasing (r, 0, z) compatible with
equations (20-48) to (20-51) are
_5r (1 - 21:)(1 + ")_z [. Z2 1 r2z ]
= 2rEr L(r 2 + Z2) ": 1 + -- ' (20-52)1 - 2v (r 2 + z2)3/2j
_50= 0 (20-53)
[ (1+,): ]
2_rE l (r 2 + Z2) 312 "t- (r 2 + Z2)I/2J (20-54)
From these equations note that 5r and _z are singular at the origin.
The preceding equations reduce to the following on the surface of the solids,
or when z = 0:
(1 - 2_)(1 + v)%
/_, = - (20-55)
2rEr
_z(l - _2)
_Sz- (20-56)
rEr
Equations (20-48) to (20-56) suggest that, for small values of r, infinite stresses
and displacements occur. This is physically impossible, and this purely mathe-
matical condition is avoided by assuming that the point loading is replaced by
a hemispherical stress distribution that is equivalent to the load w z.
20.5 Loading on a Semi-infinite Body
Consider a circular area of radius a over which a pressure acts. The deformation
at point M outside the circle is shown in figure 20-4. From the figure
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Md_
d_
Figure 20-4.--Deformation outside circular area of radius a where pressure p acts. From Tripp (1985).
Area of element = (ds)(s- &b)
Load on element = ps- ds de,
Substituting these into equation (20-56) gives
1 - v2
6: = p(ds)(&b) I
zrE
Therefore, the total deflection due to all of the elements of the loaded area is
1 - v 2
6_- 7-/_ If p dsd_' (20-57)
This equation is valid regardless of the shape of the loaded area.
Figure 20-5 illustrates the situation when M lies within the loaded area. From
the triangle Omn
mn = 2a cos 0
Figure 20-5.--Defbrmation inside circular area of radius a where pressure p acts. From Tripp (1985).
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Also from OmM and from the law of sines, when OM = r
r a
sin 0 sin "_
or
r
sin0=--sin _b
a
Hence, f ds over the length mn is
2a cos 0
f0
Therefore,
From equation (20-58)
ds = 2a cos 0
x/2
cos 0 = (1 - sin20) I_" =
(20-58)
" ftdsd_b=2a 1- sin2¢ , d_b
d - _rt2
Making use of equation (20-56) gives
],2& _ 4(1 - v2) pa 1 - sin2_b d_b (20-59)
7rE ,_0
This integral can be evaluated by using tables of elliptic integrals for any particular
value of r/a.
At the center of the circle when r = 0 (OM = 0), the maximum deflection is
4(1-v 2) (_r)2pa(1-v 2)(6 z) ..... - _ pa _ - E- (20-60)
Note also if r = a, from equation (20-59)
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dr\
Bm
Figure 20-6.--Ring of pressure on surface of circular area of constant pressure.
4(1 -- v 2) 'o/2(6:) .... - _rE pa.I cos _bd_b -
4(1 - e2)pa
ETr
(20-61)
2
(6=).... =- (6:) .... (20-62)
71"
Consider the stress at a point on the s axis that is produced by an elemental ring
of pressure on the surface as shown in figure 20-6. From equation (20-49) the
normal stress in the _ direction can be expressed as
3_,,zz3
o. -- (r 2 + _2) s_2 (20-63)
2r
Now if ,,,- = 2_rrp dr, this equation becomes, due to the element,
a= = -3prs3(r 2 + ff2) 5/2dr
The normal stress produced by the entire distributed load is
a
o. = -3ps31 r(r 2 + _2) ,/2 dr =p[z3(a 2 + s2) -_j2. 10 (20-64)
Note that as ._ = O, o: = -p.
The stresses a r and ao at axial points can be calculated while transforming the
stress tensor from cylindrical to Cartesian coordinates to give r,.0 -- 0 and
I 2(1 + v)_= P -2(1 + v) + _)_2O,. = o"0 _- (a 2 +
(20-65)
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20.6 Elastic Deformations in Elliptical Conjunctions
Figure 20-7 shows a rectangular area of uniform pressure with the appropriate
coordinate system. From equation (20-56) the elastic deformation at a point (x,y)
of a semi-infinite solid subjected to a pressure p at the point (x_,y_) can be written
as
2p dxldyl
d_ z -
IrE' r
I Ipl
tT t
Z
=X
ll-1 11IPl I
$ $ $
Z
=y
-1--
2_ t-'txlN-
y
Figure 20-7,--Surface deformation of semi-infinite body subjected to uniform pressure over rectang-
ular area. From Hamrock and Dowson (1981).
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The elastic deformation at a point (x,y) due to a uniform pressure over a rectangular
area 2d × 2/7 is
6z=2Pi`7 lt;-
7r -,7 -t;
dxldyl
[(y - yt)2 + (x - xl) 2] ,,,2
(20-66)
where P = p/E'. Integrating gives
2
t5z = -- PD
7(
(20-67)
where
i 112D=(x+/_) In (Y +a')+[(y+a') 2+(x+/7)21,t:1
(y -- a') "4- [(y -- a') 2 + (x -4-/_)21
+(y+a')ln (x+__/_)+[(y+a') 2+(x+__/_)2] )6) + [(y + a')2 + (x 6)21
+(x-b) ln O'-a-)+[(Y-a') 2+(x-6)21_.)
+a')+[(y+a') 2+(x /_)21
I?x-+(y-a-)In (x 6)+[O'-a') 2+(x-/7)21_j
+ 6) + [(y a')2 + (x + 6)21
(20-68)
Hamrock and Dowson (1974) used the preceding equations in their elliptical
elasticity analysis, as part of their treatment of elastohydrodynamic lubrication.
As can be seen from equation (20-66), the pressure on each element can be
replaced by a constant value; that is, the whole pressure distribution is replaced
by blocks of uniform pressure. In this way an analytical expression for integrating
the deformation is worked out, and the deformation of every node is expressed
as a linear combination of the nodal pressures. In the solution of Ranger et al.
(1975), a bilinear interpolating function is used to approximate the practical
pressure distribution. Evans and Snidle (1982) employed a different method that
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was first presented by Biswas and Snidle (1977). For grid elements without
singularity they directly adopted Simpson's integration rule, and for those with
singularity they used a biquadratic polynomial function to express the pressure
distribution approximately. In this way an analytical solution for the integration
is developed without directly expressing the deformation as a linear combination
of the nodal pressure. Following in these footsteps Hou et al. (1985) employed
the biquadratic polynomial function for approaching the pressure distribution on
any grid element. An influence coefficient matrix is introduced to reduce the
amount of calculating work when repeated calculations of the elastic deformation
are needed. However, a shortcoming of their work is that for a (2n + l)(2m + 1)
finite difference grid, the influence matrix is composed of (n x m)(2n × 2m x 9)
elements, which is not welcomed even with today's powerful computers.
Jeng and Hamrock (1987) used a biquadratic polynomial expressed in Lagrange
form to approximate the pressure distribution on all grid elements. Figure 20-8
shows the coordinate system for the computing element. Node (k,e) is the nodal
point for the elastic deformation and node (i,j) is the central point of the grid
element for the pressure distribution. An influence matrix whose coefficient is
dependent on the geometric factors and the distance between node (k,e) and node
(i,j) is introduced only to express the deformation of every node as a linear
combination of the nodal pressures. In this way, only (2n x 2m x 9) elements are
needed in the influence matrix for a (2n + I)(2m + I) equidistant rectangular grid.
The computational time and computer storage size for the influence coefficient
matrix are greatly reduced.
L
(a)
Y
(b)
l=
X
(a) Rectangular element with nine nodes.
(b) Representation of pressure distribution for paraboloidal surfaces.
Figure 20-8.--Coordinate system for computing element. From Jeng and Hamrock (1987).
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Chapter 21
Elastohydrodynamic Lubrication
of Rectangular Conjunctions
The recognition and understanding of elastohydrodynamic lubrication (EHL)
represents one of the major developments in the field of tribology in the 20th
century. The revelation of a previously unsuspected lubrication film is clearly
an event of some importance in tribology. In this case it not only explained the
remarkable physical action responsible for the effective lubrication of many
nonconformal machine elements, such as gears, rolling-element bearings, cams,
and continuously variable traction drives, but also brought order to the under-
standing of the complete spectrum of lubrication regimes, ranging from boundary
to hydrodynamic.
The development of elastohydrodynamic lubrication is recent. The first notable
breakthrough occurred when Grubin (1949) managed to incorporate both the elastic
deformation of the solids and the viscosity-pressure characteristics of the lubricant
in analyzing the inlet region of lubricated nonconformal machine elements. The
most important practical significance of this work is that the film thickness equation
Grubin developed yielded values one or two orders of magnitude greater than those
predicted by hydrodynamic theory. These values tended to be in better agreement
with experimental results for gears and rolling-element bearings. Petrusevich
(1951) provided three numerical solutions to the governing elasticity and hydro-
dynamic equations that confirmed the essential features of the Grubin (1949)
analysis and yielded additional information on the details of the film shape and
pressure distribution throughout the conjunction.
Various procedures for solving the complex elastohydrodynamic lubrication
problem were reported in the 1960's. Dowson and Higginson (1959) described
an iterative procedure that not only yielded a wide range of solutions during the
next decade, but also enabled them to derive an empirical minimum-film-thickness
formula for line contacts. Crook's (1961) experiments confirmed the order of
magnitude of film thickness deduced by Dowson and Higginson (1959), and he
was able to produce direct evidence of the influence of load and speed on film
thickness. Load was found to have an almost negligible effect on the film thickness,
but speed was found to play an important role.
The major limitation of the work in the 1960's and 1970's and up to the mid-
1980's was that the results were obtained for light loads and extrapolations were
made for higher loads. Most nonconformal contacts, such as rolling-element
bearings and gears, operate in the range of maximum Hertzian pressure from
0.5 to 3.0 GPa. Recently, Houpert and Hamrock (1986) developed an approach
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that enables solutions to elastohydrodynamically lubricated rectangular conjunctions
to be made that have no load limitations. Successful solutions were made for a
maximum Hertzian pressure of 4.8 GPa. Details of their approach as well as some
simpler approaches are covered in this chapter. Furthermore, results of pressure,
film thickness, and flow are given to illustrate what these features are in an elasto-
hydrodynamically lubricated conjunction.
21.1 Incompressible Solution
From chapter 7 (eq. (7--49)) the appropriate Reynolds equation for time-invariant
conditions while neglecting side leakage for elastohydrodynamic lubrication is
-- = 12u (21-1)
where u = (ua + uD/2. Assuming incompressible conditions, this equation
reduces to
dx \ ,1 axl
(21-2)
Further assuming that the pressure-viscosity effects may be expressed as Barus
(1893) formulated, as discussed in chapter 4 (eq. (4-8))
rI = rioe_p (21-3)
equation (21-2) can be rewritten as
where
h 3 = 12m/0 (21-4)
1 - e -_p
p* - -- (21-5)
is the reduced pressure in pascals. The advantage of solving equation (21-4) over
(21-2) is that, instead of both pressure and viscosity as variables, reduced pressure
is the only variable. Equation (21-5) can be rewritten to express the pressure as
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p = -- __
1
In (1 - _p*)
Incompressible Solution
(21-6)
From this equation observe that as p -- O, p* -- 0 and that as p -- _, p* -- 1/_.
Letting
p. = p.p_*,
h=--D_ Hr_ 8RxW'
4R_ r
Hr, and
/W,\ 1/2
E _ __
PH= tart ) '
(21-7)
equation (21-4) becomes
3Xr H_ 3Xr J dX,
(21-8)
where
= Constant -
37r2U
4(W') 2
U = Dimensionless speed parameter -
r/oU
(21-9)
(21-10)
W' = Dimensionless load parameter -
#
W z (21-11)
Substituting equation (21-7) into equations (21-5) and (21-6) gives
p* 1
Pr*-- --
Pn G E
and
er --
(21-12)
where
p. _ \w')
G = Dimensionless materials parameter = _E' (21-14)
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From equations (21-8), (21-9), and (21-12) it can be observed that the dimension-
less pressure is a function of the dimensionless speed U, load W', and materials
G parameters, Note from equation (21-12) that Pr _ 0 implies/or* -- 0 and that
Pr- oo implies P7 -- (27r/W')l12/G.
Integrating equation (21-8) gives
113 dP__ = K.H,. + A (21-15)
dXr
A boundary condition is that dpr/dxr = 0 when h = h,,,, or in dimensionless terms
dP,/dXr = 0 when H = H m. To establish how this relates to the reduced pressure,
let
/W,\l i2
-- p*
'
G_ (w'_lS2dP_
<ix \ ax,.
Differentiating equation (21-13) with respect to Xr while making use of the
preceding equations gives
dPr 1 dP_
( W, X_1t2 dX,
dXr 1-G\-2-_Tr,/ P*
(21-16)
From this equation it can be concluded that the boundary condition dPr/dXr = 0
when H = Hm implies that dP*r/dX r = 0 when H. = Hr.m. Making use of this in
equation (21-15) gives
• dP*r _,(H,.- H,.m)
"" dXr H3_
(21-17)
Often the inflection point of the pressure profile is of interest. Calculating the
second derivative gives
d2P: - K[ 2 3H,-,,_ dH,.
dR H4) dXr
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At the inflection point d2p*/dX2_ = 0 and Hr = Hr,,_.
dHr
.. 0 = (-2Hr,a + 3nr,,n) --
dXr
Since dH/dXr # O, then -2H_,, + 3H_.m = 0, or
2
Hr,m=-_Hr,a
The expression for the film shape can be written as
Compressible Solution
(21-18)
h(x) =ho + S(x) + 6(x) (21-19)
where
ho
S(x)
_(x)
constant
separation due to geometry of undeformed solids
elastic deformation of solids
The geometric separation, while assuming the parabolic approximation (see
eq. (13-52)), is
X 2
S(x) -
2Rx
From this equation and equation (21-19) the dimensionless film shape can be
written as
4Rx_Hr = Hr o + --X2 + -- (21-20)
' 2 D_2
The elastic deformation can be obtained from the material presented in the preced-
ing chapter (section 20.3). The coupled solution of equations (21-17) and (21-20)
needs to be evaluated numerically.
21.2 Compressible Solution
Considering compressibility effects while neglecting side leakage and assuming
time-invariant conditions allows the appropriate form of the Reynolds equation
to be written from chapter 7 (eq. (7-51)) as
439
EHL of Rectangular Conjunctions
dPax- 12;, ( ph 2oh (7-5 I)
The equation is the integrated form of the Reynolds equation and Pmhm is the
corresponding value of ph when dp/dx = 0. This section is extensively based on
the paper of Houpert and Hamrock (1986). The analysis is presented in detail
in that paper and summarized here. Letting
p = PnPr, O = PoP, r/= r/or/ (2 I-21 )
and using equation (21-7) gives equation (7-51) as
dPr -- K_ (pHr - pmHr'm) (21-22)
dXr pH_
where k is the same constant developed in the previous section (eq. (21-9)).
The basic equation that will solve for the pressure at each node within a
lubricated conjunction is
omH...,)'-'r,, -- =0/= \ax& T,, (21-23)
The expression for the film shape can be obtained by using the results of the
previous chapter, and the expressions for the dimensionless density and viscosity
can be expressed from equations developed in chapter 4 as
N
H_i = H_,, + X2r'--d+ ___ DoPr 4 (21-24)
• ' 2
g=l
0.6x 10 .9 pHPr,i
Pi = 1 + (4-19)
1 + 1.7 x 10 -9 pHp,,i
_i=expIln(r/0)+9.67-l+(l+5.1xlO 9 pHPr.i)zl I
(4-10)
Note in equation (21-24) that H_,o contains the constant term -ln(R_8W'/Tr)/4
introduced in equation (20-44). Furthermore, the density expression given in
equation (4-19) was obtained from Dowson and H iggin_n (1966); and the viscosity
expression given in equation (4-10), from Roelands (1966)• Also note that in
equations (4-19) and (4-10) metric units are to be used. Values of fluid properties
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given as Zi and 70 in equation (4-10) may be obtained directly from chapter 4
for the particular fluid being investigated. Observe from these equations that
coupling the elasticity and rheology equations into the integrated form of the
Reynolds equation proves to be a difficult task mainly for the following reasons:
(1) The lubricant viscosity changes by several orders of magnitude as the
lubricant travels through the conjunction (_ can be 108 in the contact center
and 1 at the inlet and outlet).
(2) The elastic deformation of the solid surfaces can be several orders larger
than the minimum film thickness (_/hmi n can be 103 or 104).
For both of these reasons extremely accurate numerical methods are required
in order to get successful convergence of the problem.
Once the pressure is obtained, the dimensionless normal load can be evaluated
from the following equation:
t I Xend
_vz= pdx
• Xmi n
Making use of equations (21-7) and (21-21) in dimensionless terms reduces this
equation to
Pr dX 2
(21-25)
The unknowns in this problem are
Xr,e,,l outlet meniscus
N number of nodes used
H_.0 constant
P,,,Hr.,,, value of PHr where dPJdXr = 0
Pr,j pressure at node j (j = 2,N)
The boundary conditions are
(1) Pr = 0 for X_ = Xr,mi,.
(2) er = dPJdX_ = 0 for X_ = Xr.end.
o.
Figure 21-1 more clearly identifies Xr,e,,d and N. Note that Xr.N is the nearest
node to Xr,end such that Xr.N < Xr,end. A second-degree curve for H(X) can be
defined by using HN_ i, HN, and HN+ 1' and then Xend can be calculated such that
Hr ( X_,end)= P,,,Hr,,,, (21-26)
Appendix B gives the corrections to be applied to weighting factors due to X.
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_= pmHr, m
I I I I I I I_1 I I 1 I I_1 I
Xr.mi n 0 Xr.en d Xr, ma x _ xr
IIIII IIIIII I111
1 2 3... N Nma x
Figure 21-1 .--Sketch to illustrate calculations of Xr.e_ and N. From Houpert and Hamrock (1986).
Having defined Xr.end and N, the remaining N + 1 unknowns, pmHr,m, Hr,o, and
P2 to Pr.s, can be calculated by using a Newton-Raphson scheme. If the super-
scripts n and o are used to define the new and old values of the unknowns corre-
sponding to two successive iterations,
(p,.H,.,.)" = (p,.H...,)° + [a(h,.Hr,m)l" (21-27)
P_,j = P_j + (APt j)" (21-28)
HT,o = H7,o + (AHr,o)" (21-29)
where [A(_mHr,,,)] ", (AP_j)', and (AH_.0) n are now the unknowns to the problem.
They must all be small if convergence is to be obtained.
From the definition of the Newton-Raphson algorithm, for each node i
N
[ ol, o (o )o
aPmHr.mJ t ' , \OP, j/I
j=2 ....
(of_y f/'
+ \O-H_,o_,o/(AHr,o)"= - . (21-30)
where [OflS(_mH_.,,)] °, ( Of lOPrj) o, and (Of lOH_.o) o are defined analytically in
appendix C.
The constant dimensionless load is taken into account by
i X_x"d _ 7r _ t' X"¢"o(APr)" dX, - 2
O Xr.mi n Xr,mi n
P/dXr = (AW')" (21-31)
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or
Cj(Aprj)" = (AW')" (21-32)
j-_-2,.,.
where Cj are weighting factors defined in appendix D. Since Xr,N does not
coincide with Xr.e.d, minor corrections are applied on the last values of Cj.
A linear system of N + 1 equations is therefore to be solved.
.,°
#Pmnr,m aer,2 aPr,N anr,o
Of2 Of2 Of2 Of2
OPmHr.m OPt,2 OPr.N OH_,o
af_ af_ afN _fN
..°
_pmHr.m OPr.2 OP_,N aHr,o
0 C2 ... CN 0
0
A(Pr,2 )
A(Pr,N)
a(H_,o)
-fl
-A
-J5
AW
(21-33)
A Gaussian elimination with the partial pivoting method is used to solve this linear
system of equations. Iterations on the system approach are still required, as was
the case in the direct method used, for example, in Hamrock and Jacobson (1984);
however, much less computer time is required.
21.3 Flow, Loads, and Center of Pressure
The pressure in elastohydrodynamically lubricated conjunctions having been
established, it is used here to determine the mass flow rate, the various load compo-
nents, and the center of pressure, In chapter 8 these variables were found to be
important in hydrodynamic lubrication; they are also important in elastohydro-
dynamic lubrication.
21.3.1 Massflow rateper unit width.--The volume flow rate per unit width for
hydrodynamic lubrication was described in equation (7-38). The mass flow rate
used in elastohydrodynamic lubrication is equivalent to the density multiplied by
the volume flow rate per unit width or
ph 3 dp
qm = Pq' = aph (21-34)
12_7 dr
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Making use of equations (2-7) and (21-21) yields
Q,. _ rq,. - OHr 1 oH3 dPr (21-35)
8aoo&W' k _ dX,
Making use of equation (21-22) reduces this equation to
am = Pmnr.m (21--36)
21.3.2 Tangential load components.--The normal load components are defined
in equation (21-25); this section defines the tangential load components. The various
load components are described in figure 21-2. This figure also shows the shear
forces, which will be covered in the next section. These force components are
acting on the two solids. Conventionally, only the z components of the normal loads
acting on the solids (_'o.: and _bz) are considered. However, it is felt that the tangen-
tial x components (Wax and _bx), shear forces (fa and _), friction coefficient _, and
center of pressure Xcp should also be expressed and quantitative values obtained
for each of these expressions. The tangential x component of the load per unit
length acting on solid a is zero. The tangential load per unit length for solid b is not
zero and can be written as
s l,,,L=- pdh=- p_
Integrating by parts gives
_'h'_ = -(Ph)X_ + _ h dp dx
3 dx
x
Figure 21-2.--Load components and shear forces. From Hamrock and Jacobson (1984).
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However, the pressure at the inlet and the outlet is zero
• . _"b'. = I h--dPdXdx (21-37)
From equations (21-7) and (21-21) this equation can be expressed in dimensionless
terms as
' (_--)3/2S derdx r
W/_tx -- °)b'-_ -- 2 nr -777__ dXr (21-38)
E'R_
The resulting normal load components per unit length can be written as
EPR_
- (wL) 2 + (w_:)2 "_ = w,_: = w' (21-39)
i
_'b _ "_ (W[x) ,,2W[ - E'--R_ (Wb_)2 + (Wbz)2 = , 2 + (W,)2
7 = tan- 1 = tan-i
\,,,b:/ \ w' /
(21-40)
(21-41)
21.3.3 Shearforces.--The shear force per unit length acting on the solid as
shown in figure 21-2 can be written as
f_ = (r)z= 0 dx = r/ dx (21-42)
z=O
From chapter 7 (eq. (7-32))
du 2z - h dp _(u. -- Ub)
dz 2 dr h
Substituting this into equation (21-42) gives
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Making use of equation (21-33) and using equations (21-7) and (21-21) to write
the preceding equation in dimensionless form gives
F__f_ W[,'x ua-ub \ /.](_-;-ht"2 i'
- U r
E'R_ 2 u a + u b g dXr (21-43)
The shear force per unit length acting on solid b can be written as
f_ = (r):=_ dx = rt dx
z=h
Making use of equation (21-33) yields the following:
F_,_ f[ W[x u. - uo \ / .t(_7_ _ _
-- U 71" \1/2 _
E'R_ 2 ua + uh -_ dXr (21-44)
Note that for equilibrium to be satisfied, the following must be true (see fig. 21-2):
and
F_, - F[, + W{,x = 0 (21-45)
W_. - W[: = 0 (21-46)
The coefficient of rolling friction is written as
Fg -rt; + wL
= - (21-47)
W' W'
21.3.4 Center of pressure.--A useful calculation in traction studies is the
location of the center of pressure. The appropriate equation is
1 f px dx (21-48)
Xcp = _Z
From equations (21-7) and (21-21) this equation in dimensionless form is
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,
Xr,cP = Xcp = __1 P_'_r dXr
D x 7r
(21-49)
The location of the center of pressure indicates the position on which the resulting
force is acting. The fact that the resulting force is not acting through the center of
the roller creates a rolling resistance in the form of a moment. This has a significant
effect on the evaluation of the resulting forces and power loss in traction devices
and other machine elements.
21.4 Pressure Spike Results
Because the steep pressure gradients in the outlet region of an elastohydrodynam-
icaily lubricated conjunction would otherwise increase the flow rate and clearly
lead to flow continuity problems, a gap closing and a abrupt rise in pressure must
occur near the outlet. This abrupt rise in pressure is defined as a pressure spike.
Figure 21-3 gives the pressure profiles and film shapes at iterations 0, 1, and
14 as obtained from Houpert and Hamrock (1986). For the Hertzian pressure
at iteration 0 the approach converges quickly. In the first iteration a pressure spike
is formed that is close to the final converged pressure spike for iteration 14. The
operating parameters were held fixed at W' = 2.045 × 10 -5, U = 1.0× 10 -II,
and G = 5007.
In an attempt to understand why the pressure spike exists, Hamrock et al. (1988)
explored pressure spike conditions for isoviscous and viscous solutions and
incompressible and compressible fluids under a wide range of loads. It was
anticipated that understanding these conditions in the region of the pressure spike
might lead to a better understanding of what causes the spike. The highlights of
this work are given here.
The system approach developed by Houpert and Hamrock (1986) was used for
the numerical evaluation and is discussed in section 21.2. The operating parameters
were fixed at
U = Dimensionless speed parameter -
o0u
- 1.0x 10-It
¢
W' = Dimensionless load parameter = _ = 1.3 × 10-4
E'Rx
(21-50)
G = Dimensionless materials parameter = _E' = 5007
These operating parameters were held fixed at these values unless otherwise stated.
21.4.1 Isoviscous and viscous results.--Figure 21-4 shows the dimension-
less pressure distribution for isoviscous and viscous solutions with the operating
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Figure 21-3.--Pressure profiles and film shapes at iterations O, 1, and 14 with dimensionless speed,
load, and materials parameters fixed at U = 1.Ox 10 -II, W' = 2.045× 10 -5, and G = 5007. From
Houpert and Hamrock (1986).
-1.5 -1.0 -.5 0 .5 1.0 1.5
Dimensionless location of film rupture,
Xr = 2x/D x
Figure 21--4.--Dimensionless pressure profiles for isoviscous and viscous solutions. Compressibility
effects were considered. From Hamrock et al. (1988).
448
Pressure Spike Results
parameters held fixed as shown in equation (21-50). Compressibility effects were
considered. Equation (21-23) was solved numerically for the viscous case. For
the isoviscous solution the only change was to replace the dimensionless viscosity
_, by 1. For this and later figures, unless otherwise stated, 400 nonuniform nodes
were used. The bulk of the nodes occurred around Xr = - 1.0 and the pressure
spike. In the region of Xr between 0.9 and 1.0, 230 nodes were used. The inlet
region began at Xr = -2.0.
Figure 21-4 shows that a pressure spike did not exist for the isoviscous solution
but did exist for the viscous solution. The dimensionless viscosity _ varied from 1
in the inlet (Xr = -2) and in the outlet (X_ = 1.08) to 0.87x 107 at the contact
center (Xr = 0). The pressure profiles were essentially the same except for a slight
difference in the inlet, the occurrence of the pressure spike, and a slight difference
in the outlet.
Figure 21-5, for the same conditions as figure 21-4, shows the film shape for the
viscous and isoviscous solutions. The film thickness in figure 21-5 is a dimensional
value given in meters. Note that the vinous film thickness was more than three times
the isoviscous film thickness in the contact region. Note also that the gap closing
near the outlet of the contact region was much smaller for the isoviscous solution.
21.4.2 Details of pressure spike and film shape.--Figure 21-6 shows details
of the pressure spike and the minimum film thickness by considering only the range
of 0.9 _< X_ _< 1.0 from the results presented in figures 21-4 and 21-5. In this
interval 230 nonuniform nodes were used to obtain the smooth profiles shown
in these figures. The pressure spike (fig. 21-6(a)) occurred at Xr = 0.943, but
the minimum film thickness (fig. 21-6(b)) occurred at Xr = 0.973. The shift in
the location of the minimum film thickness relative to the location of the pressure
spike is a normal occurrence in elastohydrodynamic lubrication. Because the steep
pressure gradients in the spike would otherwise increase the flow rate and clearly
lead to flow continuity problems, the gap must be closed near the outlet end of
the contact as
E
x 10 -7
2 hv
1 hiv
o I I 1 I
-1.5 -1.0 -.5 0 .5 1.0
Dimensionless location of film rupture,
xr : 2x/Dx
I
1.5
Figure 21-5.--Film thickness profiles for isoviscous and viscous solutions. Compressibility effects
were considered. From Hamrock et al. (1988).
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shown in figure 2 l-6(b). The smoothness of the pressure spike in figure 21-6(a)
indicates a sufficient number of nodes in the spike region.
Figure 21-7(a) shows the variation of the dimensionless pressure gradient
dPr/dX_ in the region 0.9 _ X_ < 1.0. The pressure gradient changed drastically
at the spike location. Figure 21-7(b) shows the variation of (H_ -pmH_.,,,/p)
in the region 0.9 <_ X_ _< 1.0. Recall that the expression (Hr - p,,,Hr.r,,/p) occurs
in the integrated form of the Reynolds equation given in equation (21-23) as
does the pressure gradient plotted in figure 21-7(a). The value of (Hr - p,J-lr.m/p)
was near zero until the pressure spike and then varied considerably afterward.
In relating dP,./dXr and (H_ - [a,,Hr.,flp-) as they appear in figure 21-7 with equa-
tion (21-23), it should be pointed out that _ varied from 1 in the inlet (X_ = -2)
to 0.87 × 107 at the contact center (X_ = O) to 0.55 x 105 at the pressure spike
location (X_ = 0.943) to 1 at the outlet (Xr = 1.08).
Similar conclusions were drawn for a large range of dimensionless loads, namely
that the pressure spike did not occur for the isoviscous solutions but did occur for
the viscous solutions. Also, the viscous film shape for a large load range shows a
gap closing near the outlet, whereas the isoviscous film results had either a slight
gap closing or none at all.
.8 m
,4
.2
oCal I I
5,50 x 10-2
cb) I I I I I4.50
90 ,92 .94 .96 .98 1.00
Dimensionless location of film rupture,
Xr = 2x/Dx
(a) Dimensionless pressure.
(b) Dimensionless film thickness,
t'_
E_
Q: 5.25
_!_ 5.00
_ 4.75
Figure 21-6.--Pressure and film thickness profiles in region 0.9 < X_ < 1.0. From Hamrock et al.
(1988).
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Figure 21-7.--Pressure gradient and H r -_,,J'lr, mf_ profiles in region 0.9 < X r < 1.0. From
Hamrock et al., (1988).
21.4.3 Compressible and incompressible results.--Figure 21-8 shows the
dimensionless pressure and film profiles for an incompressible fluid. Viscous effects
were considered, and the dimensionless operating parameters were fixed at the values
given in equation (21-50). Figure 21-9 considers the same conditions as figure
21-8 but for a compressible fluid. The only difference in the analyses for
the compressible and incompressible fluids is that for the compressible fluid _ and
Pm were set equal to 1 in equation (21-23). Also, the data given in figures 21-4
and 21-5 for the viscous solution are the same as those given in figure 21-9,
except that they were plotted differently in order to more readily compare them
with the results given in figure 21-8.
From figures 21-8 and 21-9 the following observations can be made: the
pressure spike amplitude for the incompressible fluid was 3.7 times that for the
compressible fluid, and the shape of the film in the contact region was quite flat
for the incompressible fluid but more rounded for the compressible fluid.
Figure 21-10 shows profiles of the dimensionless film thickness and the term
_mH,.m/_ for the compressible and incompressible fluids. The range of the
abscissa is limited to 0.9 < Xr < 1.0, the region where the pressure spike and
minimum film thickness occurred. Viscous effects were considered for both the
compressible and incompressible fluids. The dimensionless operating parameters
were the same as those found in equation (21-50).
Figure 21-10 shows that at the spike locations the film profile was sharp for
the incompressible fluids but rounded for the compressible fluids. Note also that
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Dimensionless location of film rupture, Xr = 2x/Dx
Figure 21-8.--Dimensionless pressure and film thickness profiles for an incompressible fluid. Viscous
effects were considered. From Hamrock et al. (1988).
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Figure 2 l-9.--Dimensionless pressure and film thickness profiles for a compressible fluid. Viscous
effects were considered. From Hamrock et al. (1988).
the values of _,d'/r.,,/p for the compressible and Hr.m for the incompressible fluids
were close to the value of Hr for Xr < Xr.s, where Xr.s is the value of Xr at the
spike location. For Xr < Xr.s the values of H_ and _,,,H_.,,,/b and H,.m differ
substantially. The term [H_.i - (P,,,Hr.,,,/pi)] as it appears in equation (21-23) is
of critical importance. Note that it is multiplied by the dimensionless viscosity
_i, which varies considerably throughout the conjunction.
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Figure 21-10.--Dimensionless film thickness and _mH_.,n/_ profiles for compressible and
incompressible fluids in region 0.9 _< X r _< 1.0. Viscous effects were considered. From Hamrock
eta[. (1988).
21.5 Useful Formulas
Since the capability of accurately determining the amplitude and location of the
pressure spike has been established, the focus of this section is to show how these
quantities vary with the operating parameters U, W', and G. By quantifying these
results, general formulas were developed. Formulas were also developed for the
minimum film thickness, the center of pressure, and the mass flow rate, or the
value of -P,,,He.,,,,as a function of the operating parameters. These formulas were
developed by curve fitting data over a wide range of operating parameters with the
dimensionless load W' varying from 0.2045 x 10-4 to 5.0x 10-4, the dimension-
less speed U varying from 0.1 x 10 -11 to 5.0X 10 -tl, and values of the dimension-
less materials parameter G of 2504, 5007, and 7511. The results to be presented
in this section are those of Pan and Hamrock (1989).
The nondimensionalization used thus far in this chapter is different from that used
in this section. The reason for this is that the formulas to be developed for the
performance parameters must be void of the operating parameters and in order to
accomplish this a revised nondimensionalization was used, where
p h x
= --, = -- (21-51)
Pe=-'_ ' HeR: ` Xe R,
Contrast this to the nondimensionalization used up until this section and given
in equation (21-7). By making use of the dimensionless equations given in (21-51)
the Reynolds, film shape, viscosity, and density equations were appropriately
changed.
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21.5.1 Pressure spike amplitude.--The presence of a pressure spike in the outlet
region of an elastohydrodynamically lubricated conjunction produces large shear
stresses that are localized close to the surface. Houpert and Hamrock (1986) found
that the pressure spike may halve the life of a nonconformal conjunction. For
different dimensionless load, speed, and materials parameters the amplitude of
the pressure spike is quite different.
21.5.1.1 Load effects: Figure 21-11 shows the variation of dimensionless
pressure in an elastohydrodynamically lubricated conjunction for six values of
dimensionless load while the dimensionless speed and materials parameters are
held fixed at U = 1.0x l0 -11 and G = 5007. The inlet of the conjunction is to
the left and the outlet to the right, with the contact center occurring at X e = O.
As the dimensionless load increased, the pressure spike amplitude increased.
Table 2 l-1 shows the effect of six values of the dimensionless load on the spike
amplitude Pe,s with the dimensionless speed and materials parameters held fixed
at U = 1.0x 10 -Ll and G = 5007. These values were obtained by numerically
coupling the Reynolds equation with the film shape equation and the rheology
equations. This is a fairly complete range of the dimensionless loads normally
1.00 x 10 -2
Dimensionless
load,
.75 W"
,_ 50 x 10 -s
II
g
° \i:5
.25
o I _ I
- .04 - .02 0 .02 .04
Dimensionless pressure spike location, Xe,s = Xs/Rx
Figure 21-11 .--Variation of dimensionless pressure in elastohydrodynamically lubricated conjunc-
tion for six dimensionless loads with dimensionless speed and materials parameters held fixed at
U = 1.0xl0 -11 and G = 5007. From Pan and Hamrock (1989).
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TABLE 21-1.--EFFECT OF DIMENSIONLESS LOAD, SPEED, AND MATERIALS
PARAMETERS ON DIMENSIONLESS PRESSURE SPIKE AMPLITUDE
[From Pan and Hamrock (1989)]
Dimensionless
load
parameter.
E'R_
0.21M5 x 10 4
.4
6
1.3
30
5.0
1.3xlO 4
2.6 × 10 -'t
1.3
8667
Dimensionless
sp_-d
parameter,
r/c/_
U =-
E'R,
1.0× 10 II
01xlO tt
.25
.5
.75
1.0
3.0
5.0
2,0x 10 It
1,0
.6667
Dimensionless
materials
parameter.
G = }E'
5007
5007
2504
5007
7511
Dimensionless
pressure spike
amplitude,
P_k
Pe._ = --
E'
0.22781 ×10 -"
,27653
.30755
.33890
,36150
.44791
0.17489 x I0 2
.20763
.24706
,28725
.33890
.42776
,49218
0.33549× 10 -2
,33890
.30760
Curve-fit
dimensionless
pressure spike
amplitude,
it, = P-'--_
E'
0.23218x 10 -2
.26285
.28332
.32689
,38159
,41941
:0.17354 x 10 -2
.22327
27016
.30203
.32689
.44219
50889
0.34291 x 10 2
32689
.31788
Error,
percent
-1.9161
4.9473
7.8771
3.5431
-5.5564
6.3637
0.7707
-7.5346
-9.3501
-5.1445
3,5431
-3,3744
-3.3946
-2.2107
3.5431
-3.3421
Results
l Load
Speed
Materials
encountered in the physical situations existing in elastohydrodynamic lubrication.
Curve fitting the pressure spike amplitude as a function of dimensionless load
revealed that
/_e.s = Psk Oc (W') 0'185 (21-52)
E'
The error as shown in table 21-1 was between -5.56 and 7.88 percent.
21.5.1.2 Speed effects: Figure 21-12 shows the variation of dimensionless
pressure for three values of dimensionless speed while the dimensionless load
and materials parameters were held fixed at W' = 1.3 x 10-4 and G = 5007. As
the dimensionless speed increased, the amplitude of the dimensionless pressure
spike increased significantly.
Table 21-1 shows the effect of seven values of dimensionless speed on the
pressure spike amplitude at a dimensionless load of 1.3 x 10-4 and a dimension-
less materials parameter of 5007. For the seven sets of data a curve fit was applied
that resulted in
ee,._ : Psk oc U 0275 (21-53)
E'
The error as it related to the speed data was between -9.35 and 3.54 percent.
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Figure 21-12,--Variation of dimensionless pressure in elastohydrodynamically lubricated conjunc-
tion for three dimensionless speeds with dimensionless load and materials parameters held fixed at
W' = 1.3xlO -4 and G = 5007. From Pan and Hamrock (1989).
21.5.1.3 Materials effects: A study of the influence of the dimensionless
materials parameter G on the pressure spike amplitude has to be approached with
caution, since in practice it is not possible to change the physical properties of
the materials, and hence the value of G, without influencing the other operating
parameters (U and W'). The results obtained from calculations performed for
three values of the dimensionless materials parameter are shown in table 21-1.
The general form of these results, showing how the pressure spike amplitude is
a function of the dimensionless materials parameter, is written as
where
= CTG c8 (21-54)
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(W')°' 185U0.275
(21-55)
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By applying a least-squares power fit to the three pairs of data
/3e,s = P_k _ G0.391 (21-56)
E'
The proportionality equations (21-52), (21-53), and (21-56) have established
how the pressure spike amplitude varies with the load, speed, and materials
parameters, respectively. This enables a composite pressure spike amplitude to
be expressed as
ee_. :'_Psk = 0.648 W'°'I85U°'275G°'391
(21-57)
It is evident that the materials parameter has the largest effect on the pressure
spike amplitude, followed by speed and load.
21.5.2 Pressure spike location.--As shown in figure 21-11, as the dimension-
less load increased, the dimensionless pressure spike location Xe.s moved toward
the outlet. These results are quantified in table 21-2 for six dimensionless loads with
the speed and materials parameters held fixed at U = 1.0 × 10-tl and G = 5007.
From figure 21-12, the location of the pressure spike also moved toward the outlet
as the speed was decreased. These results are also quantified in table 21-2. Also
shown in table 21-2 are results for three materials parameters. Making use of
TABLE 21-2.--EFFECT OF DIMENSIONLESS LOAD, SPEED, AND MATERIALS
PARAMETERS ON DIMENSIONLESS PRESSURE SPIKE LOCATION
[From Pan and Hamrock (1989).1
Dimensionless
load
parameter,
,,,'
14/, = _
E'R,
0.2045 x I0 4
.4
6
1.3
3.0
50
1.3× I0 4
2.6 x 10 a
1.3
8667
Dimensionless
speed
parameter,
Ylo_
U =-
E'R_
lOxlO It
0.1 × 10 _i
.25
.5
.75
1.0
3.0
50
2.0x 10-tl
1.0
.6667
Dimensionless
materials
parameter,
G=_E'
5007
5007
25_
5007
7511
)imensionless
)ressure spike
location,
x_
Xr. s = --
R_
1.48561 x 10 -2
.82948
1.08220
i1.70980
2.686_)
3.49820
1.76520x10 -2
1.74670
1.73000
1.71620
1.70980
1.65310
1.62860
2.4206,0×10 2
1.70980
1.38400
Curve-fit
dimensionless
)ressure spike
location.
R,
0.52467x 10 2
0.78778
1.00722
1.60922
2.67116
1.64033
1.68895 x 10 2
1.65675
1.63281
1.61896
1.60922
1.57251
155574
2.28843 x I0 2
160922
1.30969
Error,
percent
-8.0429
5,0254
6.9284
5.8827
.5524
- 4.O630
4.3201
5.1495
5.6178
5.6655
58827
4.8747
4.4739
5.4601
5.8827
5.3689
Results
_oad
Speed
Materials I
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the data in table 21-2 by following the procedure used in the previous section
allows an equation for the dimensionless pressure spike location to be written
in terms of the operating parameters as
Xe,_ - Xs _ 1.111W' °'6°6U-°'°21G°°77 (21-58)
Rx
This equation shows the spike location to be highly affected by the dimensionless
load but only slightly affected by the dimensionless speed and materials parameters.
Knowing the location of the pressure spike in terms of the operating parameters
is extremely valuable in setting up a nodal structure that will produce convergent
results. The percentage of error (table 21-2) was between -8.04 and 6.93 percent.
21.5.3 Minimum and central film thicknesses.--Figure 21-13 shows the effect
of dimensionless load on film shape for exactly the same conditions as presented
in figure 21-11. The dimensionless speed and materials parameters were held
fixed at U = 1.0× 10 -II and G = 5007. Figure 21-13 shows that the minimum
film thickness decreased as the load was increased except for the highest load.
The discrepancy of the highest load case from the other results is not understood.
II
_ .a
ui
._
_E .2
g
g
E .1i5
10-4
t_!
- .04
\
Dimensionless
load,
W
50x 10-
--%
I I I I
- .02 0 .02 .04
Dimensionlesspressurespikelocation,Xe = x/Rx
Figure 2 I- 13.--Variation of dimensionless film shape in elastohydrodynamicalty lubricated conjunc-
tion for six dimensionless loads with dimensionless speed and materials parameters held fixed at
U = 1.0× 10-II and G = 5007. From Pan and Hamrock (1989).
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As shown in figure 21-13 the location of the minimum film thickness moved
considerably toward the outlet as the dimensionless load was increased.
Figure 21-14 shows the variation of dimensionless film shape for three
dimensionless speed parameters with the dimensionless load and materials
parameters held fixed at W' = 1.3 x 10-4 and G = 5007. The minimum film
thickness decreased significantly as the dimensionless speed decreased.
Table 21-3 shows the effect of the dimensionless load, speed, and materials
parameters on dimensionless minimum film thickness. The formula developed
from curving fitting the 16 groups of data is
he,min =--]_min = 1.714(W') -°'128U°'694G°'568 (21-59)
This curve-fit formula fits the numerical data within -7.72 and 6.69 percent.
In practical situations there is considerable interest in the central as well as the
minimum film thickness in an elastohydrodynamically lubricated conjunction. This
is particularly true when traction is considered, since the surfaces in relative motion
are separated by a film of almost constant thickness that is well represented by
the central value over much of the Hertzian contact zone. Table 21-4 shows the
effect of the dimensionless load, speed, and materials parameters on dimensionless
1 x 10 -4
-- _ \ Dimensionless
-
o
- .04 - .02 0 .02
Dimensionless pressure spike location, X e = x/R x
I
,04
Figure 21-14.-Variation of dimensionlessfilmshape forthree dimensionlessspeedswithdimensionless
load and materials parameters fixed at W' = 1.3 x 10-4 and G = 5007. From Pan and Hamrock
(1989).
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TABLE 21-3.--EFFECT OF DIMENSIONLESS LOAD. SPEED, AND MATERIALS
PARAMETERS ON DIMENSIONLESS MINIMUM FILM THICKNESS
IFrom Pan and Hamrock 11989L]
Dimensionless
load
parameter,
E'R,
0.20453 x t0 4
.4
.6
1.3
3.0
5.0
1 3xlO -4
Dimensionless
speed
parameter.
U= --
E'R,
10xlO tl
0.1 x 10 xl
_25
.5
.75
I0
3.0
50
Dimensionless
materials
parameter,
G= _E'
50O7
5007
Dimensionless
minimum film
thickness,
hm*n
He.ram = --
R,
019894×10 4
18404
• 17558
• 15093
•13185
• 14067
0.03152 × l0 4
06350
• 10472
.13791
• 15093
.34963
.48807
Curve-ilt
dimensionless
minimum film
thickness,
h......=hm,.
R_
0.20030× 10 4.
18382
17452
.15808
14203
.13304
003198× I0 _l
06040
.09771
.12947
15808
.33884
.48301
Error,
He mm -- /'_e m,n
percent
-06840
.1189
.6012
4.7367
-77228
54221
-14585
4.8801
6.6896
6,1204
-4.7367
3.0857
1.0359
2.6x10 4. 2.0×t0 _1 2504 016282xl0 4. 0.15786x10 4 3.0462
13 1.0 5007 .15093 .15808 4.7367
.8667 6667 7511 .16573 .15821 4.5362
Results
Load
Speed
Materials
TABLE 21-4 --EFFECT OF DIMENSIONLESS LOAD, SPEED, AND MATERIALS
PARAMETERS ON DIMENSIONLESS CENTRAL FILM THICKNESS
[From Pan and Hamrock 11989).1
Dimensionless
load
parameter,
w:
W'
E'R,
0.2045 x I0 4.
4
.6
1.3
30
50
t.3x 10 a.
Dimensionless
speed
parameter.
_/(ru
U=--
E'R,
lOxlO H
0.1 xl0 II
25
.5
75
I0
3.0
5.0
Dimensionless l
materials
parameter,
G= _E'
5O07
Dimensionless
central
film thickness,
h,
He, -
R,
0.23436× l0 4.
21242
20003
16607
.13997
.14777
Curve-fit
dimensionless
central
film thickne_s,
0.23490x 10 4
.21015
.19647
.17281
.15041
.13818
5007 003508xl0 4
.06796
.11135
14810
16607
38079
.53012
0.035t2 x I0 4
I_62 I
10697
14161
17281
36960
52632
Error,
H -h
-'" -*" 100,
percenl
-02318
1.0679
17785
-4.0564
-7.4577
6.4897
-0.1153
25726
39368
43803
-40564
2.9395
7174
Results
Load
Speed
i
26xl0 4 20x10 II 2504 0.18627xl0 '_ 0.17965:,<10 ,I 35561 Materials
1.3 1.0 [ 5007 16607 . 17281 -4.0564
8667 6667 7511 17767 . 16893 49183
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central film thickness. The formula developed from curve fitting the data is
He,c - /_c _ 2.922 W' -0 166uO.692GO.470 (21-60)
Rx
The percentage of error was between -7.46 and 6.49 percent.
21.5.4 Location of minimum film thickness.--Figure 21-13 shows the effect of
dimensionless load on the location of the minimum film thickness for exactly the
same conditions as presented in figure 21-11. The location of the minimum film
thickness moved toward the outlet as the load was increased. Figure 21-14 shows
the effect of dimensionless speed on the location of the minimum film thickness.
The location of the minimum film thickness did not change much as the speed
was increased.
Table 21-5 shows the effect of the dimensionless load, speed, and materials
parameters on the dimensionless location of the minimum film thickness. The
formula developed from curve fitting the data is
Xe.min = Xmin = 1.439W'°548U-°°1tG°°26
Rx
(21-61)
The curve-fit formula fits the numerically obtained data with an error between
-2.64 and 2.79 percent.
21.5.5 Center ofpressure.--The dimensionless center of pressure is expressed
in equation (21-49). Table 21-6 shows how the dimensionless load, speed, and
materials parameters affect the dimensionless center of pressure. A least-squares
fit of the 16 data sets resulted in the following formula:
Xe,cp = xcp = - 3.595 (W') -1'°19U°'638G -0.358
Rx
(21-62)
The percentage of error was between -11.91 and 9.62 percent.
21.5.6 Mass flow rate.--From equation (21-36) the dimensionless mass flow
rate Qm is equal to p,,Hr,m. Recall from the statement of the elastohydrodynamic
rectangular conjunction problem that p,,Hr.,, is an unknown and will need to be
guessed at initially. Therefore, a formula that would provide an initial guess for
given operating parameters (W', U, and G) would help in the convergence of
the problem.
Table 21-7 shows the effect of a wide range of operating parameters (W', U,
and G) on the dimensionless mass flow rate. A least-squares fit to the data enabled
the following equation to be obtained:
Qm - _"_/_ - 2.698 ( w' ) -0 13t uO.692GO.539 (21-63)
poRx
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TABLE 21-5 --EFFECT OF DIMENSIONLESS LOAD. SPEED, AND MATERIALS PARAMETERS
ON DIMENSIONLESS LOCATION OF MINIMUM FILM THICKNESS
{From Pan and Hamrock 119891 ]
Dimensionless
load
parameter.
E'R,
0,2045 x I0 4
.4
.6
1.3
3.0
5.0
13x10 4
Dimensionless
speed
parameter.
W m-
E'R,
1.0× I0 ii
0Ix10 II
25
5
75
I0
30
5.0
Dimensionless
materials
parameter.
G= //E'
5007
Dimensionless
location of
minimum
film thickness.
/rain
Xr role = --
R,
0.6090Ox 10-2
92850
1.11681
1.76850
2,72800
3,53610
Curve-fit
dimensionless
location of
minimum
film thickness,
-_*min
'_rmm = --
R.
10,62598 × 10 -z
.90398
1.12884
1.72427
2.72634
3.60682
Error,
-- 100,
\ Xe mln /
percent
27883
-26410
10774
5007
[
[
1.7994Ox I0-2
1.78670
1.77760
1.77030
1.76850
1.73760
1,72300
176874x I0 2
175091
1,73754
172976
1,72427
170344
169385
-25011
-0609
2.0000
-1.7038
-2.0032
-2,2538
-2.2898
-2,5011
-1,9657
-1.6920
[
[
, i
26× 10 a 2.0× I0 II 2504 25139x IO 2 245687x 10 2 -22686
1.3 IO 5007 176850 1.72427 -2.5011
i
.8667 .6667 7511 1.43360 1.40172 I -22241
1
Results
Load
Speed
Materials
TABLE 2 I-6--EFFECT OF DIMENSIONLESS LOAD, SPEED. AND MATERIALS
PARAMETERS ON DIMENSIONLESS CENTER OF PRESSURE
[From Pan and Hamrock (19891,]
Dimensionless
load
parameter,
E'R_
0.20453 × I0 -4
.4
,6
13
3.0
5.0
t,3x10 -4
Dimensionless
speed
parameter.
U = --
E'R,
1.0× I0 II
O, IxlO II
25
.5
.75
1,0
3,0
50
Dimensionless
materials
parameter,
G = _:E'
5007
5007
Dimensionless
center of
pressure,
_ X,p
X¢._p - --
R,
- IO0670x I0
-57148
-.33977
- 14402
- ,06233
- 04330
-0.03231 x I0-s
-.05883
-09300
-12202
-. 14402
-.29264
-.38774
Curve-fit
dimensionless
center of
pressure,
L,: = __._e__
R_
-102309× 10 _
-.51651
-,34169
-,15541
-,06628
-03939
-0.03577 x I0 -s
-,06417
-09987
-12935
-15540
-31324
-.43392
Error,
x, ,: /
percent
- 1.6284
9.6191
-,5670
-79060
-6,3391
9,0425
-106959
-90826
-7,3812
-60051
-7.9060
-7.0380
-11.9105
2,6x 10 -4 2.0x 10 i_ 2504 -0.14662 x 10 -_ -0,15295x 10 s -4.3162
1.3 I0 5007 -.14402 -15541 -79060
.8667 6667 7511 -.15127 -15686 -3.6961
Results
Load
Speed
Materials
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TABLE21-7--EFFECT OF DIMENSIONLESS LOAD, SPEED, AND MATERIALS
PARAMETERS ON DIMENSIONLESS MASS FLOW RATE
[From Pan and Hamrock (1989).]
Closure
Dimensionless
load
parameler,
E'R,
0.20453 x I0 4
4
.6
1.3
3.0
5.0
I 3xl0-4
Dimensionless
speed
parameter,
rto_
U-
E'R I
I.OxlO-ll
0 l×10-1t
.25
.5
.75
1.0
3.0
5.0
Dimensionless
materials
parameter,
G = t_E'
5007
5007
PmH,_p
0.26694x 10 -a
.24844
.23767
.20291
.17557
.18788
004288 x 10 -4
.08350
.13607
18096
.20291
.46515
.64744
Curve-fit
0.26760x 10 -4
.24508
.23241
.21002
.18823
.17604
0.04268x 10 -4
.08047
.13000
.17211
.21002
.44918
.63965
Error,
_,,,H,,, /
percent
-0.2445
1.3511
2.2152
-3.5031
-7.2087
6.3004
-0.4590
3.1072
4.4608
4.8921
-3.5031
3.4323
1.2028r
26x10 -4 2.0x10 In 2504 022212x10 4 021325x10 _ 3.9954
13 1.0 5007 .20291 .21002 -3.5031
8667 .6667 7511 .21995 .20816 53607
Results
Load
Speed
Materials
21.6 Closure
Methods of elastohydrodynamically calculating the film thickness and pressure
in a rectangular conjunction were presented for both incompressible and compres-
sible fluids. Recent developments have had a profound effect in that elastohydro-
dynamically lubricated conjunctions can now be numerically evaluated in the load
range that is normally experienced by nonconformal contacts such as rolling-
element bearings and gears. A new approach in which there are no load limitations
was described, and successful results were presented for conditions corresponding
to a maximum Hertzian pressure of 4.8 GPa. These results were obtained with
low central processing unit time.
The focus of the chapter then turned to getting a better understanding of why
pressure spikes occur in elastohydrodynamically lubricated conjunctions. Various
combinations of viscous or isoviscous and compressible or incompressible
situations were studied for a wide range of load conditions. Comparing the results
of the isoviscous and viscous solutions showed that a pressure spike did not occur
for the isoviscous solution but did occur for the viscous solution. These results
indicated also that the film thickness in the contact region was more than three
times greater for the viscous solution than for the isoviscous solution. The viscous
film shape results also showed a gap closing near the outlet, whereas the isoviscous
film shape results had either none or just a slight gap closing. Similar conclusions
were obtained for a number of different loads. Therefore, it was concluded that
the pressure spike and gap closing at the outlet were viscosity driven. Studies with
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compressible and incompressible fluids showed that the amplitude of the pressure
spike for the incompressible fluid was 3.7 times larger.
Having explained the details of the pressure and film shape, the chapter turned to
studying the influence of the operating parameters on the performance parameters
and to developing simple formulas that relate the two. The operating parameters
that were studied were the dimensionless load, speed, and materials parameters.
The dimensionless load parameter W' was varied from 0.2045x 10 -4 to
5.0 x 10-4. The dimensionless speed parameter U was varied from 0.1 x 10- I I
to 5.0 X 10- I_. And the dimensionless materials parameter G had values of 2504,
5007, and 7511, corresponding to solid materials of bronze, steel, and silicon
nitride, respectively. Fourteen cases were investigated, covering a complete range
of operating parameters normally experienced in elastohydrodynamic lubrication.
Formulas were obtained for the following performance parameters: pressure spike
amplitude and location, minimum and central film thicknesses, location of the
minimum film thickness, location of the center of pressure, and mass flow rate.
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Chapter 22
Elastohydrodynamic Lubrication
of Elliptical Conjunctions
In the 1950's and 1960's--and again in the 1980's, when better numerical
approaches were developed--elastohydrodynamic lubrication focused primarily on
rectangular conjunctions. However, in the 1970's theoretical EriE studies changed
direction dramatically, switching from rectangular to elliptical conjunctions. The
change began in 1970 when Cheng developed a Grubin type of inlet analysis
applicable to elliptical Hertzian contact areas. Later in the 1970's a numerical
solution for the isothermal elastohydrodynamic lubrication of elliptical conjunctions
successfully emerged. In the years 1974-79, Hamrock and Dowson published
nine papers on elastohydrodynamic lubrication (Hamrock and Dowson, 1974;
Dowson and Hamrock, 1976; and Hamrock and Dowson, 1976a,b, 1977a,b, 1978,
1979a,b). Many of the essential theoretical features of elastohydrodynamically
lubricated elliptical conjunctions have been shown to be in overall agreement with
experiments (e.g., see Koye and Winer, 1980). Hamrock and Dowson's collective
efforts appear in book form (Hamrock and Dowson, 1981), where they also apply
elastohydrodynamic lubrication to rolling-element bearings. This chapter covers
the highlights of the Hamrock and Dowson research.
22.1 Relevant Equations
Figure 22-1 shows the coordinate system to be used as well as an example of
how to divide the area in and around the contact zone into equal rectangular areas.
From chapter 7 (eq. (7-58)) the general Reynolds equation can be expressed as
t9 (oh3 Op_ t9 (ph3 0pX_
0 oh(u, + ut,) +-- + Ot (7-58)
= Oxx 2 0y
Assuming steady-state operation and that the velocity components are not a function
of x or .v, this equation reduces to
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Figure 22-1 .--Example of dividing area in and around contact zone into equal rectangular areas.
From Hamrock and Dowson (1976a).
..... + 12v
a_ _ + _ ax Or (22-1)
where
u = Mean velocity in x direction - u_ + ub
2
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v = Mean velocity in y direction - v_ + Vb
2
Letting
2.,7 2)7
Xr - Y =
Dx ' D r, '
Relevant Equations
p r/ h
_=--, _=--, He=--,
Po _o Rx
1 1 1 p
-- 4- -- Pe = --,
Rx r_ rbx ' E'
V = (ffz + 2)':2,
(22-2)
causes equation (22-1) to become
a--_ -- -_ l + -kT -_ - OY/
(___)[ sin O a(pHe)]
= 12U cos 0 a(pHe) + (22-3)
ax---T k j
where
k = Ellipticity parameter =-- --o_rDY 2/,_ (19-29)
Ox
_ Ry (18-57)
O/r----
Rx
where
1 1 1
- +
Ry ray rby
U,. = Dimensionless speed parameter = --
Equation (22-3) is a nonhomogeneous partial differential equation in two vari-
ables. This is generally a difficult equation to solve. The situation is worsened
by the facts, as found for rectangular conjunctions in the last chapter, that the vis-
cosity varies by several orders of magnitude throughout the conjunction and that the
elastic deformation of the solid surfaces can be three or four orders of magnitude
larger than the minimum film thickness within the conjunction. The severity of
these conditions enables solutions to be obtained numerically only when extreme
care is taken.
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The dimensionless density, viscosity, and film shape appear in equation (22-3)
and therefore need to be defined. Note that in equation (22-2) the pressure was
made dimensionless in a different manner than was done for rectangular conjunc-
tions in chapter 21 (eq. (21-21)). Therefore, the expressions for the density,
viscosity, and film shape will be different. Density is expressed as
0.6E' Pe
,_ = 1 + (4-20)
1 + 1.7E'P_
where the effective elastic modulus is
2
E' = (in gigapascals)
2
+
E, Eb
and viscosity is expressed as
where
( ,q._._')li - ( i+p/cp)zq
= ',, '70 /
(4-10)
r/o_ = 6.31 xl0 -5 Pa s (9.15x10 -9 lbf s/in. 2)
Cp = 1.96x 108 Pa (28 440 lbf/in. 2)
and Z I is the viscosity-pressure index, a dimensionless constant. In equations (4-10)
and (4-20) it is important that the same dimensions are used in defining the constants.
The film shape can be written simply as
h(x,y) = ho + S(x,37) + 6(x,y") (22-4)
where
o
s(£;)
_(x,y)
constant
separation due to geometry of undeformed ellipsoidal solids
elastic deformation of solid surfaces
The separation due to the geometry of the two undeformed ellipsoidal solids is
shown in figure 19-1 and can be described by an equivalent eltipsoidal solid near
a plane. The geometrical requirement is that the separation of the two ellipsoidal
solids in the initial and equivalent situations should be the same at equal values of
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x and 37. Therefore, from figure 22-1 the separation due to the undeformed
geometry of two ellipsoids can be written as
S(x,y) = +
2R_ 2Ry
(22-5)
where
m constant used to determine length of inlet region
e constant used to determine side-leakage region
For illustration, the mesh described in figure 22-1 uses a m = 4 and g= 2.
Figure 22-2 illustrates the film thickness and its components for an ellipsoidal solid
near a plane. Note that 6 is a maximum and S is a minimum at the contact center.
Also ho assumes a large negative constant value. Substituting equation (22-5)
into equation (22-4) while using equation (22-2) to make it dimensionless gives
h 02x(X,_ _)2 O_(r- e-)2 _(x.r)
He - - He,o + + + -- (22-6)
Rx 8R_ 8R_y Rx
where He,o = ho/Rx is a constant that is initially estimated.
hi)
-z
Figure 22-2.--Components of film thickness for ellipsoida| solid near plane. From Hamrock and
Dowson (1981).
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The simple way of calculating the elastic deformation in a constant rectangular
area as described by Hamrock and Dowson (1974) is used here. This method
was covered in chapter 20 (section 20.6) so that only the conclusions are stated
here. Therefore, the elastic deformation can be written as
2?: (;, +_)_2
6,_ _(Xr Y) = -- _ _a Pe,ijDi': (22-7)
j=l,2 .... i=1,2 ....
where
n
number of divisions in semidiameter of contact ellipse in y direction
constant used to determine length of outlet region
number of divisions in semidiameter of contact ellipse in x direction
i*= l_-il + 1
J* = Ifl-Jl + 1
+D._(y+__)ln_ (Xr+--_)2
/ 1 "_21l': "_
+['<_("+_7+u<,--_:j.)
[,<_(,,+_)_+(.,<,. _c
2a/j )
,,, /"(,<,-D)+[,<_(,'-_)_++D:' (-_) In (Xr+._)+[k2(y_l)2+
1 2 112
(x+,_Yl"_(
\" 2,_/j .)
(22-8)
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Equation (22-8) and figure 22-1 clarify the meaning of equation (22-7). The
elastic deformation at the center of the rectangular area _59.5 (fig. 22-1) caused
by the pressure on the various rectangular areas in and around the contact ellipse
can be written as
2
_9,5 =-
7f
_e,l,lD9.5 -t- Pe,2.1D8,5 + ... + Pe.35,1D27,5_
PeA'2D9A. + Pe'2"2Ds'4. + + Pe'35'2D27'4_. (22-9)
e,1,20_9,16 -t- Pe,2,20,D8,16 + + Pe,35,20D27,_/
22.2 Dimensionless Groupings
The variables resulting from the analysis of elastohydrodynamically lubricated
elliptical conjunctions are
R_ effective radius in x direction, m
R, effective radius in y direction, m
2(1- v2 1 - v_,'_-'E' effective modulus of elasticity, _ + , Pa
h film thickness, m
u mean surface velocity in x direction, m/s
v mean surface velocity in y direction, m/s
r/0 absolute viscosity at p = 0 and constant temperature, N s/m 2
Zi viscosity-pressure index
vo. normal load component, N
From the nine variables six dimensionless groupings can be written:
Dimensionless fibn thickness:
h
He = -- (22-10)
R,
where
1 1 1
- + -- (22-11)
R, r_t_. rb t
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The radii of curvature defined in equation (22-11) are shown in figure 19-1. As
stated in chapter 19 it is assumed that convex surfaces, as shown in figure 19-1,
have a positive value and concave surfaces, a negative value.
Dimensionless load parameter:
E'I¢_
Dimensionless speed parameter:
V.o
Uv-
E'g_
where
(22-12)
(22-13)
V = (52 + v-z) '_: (22-14)
Dimensionless materials parameter:
Ep
G- - (E' (22-15)
Ply,as
where Ply,as is the asymptotic isoviscous pressure obtained from Roelands (1966)
(see chapter 4, equation (4-9)).
Ellipticity parameter:
where
Slide-roll ratio:
k Dv 2/_ (19-29)
Dx
gy
oct = -- (18-57)
Rx
(22-16)
Therefore, the dimensionless minimum-film-thickness equation can be written as
Hmin =j_W, Uv, G, k, O) (22-17)
The results presented in this chapter assume pure rolling (v = 0 or 0 = 0).
The set of dimensionless groups [Hmin,k, U, W, and G ] is a useful collection of
parameters for evaluating the results presented in this chapter. It is exactly the same
set of dimensionless parameters used in chapter 21 for rectangular conjunctions
with the exception that the ellipticity parameter k has been added to handle the
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side-leakage effects in this chapter. However, a number of authors (e.g., Moes,
1965-66; and Theyse, 1966) have noted that this set of dimensionless groups can be
reduced by one parameter without any loss of generality. This approach is followed
in the next chapter, where the film thicknesses to be expected in each of the four
regimes of fluid film lubrication are presented graphically and it is necessary to
reduce the number of dimensionless groups. The disadvantage of reducing the
number of parameters by one is that the new dimensionless groups do not have
the physical significance that exists for the original grouping.
22.3 Hard-EHL Results
Results in this section are to be applied to materials of high elastic modulus
lubricated elastohydrodynamicaily, which situation is often referred to as "hard
EHL." By using the numerical procedures outlined in Hamrock and Dowson
(1976a), the influence of the ellipticity parameter and the dimensionless speed, load,
and materials parameters on minimum film thickness has been investigated for
fully flooded hard-EH e contacts by Hamrock and Dowson (1977a). The ellipticity
parameter k was varied from 1 (a ball-on-plane configuration) to 8 (a configuration
approaching a rectangular conjunction). The dimensionless speed parameter U was
varied over a range of nearly two orders of magnitude, and the dimensionless
load parameter W, over one order of magnitude. Situations equivalent to using
solid materials of bronze, steel, and silicon nitride and lubricants of paraffinic and
naphthenic oils were considered in an investigation of the role of the dimensionless
materials parameter G on minimum film thickness. The 34 cases used to generate
the minimum-film-thickness formula are given in table 22-1. In the table ne,rnin
corresponds to the minimum film thickness obtained from solving the coupled
Reynolds, rheology, and elasticity equations for an elastohydrodynamically lubri-
cated elliptical conjunction by the approach given in Hamrock and Dowson
(1976a). The minimum-film-thickness formula as obtained by Hamrock and
Dowson (1977a) from a least-squares fit of the ne,mi n data given in the table is
he,min _ ]_min _ 3.63UO.68G0.49W-0.073( 1 - e -°68k)
R_
(22-18)
In table 22-1, ['le,minis the minimum film thickness obtained from equation (22-18).
The percentage difference between He,mi n and /'_e.min is expressed by
nemin - He min
Ol = (, " he_-m_" ")100
(22-19)
In table 22-1 the values of D1 are within ±5 percent.
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TABLE 22 I EFFE( '1"OF ELLIPTICITY. LOAD. SPEED, AND MATERIALS PARAMETERS ON
Case EllipticiD
parat_eter,
I I I
2 125 [
3 _5 I
4 ; 175 I
5
6
7
8
9
10
II
12
15
14
t5
16
17
18
19
20
21
22
23
24 i
25 I
F
4 I
6 I
8 I *
i --
6 ] 022tlx10
3686
5528
7371
9214
1106
6 J0 7371_10
MINIMUM FILM THICKNESS FOR HARD-EHL CONTACTS
IFrom Hamrock and [X_wson tl977a} I
I
Dimensionless i Dimensionless Dimensionless
k_ad _; speed materials
parameter, i parameter, parameter,
0 ll(_' 10 _ 0 168ti'10 ii G
× [ . 4522
Jl
0 1683x10 u
008416×10 It
2525
1367
4208
5892
! 8416
1263
4522
4522
Minimum film Ihi_kness Difference
between
Obtained /tom ] Obtained from H_ mm
EHL ellipti_.al ] [casl _quare_ and Ft, m,_.
contact theor), DI"
He ..... ] H,r ..... percem
3367×10 _ 3 514_ tl) _ 437
4 105 4 1178 66
4565 4 554 24
4 907 4 955 98
5255 S 294 74
5755 5821 115
6091 6 Iq6 I 72
6636 6 662 -24
6.969 70I)l 46
617 648 7 I_l
6 492_ 10 _' 6656×10 _ 253
6317 6412 1 50
6268 6 225 - 69
6 156 6 °'95 -- 99
6085 ] 5997 145
811 i 5 91_ I 84
5657 | 5 851i_ 3 43
...... [
3 926:_ I0 _ 3805,10 _ -308
8 3 2 8 032 406
9995 '_ 7 -226
11 61 [ I 37 i 207
1439 14 29 - 69
18 .'kt 18 21 71
24 47 24 1_O - I 92
29 75 29 18 - I 92
34 58 33 9_ -179
39 73 %g 44 -3 25
4347 42 69 179
4732 4676 I 18
I
54 57 [ 54 41 l - 29
61 32 j. hi 59 _ 44
6 931 ;_ I(1 _ 69_8_10 _' (llO
17 19 17 5_; 2 33
! 6080 _ i 16 59
__ z •
25 [ I083
26 i i 2104
27 , , 2 525
29 [ I _ 367
30 i 4208
31 . t : t5o50
_2 6 i 0 7216_ I0 _ / 0 329_x 11) iI
t3 6 | 7216 / 942234 6 / 2456 112_
I
2310
I 349t
i 6785
ResuLts
Elliplicit_
: Load plus
ca_ 9
case 14-Speed plus
i
_ :'::=:]
It is interesting to compare the minimum-film-thickness tbrmula (eq. (22-18)) for
elliptical conjunctions with that for rectangular conjunctions given in the last chapter.
/]e,min = 1.714(W') -OI28UO'694GO568 (21-59)
where
W I _ z
E'R_
and _.," is the normal load per unit length. The powers on U, W, and G in equa-
tion (22-18) are quite similar to the powers on U, W', and G in equation (21-59).
In practical situations there is considerable interest in the central as well as the
minimum film thickness in elastohydrodynamically lubricated conjunctions. This
is particularly true when traction is considered, since the surfaces in relative motion
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are separated by a film of almost constant thickness that is well represented by
the central value over much of the Hertzian contact zone. The procedure used
in obtaining the central film thickness was the same as that used in obtaining the
minimum film thickness. From Hamrock and Dowson (1981) the central-film-
thickness formula for hard-EHL conjunctions is
/4,,c = 2.69 U ° 67G° 53 W - 0.067 ( 1 - 0.61 e - 0 73/,.) (22-20)
A representative contour plot of dimensionless pressure is shown in figure 22-3
for k = 1.25, U = 0.168 x 10- l l, W = 0.111 x 10-6, and G = 4522 as obtained
from Hamrock and Dowson (1977a). This is one of the 34 cases presented in
table 22-1. In figure 22-3 as well as in figure 22-4, the + symbol indicates the
center of the Hertzian contact zone. The dimensionless representation of the X
and Ycoordinates causes the actual Hertzian contact ellipse to be a circle regardless
of the value of the ellipticity parameter. The Hertzian contact circle is shown
in asterisks. On the figure a key shows the contour labels and each corresponding
value of the dimensionless pressure. The inlet region is to the left and the outlet
region is to the right. The pressure gradient at the outlet is much larger than that
at the inlet. In figure 22-3 a pressure spike is visible at the outlet.
Figure 22-4 shows contour plots of film thickness for the same case shown
in figure 22-3 for the pressure profile (k= 1.25, U=0.168xI0 -II,
W = 0.111 × 10-6, and G = 4522). In this figure two minimum-film-thickness
regions occur in well-defined side lobes that follow, and are close to, the edge of
the Hertzian contact ellipse. These results reproduce all the essential features of
previously reported experimental observations based on optical interferometry
as found, for example, in Cameron and Gohar (1966).
,- Hertzian
...circle
A 'B_ '',\ "• / /
" c
\'. \ _ _ _vJ_jj ." G
Dimensionless
pressure,
Pe = p/E"
1.7x10 -3
1.6
15
1.4
1.2
1.0
7
.3
Figure 22-3.--Contour plot of dimensionless pressure with ellipticity parameter k = 1.25 and dimen-
sionless speed, load, and materials parameters held fixed at U = 0.168 × 10- l i, W = 0. I 11 x 10 6,
and G = 4522. From Hamrock and Dowson (1977a).
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f _- G--_H_-_ / Hertzian
..(7' ,,, ./+ /--G_x_ Id-/>oli.'l -
Dimensionless
film thickness,
He = hlRx
A 43×10 -6
[] 4.6
C 5.0
D 5.5
E 6.0
F 6.6
G 7.4
H 8.2
Figure 22-4.--Contour plot of dimensionless film thickness with ellipticity parameter k = 1.25 and dimen-
sionless speed, load, and materials parameters held fixed at U = 0.168 x 10 t i, W = 0.111 x 10 -6,
and G = 4522. From Hamrock and Dowson (1977a).
The more general consideration that allows the velocity vector to be in any
direction, as discussed at the beginning of this chapter, has been recently considered
by Chittenden et al. (1985). They used the Hamrock and Dowson (1977a) formulas
but added a factor to account for more general consideration of the velocity vector.
The film formula from Chittenden et al. (1985) is
Hmin = 3.68_.68G°.49W-°.°73 11 - exp[-O.68(Rs_2/317\Re/ JJ
(22-21)
where
1 cos20 sin20
-- .1- --
R e R x Ry
1 sinZO cos20
Rs R_ Ry
I/_ o
U v --
E'R,
V = (u z + cz) ''_
Note in the preceding equations that if pure rolling or pure sliding exists, 0 = 0
and v= 0 and equation (22-21) is exactly equation (22-20).
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22.4 Comparison Between Theoretical and
Experimental Film Thicknesses
The minimum- and central-film-thickness formulas developed in the previous
section for fully flooded conjunctions are not only useful for design purposes but
also provide a convenient means of assessing the influence of various parameters on
the elastohydrodynamic film thickness. For the purpose of comparing theoretical
film thicknesses with those found in actual elastohydrodynamic contacts, table 22-2
TABLE 22-2.--THEORETICAL AND EXPERIMENTAL
FILM THICKNESSES
[From Kunz and Winer (1977).l
Lubri-
cant a
Dimensionless Central film thickness Minimum film thickness
speed
parameter, Theoretical, Experi- Theoretical, Experi-
U eq. (22-20), mental, eq. (22-18), mental,
t-le,c He,," /'_e. min He, min
Dimensionless load parameter, W, 0.1238 x 10 -6
B
C
0.1963x 10-11
.3926
.7866
6.84x 10 6
10.90
17.30
5.7×10 6
9.9
16.0
3.87x 10 6
6.20
9.30
2.8x 10-6
5.7
I1.0
O.2637 x 10 -li ll.OOx 10 -6 15.0z 10 6 6.58x 10-6 8.4 x 10-6
.5274 18.90 22.0 10.5 14.0
1.0570 30.20 34.0 17.0 24.0
0.2268 x 10- II 8.04×10 -6 8.2×10 -6 4.53×10 6 5.0x 10-_
.4536 12.80 12.0 7.27 7.5
.9089 20.60 18.0 11.60 13.0
Dimensionless load parameter, W, 0.9287 x 10 -6
0.1963x10 -11 5.96x10 -6 4.3x10 6 3.33x10-6[ 2.8xlO-e
i
.3926 9.50 7.1 5.35 4.3
.7866 15. lO 12.0 8.58 5.7
0.2637×10 II 10.40×10-6 8.4×10-6 5.68×10-6 2.8 x 10-_
.5274 16.60 12.0 9. l I 5.6
1.0570 26.40 17.0 14.60 8.4
A
0.2258x 10 -It
.4536
.9089
7.01 x 10 -6
11.20
17.80
6.3×10 -6
9.4
14.0
3.92 × 10 -6
6.27
10.I0
2.6× 10-_
3.8
5.0
aLubricant A is polyalkyl aromatic (4 : 1_58× I(I 8 m21N; r/0 : 00255 N sire2; G = 4507); lubricant B is
-8 "_ 2 ..
syn he _c hydrocarl_m _ : 3. I 1 × I0 m-IN _10 = 0.0343 N s,/m , G - 8874 , lubrlt.ant C Is modified poLy-
phenyl ether (_ = 1.79x 10 -`8 m2_'N: rt(i = 00295 N s,'m2: G = 5107L where _ is the pressure-viscosity con
stant, 'qO is the absolute viscosity at p = 0 and ¢_nstant temperature, and G is the dimensionless materials
parameter, _E'
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was obtained from Kunz and Winer (1977). The experimental apparatus consisted
of a steel ball rolling and sliding on a sapphire plate. This generated a circular
conjunction, or an ellipticity parameter of unity. Measurements were made by
using the technique of optical interferometry. Table 22-2 shows the results of
both calculations and measurements for three lubricants in pure sliding, each under
two different loads and three speeds. The notation /-]_.min and He,c is used to
denote the dimensionless film thicknesses calculated from equations (22-18) and
(22-20), respectively. The measured minimum and central film thicknesses
obtained from Kunz and Winer (1977) are denoted by ne,mi n and He,c. Figure 22-5
shows comparisons between the calculated and measured film thicknesses for the
two loads shown in table 22-2.
For the smaller load (W = 0. 1238 x 10 -6) the results shown in figure 22-5(a)
compare remarkably well if one bears in mind the difficulties associated with
the experimental determination of such small quantities under arduous conditions
and the error associated with the complex numerical evaluations of elastohydro-
dynamic conjunctions. The ratios between the central and minimum film thick-
nesses are similar for the calculations and the measurements, and the dependence
of film thickness on speed thus appears to be well represented by equations (22-18)
and (22-20).
For the larger load (W=O.9287xlO -6) the agreement shown in figure
22-5(b) is not quite so good, with the theoretical predictions of film thickness
being consistently larger than the measured values. This discrepancy is sometimes
attributed to viscous heating, as discussed by Greenwood and Kauzlarich (1973),
or to non-Newtonian behavior, as discussed by Moore (1973). Viscous heating
appears to enjoy the most support. Since the measurements were made during
pure sliding, thermal effects might well be significant, particularly at the larger
load. The value of viscosity used in the calculations reported in table 22-2
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(b) W = 0.9287x 10 -6.
Figure 22-5.--Theoretical and experimental central and minimum film thicknesses for pure sliding
for two dimensionless load parameters W, From Kunz and Winer (1977).
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corresponded to the temperature of the lubricant bath. If thermal effects become
important, the isothermal assumption used in deriving equations (22-18)
and (22-20) is violated. But, although the value of the viscosity used in these
expressions is necessarily somewhat arbitrary, there is evidence from previous
studies of line or rectangular elastohydrodynamic conjunctions that the film
thickness is determined by the effective viscosity in the inlet region. If this viscosity
is known with reasonable accuracy, the predicted film thicknesses are quite
reliable. In addition, at the more severe conditions imposed by the larger load
the lubricant may no longer behave like a Newtonian fluid. This would violate the
assumptions used in deriving equations (22-18) and (22-20).
The results of Kunz and Winer (1977) presented in table 22-2 and figure 22-5
suggest that at large loads lubricant film thickness changes more rapidly than
would be predicted by the isothermal elastohydrodynamic theory for elliptical con-
junctions as presented in equations (22-18) and (22-20). This view is supported
by the experimental results based on the x-ray technique reported by Parker and
Kannel (1971) and the results of optical interferometry presented by Lee et al.
(1973). This observation, however, contradicts the results of Johnson and Roberts
(1974), who used the spring dynamometer method to estimate elastohydrodynamic
film thickness. Johnson and Roberts found that, in spite of the approximate nature
of their method, the results indicated strongly that elastohydrodynamic film
thickness as predicted by equations (22-18) and (22-20) is maintained up to the
highest contact pressures that are practical with ball bearing steel. Their results
support the more precise measurements of Gentle and Cameron (1973) and extend
the range of operating conditions to higher rolling speeds. The discrepancy between
these investigations has yet to be explained.
Another comparison between experimental findings and theoretical predictions
can be based on the experimental results provided by Dalmaz and Godet (1978).
They measured film thickness optically in a pure-sliding, circular-contact apparatus
for different fire-resistant fluids. An example of the good correlation between
the theoretical predictions based on the formulas developed in the previous section
and these experimental results is shown in figure 22-6. The agreement between
the experimentally determined variation of central film thickness with speed for
mineral oil and water-glycol lubricants of similar viscosity and the theoretical
predictions is most encouraging. The ellipticity parameter was unity and the applied
load was 2.6 N for these experiments. Figure 22-6 also shows that for water-
glycol the film thickness generated was barely one-third of that developed for
mineral oil of similar viscosity. This drastic reduction in film thickness is attributed
to the pressure-viscosity coefficient of water-glycol, which is only about one-
fifth that of mineral oil.
Another important comparison between the theoretical film thickness equations
presented in this chapter and experimental measurements of film thickness in
elliptical elastohydrodynamic conjunctions was presented by Koye and Winer
(1980). They presented experimental values of film thickness for ellipticity ratios
ranging from 3.7 to 0.117. The pressure-viscosity properties of the lubricant and
the effective elasticity of the crowned rollers and the sapphire disk yielded an
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Figure 22-6.--Effect of velocity on central film thickness at constant load (2.6 N) for mineral oil
and water-glycol lubricants of similar viscosity. From Dalmaz and GtvJet (1978).
average value of the dimensionless materials parameter G of 10 451. The
dimensionless speeds U and loads W were varied by changing the rolling velocities
and the applied loads such that
2.14×10 -_1 < U<8.90×10 Ij
0.038×10-6< W< 5.32×10 6
A statistical analysis of the 57 acceptable results showed that the experimental
values of minimum film thickness were about 23 percent greater than the corre-
sponding predictions of Hamrock and Dowson (1977a) given in equation (22-18)
for values of k _> 1. Koye and Wirier (1980) found that their results suggested
that both the dimensionless speed U and load W had a slightly more dominant
influence on minimum film thickness than the theory given in equation (22-18)
predicted. A summary of the results, in which the experimental dimensionless
minimum film thicknesses are plotted against the theoretical predictions, is shown
in figure 22-7.
There are two significant features of the findings from Koye and Winer's (1980)
experiments:
(1) The theoretical minimum-film-thickness formula given in equation (22-18)
tends to underestimate the actual minimum film thickness.
(2) The experimental findings suggest that the theoretical minimum-film-
thickness formula given in equation (22-18) is just as valid for ellipticity ratios
less than unity as it is for those greater than unity.
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Figure 22-7.--Predicted dimensionless minimum film thickness from Hamrock and Dowson (1977a,
eq. (22-18)) compared with experimental results obtained by Koye and Wirier. From Koye and
Winer (1980).
The first conclusion appears to contradict the earlier finding of Kunz and Winer
(1977), although it must be said that the overall agreement between theory and
experiment in this difficult field is encouraging. If the finding that the minimum-
film-thickness formula tends to underestimate the actual film thickness is con-
firmed, the theoretical predictions will at least possess the merit of being conservative.
Perhaps the most remarkable and valuable feature of the Koye and Wirier (1980)
study is that it has confirmed the utility of the minimum-film-thickness formula at
values of k considerably less than unity. This is well outside the range of ellipticity
ratios considered by Hamrock and Dowson (1977a) in their numerical solutions to
the elastohydrodynamic problem, and it engenders confidence in the application
of the film thickness equation to machine elements that normally produce a long,
elliptical contact in the direction of motion. This field of applications includes
the roller-flange conjunction in axially loaded roller bearings, Novikov gear
contacts, and certain situations involving microelastohydrodynamic action on
surface asperities.
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Figure 22-8.--Side-leakage factor for elliptical conjunctions in hard EHL. From Hamrock and Dowson
(1981).
Various theoretical predictions are compared with the experimental results of
Archard and Kirk (1964) in figure 22-8. These results are presented in a form
that indicates the influence of side leakage on film thickness in elliptical conjunc-
tions by plotting a film reduction factor hmin/hmin, r against the effective radius
ratio RJRy. The film reduction factor is defined as the ratio of the minimum film
thickness achieved in an elliptical conjunction to that achieved in a rectangular
conjunction formed between two cylinders in nominal line contact. The theoretical
results of Archard and Cowking (1965-66), Cheng (1970), and Hamrock and
Dowson (1977a), along with the theoretical solution for rigid solids by Kapitza
(1955), are presented in this figure. Archard and Cowking (1965-66) adopted
an approach for elliptical conjunctions similar to that used by Grubin (1949) for
a rectangular conjunction condition. The Hertzian contact zone is assumed to form
a parallel film region, and the generation of high pressure in the approach to the
Hertzian zone is considered.
Cheng (1970) solved the coupled system of equations separately by first calculat-
ing the deformations from the Hertz equation. Cheng then applied the Reynolds
equation to this geometry. He did not consider a change in the lubricant density
and assumed an exponential law for the viscosity change due to pressure. Hamrock
and Dowson (1977a) developed a procedure for the numerical solution of the
complete isothermal elastohydrodynamic lubrication of elliptical conjunctions.
For 0.1 < R_/R,. < 1 the Archard and Cowking (1965-66) and Hamrock and
Dowson (1977a) predictions are in close agreement, and both overestimate the
film thickness reduction evident in the experimental results of Archard and Kirk
(1964). For 1 < RJR_. < 10 the Hamrock and Dowson (1977a) film thickness
predictions exceed and gradually diverge from those of Archard and Cowking
(1965-66). They are also in better agreement with the experimental results of
Archard and Kirk (1964).
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22.5 Soft-EHL Results
The earlier studies of elastohydrodynamic lubrication of elliptical conjunctions
are applied to the particular and interesting situation exhibited by low-elastic-
modulus materials (soft EHL). The procedure used in obtaining the soft-EHL results
is given in Hamrock and Dowson (1978). The ellipticity parameter was varied
from 1 (a ball-on-plane configuration) to 12 (a configuration approaching a nominal
line or rectangular contact). The dimensionless speed and load parameters were
varied by one order of magnitude. Seventeen cases used to generate the mininmm-
film-thickness formula are given in table 22-3. In the table H,,,mm corresponds
to the minimum film thickness obtained from applying the EHL elliptical contact
theory given in Hamrock and Dowson (1976a) to the soft-EHL contacts. The
mininmm-film-thickness formula obtained from a least-squares fit of the data was
first given in Hamrock and Dowson (1978) as
/'1,,.rain = 7-43U°'65W-°2t( 1 - 0.85e 031k) (22-22)
In table 22-3, #e,min is the mininmm film thickness obtained from equation
(22-22). The percentage difference between H,, rain and H,,.min is expressed by
Dl, given in equation (22-19). The values of Di in table 22-3 are within the
range -7.9 to 2.9 percent.
Case
I
2
3
4
5
6
7
8
9
IO
II
,21314
Elliplicity Dimenskmle,,
parameler, load
h parameter,
W
TABLE 22 3 -EFFECT OF ELLIPTICITY. LOAD+ SPEED, AND MATERIALS PARAMETERS ON
MINIMUM FILM THICKNESS FOR SOFT EHL CONTACTS
IFrom Hanm_k and Dowson {1978) t
Minimum film thicknes_ Ditterence
.+,+ooo
, H _,,r,
O 4405 x I0
Dimensionless Dimensionless
speed materials
parameter, parameler.
U G
0 1028 × IO 7 0 4276
1
04276
1
131 8x 10 6
26g I
381 6
584 7
0 4405x 10
1
0.5139x I0 ?
1542
2570
05139
0 1028xl0 7
I
2
3 i
4
6
8
12
6
1
EHL elliplical leasl squares and H+ iTil_,
conla¢l Iheor_, ill, DI '
H+m,n " /I, mm percent
8851×10 _ 91 08xlO 6 290
1425 131 2 7 93
1704 160g -563
1867 1824 -230
2062 2098 175
2197 224.6 223
235 2 2360 34
133.7× 10 _ 1_62731 I
380.7 24
597 3 2 15
242 7 037
1927 105
173.1 I 52
Ifil 3 56
1497 - (}7
1825×1o_ o_,+ -
Resulls
Speed plus
case S
Load plu_
case 5
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It is interesting to compare the equation for low-elastic-modulus materials
(soft EHL, equation (22-22)) with the corresponding equation for high-elastic-
modulus materials (hard EHL, eq. (22-18)). The powers of U in equations (22-22)
and (22-18) are similar, but the power of W is much more significant for low-
elastic-modulus materials. The expression showing the effect of the ellipticity
parameter is of exponential form in both equations, but with different constants.
A major difference between equations (22-22) and (22-18) is the absence of
a materials parameter G in the expression for low-elastic-modulus materials. There
are two reasons for this. One is the negligible effect of pressure on the viscosity
of the lubricating fluid, and the other is the way in which the role of elasticity
is simply and automatically incorporated into the prediction of conjunction behavior
through an increase in the size of the Hertzian contact zone corresponding to load
changes. As a check on the validity of this absence, case 9 of table 22-3 was
repeated with the material changed from nitrile to silicon rubber. The results of
this change are recorded as case 17 in table 22-3.
The dimensionless minimum film thickness calculated from the full numer-
ical solution to the elastohydrodynamic contact theory was 181.8x 10 -6, and
the dimensionless minimum film thickness predicted from equation (22-22) turned
out to be 182.5 × 10 -6. This clearly indicates that the minimum film thickness
for low-elastic-modulus materials does not depend on the materials parameter.
There is interest in knowing the central film thickness, in addition to the
minimum film thickness, in elastohydrodynamic conjunctions. The procedure used
to obtain an expression for the central film thickness was the same as that used
to obtain the minimum-film-thickness expression. The central-film-thickness
formula for low-elastic-modulus materials (soft EHL) as obtained from Hamrock
and Dowson (1978) is
/4,., = 7.32( 1 - 0.72e-°2_)U°64W o22 (22-23)
Comparing the central- and minimum-film-thickness equations, (22-23) and
(22-22), reveals only slight differences. The ratio of minimum to central film
thicknesses evident in the computed values given in Hamrock and Dowson (1978)
ranges from 70 to 83 percent, the average being 77 percent.
Figure 22-9 shows the variation of the ratio hmi./hm, .... where hmina is the
minimum film thickness for rectangular conjunctions, with the ellipticity parameter
k for both high- and low-elastic-modulus materials. If it is assumed that the mini-
mum film thickness obtained from the elastohydrodynamic analysis of elliptical
conjunctions can only be accurate to 3 percent, the ratio hmin/hrnin.r approaches
the limiting value at k = 5 for high-elastic-modulus materials. For low-elastic-
modulus materials the ratio approaches the limiting value more slowly, but it is
reasonable to state that the rectangular conjunction solution will give a good
prediction of the minimum film thickness for conjunctions in which k exceeds
about I I.
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Figure 22-9.--Effect of ellipticity parameter on ratio of dimensionless minimum film thickness to
line-contact dimensionless minimum film thickness, for _Ht. high- and low-elastic-modulus analyses.
From Hamrock and Dowson (1978).
22.6 Starvation Results
It was not until the late 1960's and early 1970's that the influence of lubricant
starvation on elastohydrodynamic behavior received serious consideration. Before
this time it was assumed that inlets were always fully flooded. This assumption
seemed to be entirely reasonable in view of the minute quantities of lubricant
required to provide an adequate film. However, in due course it was recognized
that some machine elements suffered from lubricant starvation.
How partial filling of the inlet to an elastohydrodynamic conjunction influences
pressure and film thickness can readily be explored theoretically by adopting different
starting points for the inlet pressure boundary. Orcutt and Cheng (1966) appear to
have been the first to proceed in this way for a specific case corresponding to a
particular experimental situation. Their results showed that lubricant starvation
lessened the film thickness. Wolveridge et al. (1971) used a Grubin (1949)
approach in analyzing starved, elastohydrodynamically lubricated line contacts.
Wedeven et al. (1971) analyzed a starved condition in a ball-on-plane geometry.
Castle and Dowson (1972) presented a range of numerical solutions for the starved
line-contact elastohydrodynamic situation. These analyses yielded the proportional
reductions in film thickness from the fully flooded condition in terms of a
dimensionless inlet boundary parameter.
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22.6.1 Fullyflooded-starved boundary.--Figure 22-10 shows the computing
area in and around the Hertzian contact. In this figure the coordinate Xr is made
dimensionless with respect to the semiminor axis Dx/2 of the contact ellipse, and
the coordinate Y is made dimensionless with respect to its semimajor axis Dy/2.
The ellipticity parameter k is def'med as the semimajor axis divided by the semiminor
axis (k = D/D 0. Because the coordinates X r and Y are dimensionless, the
Hertzian contact ellipse becomes a Hertzian circle regardless of the value of k.
This Hertzian contact circle is shown in figure 22-10 with a radius of unity. The
edges of the computing area, where the pressure is assumed to be ambient, are
also denoted. Also shown is the dimensionless inlet distance m, which is equal
to the dimensionless distance from the center of the Hertzian contact zone to the
inlet edge of the computing area.
Lubricant starvation can be studied by simply changing m. A fully flooded
condition is said to exist when m ceases to influence the minimum film thickness
to any significant extent. The value at which the minimum film thickness first
starts to change when m is gradually reduced from a fully flooded condition is
called the fully flooded-starved boundary position and is denoted by m*.
Therefore, lubricant starvation was studied by using the basic EHL elliptical contact
theory developed in section 22.1 and by observing how reducing the dimensionless
inlet distar_ce affected the basic features of the conjunction.
22.6.2 Hard-EHL results.--Table 22-4 shows how changing the dimensionless
inlet distance affected the dimensionless minimum film thickness for three groups
of dimensionless load and speed parameters. All the data presented in this section
are for hard-EHL contacts that have a materials parameter G fixed at 4522 and
an ellipticity parameter k fixed at 6. It can be seen from table 22-4 that, as m
decreased, the dimensionless minimum film thickness H_.mi n also decreased.
Table 22-5 shows how the three groups of dimensionless speed and load
parameters considered affected the location of the fully flooded-starved boundary
Box denotes edges of computing area, where
wessure is assumed to be ambient
Hertzian contact circle_,_
--x_
Figure 22-10.--Computing area in and around Hertzian contact zone, From Hamrock and Dowson
(1977b).
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TABLE 22-4.--EFFECT OF STARVATION ON MINIMUM FILM
THICKNESS FOR HARD-EHL CONTACTS
[From Hamrock and Dowson (1977b).]
Dimensionless
inlet distance,
m
6
4
3
2.5
2
1.75
1.5
1.25
Group
1 2 3
Dimensionless load parameter, W
0.3686×10 6 0.737l x 10-6 0.7371 x 10 -6
Dimensionless speed parameter, U
0.1683 × 10-11 1.683x 10 -tt 5.050× 10 -tt
Dimensionless minimum film thickness, He.rain
6.317×10 6
6.261
5.997
5.236
3.945
29.75 x 10 6
29.27
27.84
26.38
23.46
21.02
61.32 × 10 -6
57.50
51.70
46.89
39.91
34.61
27.90
TABLE 22-5.--EFFECT OF DIMENSIONLESS SPEED AND LOAD
PARAMETERS ON FULLY FLOODED-STARVED BOUNDARY
Group
(from
table
22-4)
FOR HARD-EHL CONTACTS
[From Hamrock and Dowson (1977b).]
2_/_
205.9
163.5
163.5
Fully flooded film thickness
Central, Minimum,
7.480x 10-6 5.211×10 -6
33.55 29.29
70.67 60.92
Fully flooded-
starved
boundary,
/71"
2.62
3.71
5.57
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m*. Also given in this table are the corresponding values of dimensionless central
and minimum film thicknesses for the fully flooded condition as obtained by
interpolating the numerical values. The values of m* shown in table 22-5 were
obtained by using the data from table 22-4 when the following equation was
satisfied:
He,min - (He,min)_=m.
t'/e,min
= 0.03 (22-24)
The value of 0.03 was used in equation (22-24) because it was ascertained that
the data in table 22-4 were accurate to only 4-3 percent.
The general form of the equation that describes how m* varies with the geometry
and central film thickness of an elliptical elastohydrodynamic conjunction is given
as
m. 1 = A.[ (2Rx_2 in.L\D,I He.,. (22-25)
The right side of equation (22-25) is similar in form to the equations given by
Wolveridge et al. (1971) and Wedeven et al. (1971). Applying a least-squares power
fit to the data obtained from Hamrock and Dowson (1977b) shown in table 22-4
gives
m*=l + 3.06[(2R_ 2 ]o._,
[\D_} He,, J
(22-26)
A fully flooded condition exists when m > m*, and a starved condition exists
when m < m*. The coefficient of determination for these results is 0.9902, which
is entirely satisfactory.
If in equation (22-25) the dimensionless minimum film thickness is used instead
of the central film thickness,
\0. I t-/e,mi° (22-27)
The coefficient of determination for these results is 0.9869, which is again
extremely good.
Once the limiting location of the inlet boundary for the fully flooded conditions
(eqs. (22-26) and (22-27)) has been clearly established, an equation can be
developed that defines the dimensionless film thickness for elliptical conjunctions
operating under starved lubrication conditions. The ratio between the dimensionless
central film thicknesses under starved and fully flooded conditions can be expressed
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in general form as
(22-28)
Table 22-6 shows how the ratio of the dimensionless inlet distance to the
fully flooded-starved boundary (r_ - 1)/(m* - 1) affects the ratio of central film
thicknesses under starved and fully flooded conditions He,c,s/He,c. A least-squares
power curve fit to the 16 pairs of data points
/ \1[r_-1|/' i=1,2 ..... 16
was used in obtaining values for C* and D* in equation (22-28). For these values
TABLE 22-6.--EFFECT OF DIMENSIONLESS INLET DISTANCE ON
CENTRAL- AND MINIMUM-FILM-THICKNESS RATIOS
FOR HARD-EHL CONTACTS
[From Hamrock and Dowson (1977b).1
Group
(from
table
22-4)
Dimensionless
inlet distance,
,h
2.62
2
1.5
1.25
3.71
2
2.5
2
1.75
5.57
4
3
2.5
2
1.75
1.5
Film thickness ratios
for starved and
flooded conditions
Central, Minimum,
He.c.s/He,c He,min,s/He.min
1 1
.9430 .9640
.7697 .8417
.5689 .6341
I I
.9574 .9534
.8870 .9034
.7705 .8034
.7151 .7199
1 1
.9348 .9439
.8330 .8487
.7440 .7697
.5223 .6551
.5309 .5681
.4155 .4580
Inlet boundary parameters
Critical,
(eh- I)/(m*- 1)
1
.6173
.3086
.1543
1
.7380
.5525
.3690
.2768
!
.6565
.4376
.3282
.2188
.1641
.1094
Wedeven et al.
(1971),
(fit- l )/(m w- 1}
0.9895
.6108
.3054
.1527
0.8281
.6111
.4584
.3056
.2292
0.8498
.5579
.3719
.2789
.1860
.1395
.0930
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the dimensionless central film thickness for a starved condition can be written as
(m--1_ 0'29
He,,..s = He,c \m---7__ l / (22-29)
By using a similar appraoch and the data in table 22-6 the dimensionless minimum
film thickness for a starved condition can be written as
m - 1 ,]0,25
He,min, s = ne.mi n \m_-l_ 1)/
(22-30)
Therefore, whenever m < m °, where m* is defined by either equation (22-26)
or (22-27), a starved lubrication condition exists. When this is true, the dimension-
less central film thickness is expressed by equation (22-29) and the dimensionless
minimum film thickness is expressed by equation (22-30). If m >_ m*, a fully
flooded condition exists. Expressions for the dimensionless central and minimum
film thicknesses for a fully flooded condition (He.c and ne.min) were developed
in section 22.5.
Figures 22-11 and 22-12 explain more fully what happens in going from a
fully flooded to a starved lubrication condition. As in section 22.2 the + symbol
indicates the center of the Hertzian contact, and the asterisks indicate the Hertzian
contact circle. The contour labels and each corresponding value are given on each
figure.
In figures 22-11 (a), (b), and (c) contour plots of the dimensionless pressure
(Pe = p/E') are given for group 1 of table 22-5 and for dimensionless inlet
distances m of 4, 2, and 1.25, respectively. In these figures the contour values
are the same in each plot. The pressure spikes are evident in figures 22-11(a)
and (b), but no pressure spike occurs in figure 22-11(c). This implies that as
m decreases, or as the severity of lubricant starvation increases, the pressure spike
is suppressed. Figure 22-1 l(a), with m = 4, corresponds to a fully flooded condi-
tion; figure 22-11(b), with m = 2, to a starved condition; and figure 22-1 l(c),
with m = 1.25, to even more severe starvation. Once lubricant starvation occurs,
the severity of the situation within the conjunction increases rapidly as m is
decreased and dry contact conditions are approached.
Contour plots of the dimensionless film thickness (H e = h/Rx) for the results
shown in group 1 of table 22-5 and for conditions corresponding to the three
pressure distributions shown in figure 22-11 are reproduced in figure 22-12. It
is clear that the film contours in the central region of the elastohydrodynamic
conjunction become more parallel as lubricant starvation increases and that the
region occupied by the minimum film thickness becomes more concentrated. Note
also that the values attached to the film thickness contours for the severely starved
condition (fig. 22-12(c)) are much smaller than those for the fully flooded condition
(fig. 22-12(a)).
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(a) m = 4. (b) m = 2. (c) m = 1.25.
Figure 22-1 l.--Contour plots of dimensionless pressure for dimensionless inlet distances m of 4, 2,
and 1.25 and for group 1 of table 22-5. From Hamrock and Dowson (1977b).
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Figure 22-12.--Contour plots of dimensionless film thickness for dimensionless inlet distances m of 4,
2, and 1.25 and for group 1 of table 22-5. From Hamrock and Dowson (1977b).
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22.6.3 Soft-EHL results.-- The theory and numerical procedure mentioned in
section 22.5 can be used to investigate how lubricant starvation influences mini-
mum film thickness in starved, elliptical, elastohydrodynamic conjunctions for low-
elastic-modulus materials (soft EHO. Lubricant starvation was studied by Hamrock
and Dowson (1979a) by simply moving the inlet boundary closer to the contact
center, as described in the previous section.
Table 22-7 shows how the dimensionless inlet distance m affects the dimension-
less minimum film thickness ne.mi n for three groups of dimensionless load and
speed parameters. For all the results presented in this section the dimensionless
materials parameter G was fixed at 0.4276, and the ellipticity parameter k was
fixed at 6. The results shown in table 22-7 clearly indicate the adverse effect
of lubricant starvation in the sense that, as m decreases, ne.mi n also decreases.
Table 22-8 shows how the three groups of dimensionless speed and load param-
eters affect the limiting location of the fully flooded-starved boundary m*. Also
given in this table are corresponding values of the dimensionless minimum film
thickness for the fully flooded condition, as obtained by interpolating the numerical
values. Making use of table 22-7 and following the procedure outlined in the
previous section yield the critical boundary m* at which starvation becomes
TABLE 22-7.--EFFECT OF STARVATION ON MINIMUM
FILM THICKNESS FOR SOFT-EHL CONTACTS
IFrom Hamrock and Dowson (1979a).]
Dimensionless
inlet distance,
1.967
1.833
1.667
1.500
1.333
1.167
1.033
Group
1 2 3
Dimensionless load parameter, W
0.4405 x 10-3 0.2202 x 10 -3 0.4405 x 10 -3
Dimensionless speed parameter, U
0.5139x 10 8 1.027 x 10-s 5.139x 10-8
Dimensionless minimum film thickness, H,..min
131.8x 10-6
131.2
129.7
125.6
115.9
98.11
71.80
241.8 × 10 -6
238.6
230.8
217.2
199.3
120.8
120.8
584.7 × 10 -_'
572.0
543. I
503.0
444.9
272.3
272.3
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TABLE 22-8.--EFFECT OF INLET DISTANCE ON
MINIMUM FILM THICKNESS FOR
SOFT-EHL CONTACTS
[From Hamrock and Dowson (1979a),]
Group 2R_/D_ Fully flooded
(from minimum film
table thickness.
22-7) H,.m, _
1 19.41 127.8x 10 -6
2 24.45 234.5
3 19.41 567.2
Fully flooded-
starved
boundary,
1.661
1.757
1.850
important for low-elastic-modulus materials:
kD,/ _"le, m in
(22-31)
where ne,mi n is obtained from the fully flooded soft-EHL results given in
section 22.5.
Table 22-9 shows how m affects the ratio of minimum film thicknesses for the
starved and fully flooded conditions H,,,mi.,_/He.mi,. The dimensionless minimum
film thickness for a starved condition for low-elastic-modulus materials can thus
be written as
/ - , ,,0.22
Im-- i X
(22-32)
Therefore, whenever m < m*, where m* is defined by equation (22-31), a
lubricant starvation condition exists. When this is true, the dimensionless minimum
film thickness is expressed by equation (22-32). If m __>m*, a fully flooded
condition exists. The expression for the dimensionless minimum film thickness
for a fully flooded condition H,,mi, for materials of low elastic modulus was
developed in section 22.5.
In figure 22-13 contour plots of the dimensionless pressure (Pc --- piE') are
shown for the third set of conditions recorded in table 22-7 and for m of 1.967,
1.333, and 1.033. Note that the contour levels and intervals are identical in all
parts of figure 22-13. In figure 22-13(a), with m = 1.967, an essentially fully
flooded condition exists. The contours are almost circular and extend farther into
the inlet region than into the outlet region. In figure 22-13(b), with m = 1.333,
starvation is influencing the distribution of pressure, and the inlet contours are
slightly less circular than those shown in figure 22-13(a). By the time m falls
to 1.033 (fig. 22-13(c)) the conjunction is quite severely starved and the inlet
contours are even less circular.
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TABLE 22-9.--EFFECT OF INLET DISTANCE ON
MINIMUM-FILM-THICKNESS RATIO
FOR SOFT-EHL CONTACTS
[From Hamrock and Dowson (1979a),]
Group
(from
table
22-7)
Dimensionless
inlet distance,
r_
1.661
1.500
1.333
1.167
1.033
1.757
1.667
1.500
1,333
I. 167
1.033
1.85(1
1.667
1.500
1.333
1.167
1.033
Ratio of minimum
film thicknesses
for starved and
flooded conditions,
He.min.._/He.rain
1
.9828
.9069
.7677
.5618
I
.9842
.9262
.8499
.7267
.5151
1
.9575
.8868
.7844
.6761
.4801
Critical inlet
boundary
parameter,
(tn- l)/(m*- 1)
1
.7564
.5038
.2526
.0499
l
.8811
.6605
.4399
.2206
.0436
I
.7847
.5882
.3918
,1965
.0388
In figure 22-14 contour plots of the dimensionless film thickness (H,, = h/R_)
are shown, also for the third set of conditions recorded in table 22-7 and for m
of 1.967, 1.333, and 1.033. These film thickness results correspond to the pressure
results shown in figure 22-13. The central portions of the film thickness contours
become more parallel as starvation increases and the minimum-film-thickness area
moves to the outlet region. The values of the film thickness contours for the
severely starved condition (fig. 22-14(c)) are much lower than those for the fully
flooded condition (fig. 22-14(a)).
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.
• / /'
.. , / /-_\\\\'_
", J ,2J'
Dimensionless
film thickness,
He = h/Ftx
A 5.9 x 10-4
B 6.0
C 6.2
D 6.4
E 6.7
F 7.2
G 8.0
H 9.2
Dimensionless
film thickness,
He= h/Rx
A 4.0 x 10-4
B 4.8
C 5.1
D 5.5
E 6.0
F 6.6
G 7.3
H 8.0
....'_-'_'_ Dimensionless
G _-F:" film thickness,
:" He = h/Rx
." DC_
B " A 2.9 × 10 -4
A," B 3.0
+ - C 3.2
D 3.4
• E 3.7
: F 4.0
" ; G 4.3
% ,,I
"-,. /" H 4.6
(c)
(a) r_ = 1.967.
(b) n_ = 1.333.
(c) m = 1,033.
Figure 22-13.--Contour plots of dimensionless pressure for dimensionless inlet distances m of 1.967,
1.333, and 1,033 and for group 3 of table 22-7. From Hamrock and Dowson (1979a).
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(a) m = 1.967,
(b) m = 1.333•
(c) m = 1.033.
Figure 22-14.--Contour plots of dimensionless film thickness for dimensionless inlet distances m of
1.967, 1.333, and 1.033 and for group 3 of table 22-7. From Hamrock and Dowson (1979a).
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22.7 Closure
This chapter focused on the transition from rectangular conjunctions covered in
the last chapter to elliptical conjunctions. The numerical analysis and computational
technique represent a substantial extension. A procedure for the numerical solution
of isothermal elastohydrodynamically lubricated elliptical conjunctions was out-
lined. The influence of the ellipticity parameter and the dimensionless speed, load,
and materials parameters on pressure and film shape was investigated in this
chapter for elastohydrodynamically lubricated elliptical conjunctions. The ellip-
ticity parameter was varied from 1 (a ball-on-plane configuration) to 8 (a configura-
tion approaching a line contact). The dimensionless speed parameter was varied
over a range of nearly two orders of magnitude. The dimensionless load was varied
over a range of one order of magnitude. Situations equivalent to using solid mate-
rials of bronze, steel, and silicon nitride, and lubricants of paraffinic and naphthenic
mineral oils were considered in an investigation of the role of the dimensionless
materials parameter. Thirty-four cases were used to generate the minimum film
thickness formula given below for elastohydrodynamically lubricated elliptical
conjunctions while assuming that the solid surface materials are hard and that fully
flooded lubrication conditions exist:
/_e,min = 3-63U°68G°'49W-°°73 ( 1 - e-°68k)
Minimum-film-thickness formulas were also obtained for starved lubricating
conditions as well as for when one of the solid surfaces is made of a soft (low
elastic modulus) material under fully flooded or starved lubricating conditions.
For each of these conditions contour plots were presented that indicate in detail
the pressure distribution and film thickness throughout the conjunctions. Pressure
spikes were in evidence in the hard elastohydrodynamic lubrication results, as
was found in the last chapter for rectangular conjunctions. The theoretical solutions
of film thickness have all the essential features of previously reported experimental
observations based on optical interferometry.
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Chapter 23
Film Thicknesses for Different
Regimes of Fluid Film
Lubrication
The type of lubrication taking place in a particular conjunction is influenced by
two major physical effects: the elastic deformation of the solids under an applied
load, and the increase in fluid viscosity with pressure. There are four main regimes
of fluid film lubrication, depending on the magnitude of these effects and on their
importance. These four regimes are defined as follows:
(1) Isoviscous-rigid: In this regime the amount of elastic deformation of the
surfaces is insignificant relative to the thickness of the fluid film separating them,
and the maximum contact pressure is too low to increase fluid viscosity signifi-
cantly. This form of lubrication is typically encountered in circular-arc thrust
bearing pads and in industrial coating processes in which paint, emulsion, or
protective coatings are applied to sheet or film materials passing between rollers.
(2) Viscous-rigid: If the contact pressure is sufficiently high to significantly
increase the fluid viscosity within the conjunction, it may be necessary to consider
the pressure-viscosity characteristics of the lubricant while assuming that the solids
remain rigid. For the latter part of this assumption to be valid the deformation
of the surfaces must remain insignificant relative to the fluid film thickness. This
form of lubrication may be encountered on roller end-guide flanges, in contacts
in moderately loaded cylindrical tapered rollers, and between some piston rings
and cylinder liners.
(3) Isoviscous-elastic: In this regime the elastic deformation of the solids is
significant relative to the thickness of the fluid film separating them, but the contact
pressure is quite low and insufficient to cause any substantial increase in viscosity.
This situation arises with low-elastic-modulus materials (soft EHL) and may be
encountered in seals, human joints, tires, and elastomeric-material machine elements.
(4) Viscous-elastic: In fully developed elastohydrodynamic lubrication the elastic
deformation of the solids is often significant relative to the thickness of the fluid
film separating them, and the contact pressure is high enough to significantly
increase the lubricant viscosity within the conjunction. This form of lubrication
is typically encountered in ball and roller bearings, gears, and cams.
Several authors--Moes (1965-66), Theyse (1966), Archard (1968), Greenwood
(1969), Johnson (1970), and Hooke (1977)--have contributed solutions for the film
thickness in the four lubrication regimes, but their results have been confined largely
to rectangular conjunctions. The essential difference between these contributions
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is the way in which the parameters were made dimensionless. In this chapter the
film thickness is defined for the four fluid film lubrication regimes just described for
conjunctions ranging from circular to rectangular. The film thickness equations for
the respective lubrication regimes come from my theoretical studies on elastohydro-
dynamic and hydrodynamic lubrication of elliptical conjunctions. The results are
valid for isothermal, fully flooded conjunctions. In addition to the film thickness
equations for the various conditions maps are presented of the lubrication regimes,
with film thickness contours represented on a log-log grid of the viscosity and elas-
ticity parameters for three values of the ellipticity parameter. This chapter draws
extensively from Hamrock and Dowson (1979) and Esfahanian and Hamrock (1991).
23.1 Dimensionless Grouping
Chapter 22 presented elastohydrodynamic theory for elliptical conjuntions in
terms of the dimensionless groups (He, U, W, G, k). This has been particularly
helpful, since it allows the physical explanation of conjunction behavior to be
readily associated with each set of numerical results. However, several authors
have noted that this dimensionless group can be reduced by one parameter--without
any loss of generality--by using dimensional analysis. The film thickness contours
for the four fluid film lubrication regimes can be conveniently represented graphically
by the fewest parameters, even though the physical meaning of each composite
parameter requires careful consideration.
Johnson (1970) has pointed out that the behavior distinguishing the four
lubrication regimes can be characterized by three dimensionless quantities, each
having the dimensions of pressure:
(1) The reduced pressure parameter p*, a measure of the fluid pressure generated
by an isoviscous lubricant when elastic deformation is neglected
(2) The inverse pressure-viscosity coefficient 1/_, a measure of viscosity change
with pressure
(3) The maximum Hertzian pressure Pn, the maximum pressure of a dry elastic
contact
Although Johnson (1970) does not consider elliptical conjunctions, he does state
what the dimensionless parameters for such configurations should be.
Dimensionless film thickness parameter:
(23-1)
Dimensionless viscosity parameter:
5o2
GW 3
gv- U2 (23-2)
Dimensionless elasticity parameter:
lsoviscous-Rigid Regime
W8/3
ge- U 2 (23-3)
The ellipticity parameter k remains as discussed in chapter 22. Therefore, the
reduced dimensionless group is (H, gv, gE, k).
23.2 Isoviscous-Rigid Regime
How the conjunction geometry influences the isothermal hydrodynamic film
separating two rigid solids was investigated by Brewe et al. (1979) for fully flooded,
isoviscous conditions and covered in chapter 18. Brewe et al. varied the radius ratio
Ry/Rx from 1 (a circular configuration) to 36 (a configuration approaching a
rectangular conjunction) and varied the film thickness over two orders of magni-
tude for conditions representing steel solids separated by a paraffinic mineral oil.
He found that the computed minimum film thickness had the same speed, viscosity,
and load dependence as the classical Kapitza (1955) solution. However, when he
introduced the Reynolds cavitation boundary condition (Op/Ox = 0 and p = 0 at the
cavitation boundary), an additional geometrical effect emerged. Therefore, from
Brewe et al. (1979) the dimensionless minimum (or central) film thickness param-
eter for the isoviscous-rigid lubrication regime can be written from equations (18-75)
and (18-76) in terms of the new dimensionalization as
(/-_min)lR= (nc)iR = 128o_r 0.131 tan -l + 1.683 ,p2
where
Ry _ k,/2 (19-29)
O_r --
Rx
_= 1+ (18-64)
In equation (18-75) the dimensionless film thickness parameter/_ is shown to
be strictly a function of the contact geometry Ry/e x.
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23.3 Viscous-Rigid Regime
Jeng et al. (1987) have shown that the minimum (or central) film thickness for
the viscous-rigid regime in a elliptical conjunction can be expressed as
Hmin,e = H,. e = 178G°386Ul266W-°s8°(1 - e-003S7cfr) (23-4)
Forty-one cases were used in obtaining this formula. Note that, in the past, several
formulas have been proposed for the lubricant film thickness in this lubrication
regime. However, either the load parameter W, which has a strong effect on film
thickness, was not included or the film thickness was overestimated by using the
Barus (1893) formula for pressure-viscosity characteristics. The Roelands (1966)
formula was used for the pressure-viscosity relationship in the analysis that
produced equation (23-4).
Rewriting equation (23-4) in terms of the dimensionless groupings given in
equations (23-1) to (23-3) gives
(/Imin)va = (/-lc)vR = 141gO'375(1 -- e-0 °387_'0 (23-5)
Note that before the Jeng et al. (1987) work a modified version of the Blok (1952)
work had been used to represent the film thickness in the viscous-rigid regime.
For example, in Hamrock and Dowson (1979) the following modified Blok
equation was used:
(/']min)VR = (/-Ic)vR = 1.66g°667(1 - e-° 6s,_") (23-6)
Two differences should be observed in equations (23-5) and (23-6). The first is
that the exponent on ge in equation (23-5) is almost half that given in equa-
tion (23-6). In deriving equation (23-6) it was assumed, since no other equation was
available at the time, that the geometry effect for the viscous-rigid regime was
the same as that for the viscous-elastic regime. This turns out not to be true as
demonstrated by the difference in the geometry effect shown in equations (23-5)
and (23-6). Figure 23-1 is presented to further illustrate this point. It is assumed
that when o_r = 150, a rectangular conjunction is obtained. From figure 23-1 it
is observed that nmin/nmin, r approaches the limiting value quickly for the viscous-
elastic regime, and most slowly for the isoviscous-rigid regime. It is further
observed that the assumption that the geometry effects for the viscous-rigid regime
are similar to those for the viscous-elastic regime is not true. Therefore, both the
power on gv and the difference in geometry effect should appreciably change the
results given in Hamrock and Dowson (1979).
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Figure 23-1 .--Comparison of geometry effects in four lubrication regimes. From Jeng et al. (1987).
23.4 Isoviscous-Elastic Regime
The influence of the ellipticity parameter k and the dimensionless speed U, load
W, and materials G parameters on the minimum (or central) film thickness was
investigated theoretically for the isoviscous-elastic (soft EIJL) regime. The results
were presented in section 22.5. The ellipticity parameter was varied from 1 (a circu-
lar configuration) to 12 (a configuration approaching a rectangular conjunction).
The dimensionless speed and load parameters were each varied by one order of
magnitude. Seventeen cases were considered in obtaining the dimensionless
minimum-film-thickness equation
/'Je,min : 7"43U°'65W-°'21(I - 0'85e-°31k) (22-22)
From equations (23-1) and (23-3) the general form of the dimensionless
minimum-film-thickness parameter for the isoviscous-elastic lubrication regime
can be expressed as
/_min : Ag_(1 - 0.85e -°31k) (23-7)
where A and c are constants to be determined. From equations (23-1) and (23-3),
equation (23-7) can be written as
ne,min ---- AU2-2cW(s/3c)-2(I - 0.85e -0"31k) (23-8)
Comparing equation (22-22) with (23-8) gives c = 0.67. Substituting this into
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equation (23-7) while solving for A gives
/S/mi n
A gO.67(1 _ 0.85e_0.31k) (23-9)
The arithmetic mean for A based on the 17 cases considered in section 22.5
is 8.70, with a standard deviation of -4-0.05. Therefore, the dimensionless minimum-
film-thickness parameter for the isoviscous-elastic lubrication regime can be
written as
(/'_/min)iE : 8.70gO.67(1 -- 0.85e-0 31_) (23-10)
With a similar approach the dimensionless central-film-thickness parameter for the
isoviscous-elastic lubrication regime can be written as
(/S/,),: = 11.15g°67(1 - 0.72e 028k) (23-11)
23.5 Viscous-Elastic Regime
In section 22.3 the influence of the ellipticity parameter and the dimensionless
speed, load, and materials parameters on the minimum (or central) film thicknesses
of hard-EHL contacts was investigated theoretically for the viscous-elastic regime.
The ellipticity parameter was varied from 1 to 8, the dimensionless speed parameter
was varied over nearly two orders of magnitude, and the dimensionless load
parameter was varied over one order of magnitude. Conditions corresponding to
the use of bronze, steel, and silicon nitride and paraffinic and naphthenic oils were
considered in obtaining the exponent on the dimensionless materials parameter.
Thirty-four cases were used in obtaining the following dimensionless minimum-
film-thickness formula:
/te.min = 3.63U°68G°49W 0073( 1 - e 0.68t.) (22-18)
The general form of the dimensionless minimum-film-thickness parameter for
the viscous-elastic lubrication regime can be written as
/_min = Bgavg_( i - e-°68_:) (23-12)
where B, d, and fare constants to be determined. From equations (23-1) to (23-3),
equation (23-12) can be written as
H,,mm = BGJU_'-_'t-_-fw 2+3d+lSf'3)(l -- e o_,sk) (23-13)
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Comparing equation (22-18) with (23-13) gives d = 0.49 and f= 0.17. Substituting
these values into equation (23-12) while solving for B gives
]'Irnin
B = (23-14)
gO.49gO, 17(1 -- e -0.68k)
For the 34 cases considered in table 22-1 for the derivation of equation (22-18), the
arithmetic mean for B was 3.42, with a standard deviation of .4-0.03. Therefore,
the dimensionless minimum-film-thickness parameter for the viscous-elastic lubri-
cation regime can be written as
(iS/min)vE 049 0 17 -0,68k)=3.42gv gE (1-e (23-15)
An interesting observation to make in comparing equations (23-10) and (23-15) is
that the sum of the exponents on gv and gE is close to 2/3 for the isoviscous-
elastic and viscous-elastic cases.
By adopting a similar approach to that outlined here, the dimensionless central-
film-thickness parameter for the viscous-elastic lubrication regime can be written
as
(nc)vE 0 53 0 13 -0.73k)=3.61gvgL (! -0.61e (23-16)
23.6 Procedure for Mapping the Different
Lubrication Regimes
The dimensionless minimum-film-thickness parameters for the four fluid film
lubrication regimes expressed in equations (18-75), (23-5), (23-10), and (23-15)
were used to develop a map of the lubrication regimes in the form of dimensionless
minimum-film-thickness-parameter contours. These maps are shown in figure 23-2
on a log-log grid of the dimensionless viscosity and elasticity parameters for ellip-
ticity parameters k of 1/2, 1, 3, and 6, respectively. The procedure used to obtain
these figures was as follows:
(1) For a given value of the ellipticity parameter, (/'_/min)tRwas calculated from
equation (18-75).
(2) For a value of/Qmin > (/_min)lR and the value of k chosen in step (1), the
dimensionless viscosity parameter was calculated from equation (23-5) as
Hmin 1 I/0.375gv = 141(1 -- e-°°387%)
(23-17)
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This established the dimensionless minimum-film-thickness-parameter contours
/:/rain as a function of gv for a given value of k in the viscous-rigid regime.
(3) For the values of k selected in step (1), /'_'minselected in step (2), and gv
obtained from equation (23-17), the dimensionless elasticity parameter was calcu-
lated from the following equation, derived from equation (23-15):
[ /-tmin ] I;'0.17g_.= 3.42gO.49-_ _ e_0.68ki (23-18)
This established the boundary between the viscous-rigid and viscous-elastic regimes
and enabled contours of Hmm to be drawn in the viscous-elastic regime as functions
of gv and gE for given values of k.
(4) For the values of k and/'tmin chosen in steps (1) and (2), the dimensionless
elasticity parameter was calculated from the following equation, obtained by
rearranging equation (23-10):
I ]2/min ]1/0.67gE= 8.70(1 £b-_-5e-°3"i] (23-19)
This established the dimensionless minimum-film-thickness-parameter contours/'_'min
as a function of gE for a given value of k in the isoviscous-elastic lubrication regime.
(5) For the values of k and/'tmin selected in steps (1) and (2) and the value of
gE obtained from equation (23-19), the viscosity parameter was calculated from
the following equation:
gv= 3.42g°'17_ -_ e-°68k) (23-20)
This established the isoviscous-elastic and viscous-elastic boundaries for the
particular values of k and /4rain chosen in steps (1) and (2).
(6) At this point, for particular values of k and nmin, the contours were drawn
through the viscous-rigid, viscous-elastic, and isoviscous-elastic regimes. A new
value of/_min was then selected, and the new contour was constructed by returning
to step (2). This procedure was continued until an adequate number of contours had
been generated. A similar procedure was followed for the range of k values
considered.
The maps of the lubrication regimes shown in figure 23-2 were generated by
following the procedure outlined here. The dimensionless minimum-film-
thickness-parameter contours were plotted on a log-log grid of the dimensionless
viscosity parameter and the dimensionless elasticity parameter for k of 1/2, 1, 3,
and 6. The four lubrication regimes are clearly shown in these figures. The smallest
H,_n contour considered in each case represented the values obtained from equation
(18-75) is the isoviscous-rigid regime. The value of/2/r.i, on the isoviscous-rigid
boundary increased as k increased. The main difference between the results given
in figure 23-2 and those presented by Hamrock and Dowson (1979) is that the
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viscous-elastic regime is much larger in figure 23-2 than in the Hamrock and
Dowson results. This is entirely due to the use of the Jeng et al. (1987) formula
in the viscous-rigid regime instead of the modified Blok (1952) formula.
By using figure 23-2 for given values of the parameters k, gv, and gE, the fluid
film lubrication regime in which any elliptical conjunction is operating can be
ascertained and the approximate value of Hmi.^determined. When the lubrication
regime is known, a more accurate value of Hmin can be obtained by using the
appropriate dimensionless minimum-film-thickness-parameter equation.
23.7 Thermal Correction Factor
The relevant film thickness formulas for the various lubrication regimes having
been described, the next task is to look at secondary effects that alter these
formulas. The first of these correction factors has already been considered under
starvation effects. That is, the starvation effects considered in section 18.5 are
applicable for both the isoviscous-rigid and viscous-rigid regimes. For the viscous-
elastic regime the starvation effects covered in chapter 22 (section 22.6.2) are
applicable; for the isoviscous-elastic regime section 22.6.3 is applicable. The film
thickness reduction due to starvation needs to be properly taken care of while
applying the information to the specified section of the fully flooded film equation.
The film thickness predictions given elsewhere in this chapter require knowledge
of the lubricant temperature in the conjunction inlet, which can be used in deter-
mining the absolute viscosity a p = 0 and constant temperature r/0. A method of
estimating lubricant film thickness when considering shear heating effects is
described in this section.
The film thickness reduction due to viscous heating of the lubricant at the con-
junction inlet was examined by Cheng (1967) and by Sheu and Wilson (1982).
These data were recently consolidated and correlated by Gupta et al. (1991) to give
the following integrated empirical formula for calculating the percentage of film
thickness reduction due to inlet heating, or the thermal correction factor C,.
1 -- 13.2 (P_,,)(L') 0'42
C, = (23-21)
1 + 0.213(1 + 2.23A°83)(L*) °64
where
- Kf (23-22)
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and
Ct hthermal/hisothermat
Pn maximum Hertzian pressure, N/m 2
E' see equation (20-36)
n absolute viscosity, N s/m 2
t,, lubricant temperature, *C
ff mean surface velocity, m/s
Kf lubricant thermal conductivity, W/m *C
A,. slide-roll ratio, 2(ub - ua)/(u,_ + Ub)
Thus, Cr calculated from equation (23-21) must be multiplied by/_min to get the
effect of the thermal correction factor. It is suggested that equation (23-21) be
applied to all the fluid film regimes (IR, VR, IE, and VE). Note that if pure rolling
exists, A c is equal to zero and equation (23-21) is still valid. Substantial reduction
in film thickness can result if thermal effects are considered.
Sheu and Wilson (1982) discovered no conditions under which thermal action
leads to a catastrophic breakdown in lubrication. They concluded that no conditions
have been found under which a lubricant film cannot be formed nor do the forms
of the relationships given in equation (23-21) suggest that such a condition exists.
Thus, the analysis seems to indicate that lubricant failure due to thermal action
is not a direct result of viscosity reduction due to temperature variations across
the film. If thermally induced failure exists, it must be due to either surface
temperature rises or changes in some property other than viscosity.
The effects of temperature on the film thickness, pressure, and surface shear
stress distributions within the entire conjunction were examined early on by Cheng
(1965) and Dowson and Whitaker (1965). They discovered that although tempera-
ture is a major influence on friction, it does not alter significantly the minimum
film thickness at the outlet of the conjunction, at least for moderately loaded cases
and slide-roll ratios up to 25 percent. Recently, Sadeghi and Sui (1990) extended
these results to much higher loads and slide-roll ratios up to 30 percent. A some-
what higher reduction in minimum film thickness, up to 15 percent, was found
in their calculations.
Sliding friction is affected significantly by heat not only in thermal EHL theories
based on the Newtonian model, as alluded to earlier, but also in later analyses
based on non-Newtonian models, such as that by Bair and Winer (1979).
Experimental verification of film temperature rise has proven to be extremely
difficult. Winer (1983) employed infrared thermometry and was successful in
measuring the temperature rise in the film between a steel ball sliding against a
sapphire disk. Figure 23-3 shows the film thickness, the film temperature rise,
and both surface temperatures with O'max = 1.82 GPa and a bath temperature of
40 °C. Even though these measured film temperature profiles cannot be directly
compared with those calculated recently by Sadeghi and Sui (1990) because of
the difference in line and point contacts, we can still observe similar features
in the measured and calculated profiles.
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Figure 23-3.--Lubricant and ball surface temperatures along contact centerline. Sliding speed,
1.40 m/s; load. 67 N. From Winer (1983).
23.8 Surface Roughness Correction Factor
Surface roughness refers to any departure of the actual surface height from a
reference level as discussed in chapter 3. It is due to the physical and chemical methods
used in preparing the surface as well as to the microstructure of the material. Surface
roughness can appreciably affect the lubrication of surfaces if the film thickness is
of the same order as the roughness. For example, endurance tests of ball bearings,
as reported by Tallian et al. (1965), have demonstrated that when the lubricant
film is thick enough to separate the contacting bodies, the fatigue life of the bearing
is greatly extended. Conversely, when the film is not thick enough to provide
full separation between the asperities in the contact zone, the bearing life is
adversely affected by the high shear resulting from direct metal-to-metal contact.
A surface roughness correction factor Cr for the minimum film thickness is
defined as a function of the ratio of minimum film thickness to composite surface
roughness A as described in chapter 3. The mathematical expression for A is
where
hmin
A=--
Rq
(3-20)
R_= (R_.,,+ R_.,)": (23-23)
and Rq,,, and Rq. h are the rms surface finishes of solids a and b, respectively (see
chapter 3 (section 3.5) for more details).
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Another parameter used to define surface texture is the surface pattern parameter.
Many engineering surfaces have roughnesses that are directionally oriented and
can be described by the surface pattern parameter 3'c, first introduced by Peklenik
(1968) as
xx
3'c = -- (23-24)
_ky
where h_ and hy are autocorrelation lengths in the x and y directions. The surface
pattern parameter "Ycmay be interpreted as the length-to-width ratio of a represen-
tative asperity contact. Purely transverse, isotropic, and purely longitudinal patterns
have 3_cof 0, 1, and _, respectively. Surfaces with 3'c > 1 are longitudinally
oriented.
Cheng and Dyson (1978) showed the effect of roughness on the pressure buildup
in the inlet region, up to the center of the contact. They used a stochastic Reynolds
equation for longitudinal striations and a force compliance relationship to account
for the mean contact pressure between the asperities.
In a later publication, Patir and Cheng (1978) made the solution more general by
replacing the stochastic Reynolds equation, used by Cheng and Dyson, with an
average Reynolds equation. They developed a method known as the average flow
model to handle surface roughnesses at any arbitrary surface pattern parameter
'yc. The flow factors in the average Reynolds equation are defined by numerical
flow simulation. This method enables one not only to investigate the effect of
more practical surface roughness textures, but also to extend the results to A < 3,
where part of the load is shared by asperity contacts. Figure 23-4 shows the flow
pattern for longitudinally oriented (3'c = 6), transversely oriented (3'c = 1/6), and
isotropic (3_c= 1) roughness. A simplified way of obtaining the value of-y,, is
to calculate the ratio between high spot counts (HSC) measured in the lateral
direction x and HSC measured in the rolling direction y.
(a)
jI i_sP
(e)
(a) 7, = 6 (b) 7,. = 1. (c) "_, = 1/6.
Figure 23-4.--Typical contact areas for longitudinally oriented ('r,. = 6), isotropic (7, = 1), and
transversely oriented (3', = 1/6) rough surfaces. From Patir and Cheng (1978).
(b)
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Figure 23-5.--Effect of surface roughness on average film thickness of end contacts. From Patir
and Cheng (1978).
Figure 23-5, obtained from Patir and Cheng (1978), shows Cr plotted against
the film parameter A. A conclusion reached from figure 23-5 is that transverse
roughness orientation leads to a thicker mean film than isotropic roughness
orientation, and isotropic to a thicker mean film than longitudinal roughness
orientation. For A - 2, hroug h _- hsmooth. The surface roughness correction factor
Cr can be estimated from figure 23-5 and then multiplied by (hmin)smooth to get
(hmin)rough'
Results that include the effects of surface roughness have been recently obtained
for point contacts by Zhu and Cheng (1988) using the average flow factors provided
by Patir and Cheng. They show the same features found in line contacts.
With the recent dramatic improvements in computer memory and speed and
with the recent development of more efficient numerical schemes in EHL, such
as the multigrid method by Lubrecht et al. (1988), it is now possible to calculate
the detailed pressure and deformation around idealized asperities in a circular
or elliptical Hertzian conjunction. Efforts in this area are now known as
microelastohydrodynamic lubrication. Representative works in micro-EHL include
those on longitudinal and transverse roughness by Lubrecht et al. (1988), as shown
in figure 23-6, by Kweh et al. (1989), and by Barragan de Ling et al. (1989).
Their powerful methods offer considerable promise for verifying the average
quantities obtained from the Reynolds equation and for determining asperity film
thickness, peak pressure, temperature, shear stress, and near-surface stress field.
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(a) Longitudinal roughness. Dimensionless fihn (b) Transverse roughness. H., = 0.155.
thickness where dP/dX = 0, H m = 0.130.
Figure 23-6.--Pressure profiles, film thickness profiles, and film thickness contour plots for longitudinal
and transverse roughness. Dimensionless viscosity index, c_, 10; dimensionless velocity parameter.
_, 0.1 ; dimensionless amplitude of asperity. A., 0.1 ; dimensionless radius of asperity, R h, 0.125.
From Lubrecht el al, (1988).
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23.9 Closure
Relationships for the dimensionless minimum-film-thickness-parameter equations
for the four lubrication regimes found in elliptical conjunctions have been developed
and expressed as
lsoviscous-rigid regime:
(/S/rain)m = (/2/C),R : 128_r 0.131 tan -I + 1.683 ¢2
Rv k_/2
Rx
Viscous-rigid regime:
(/'tmin)vR = 141gO'375(1 -- e-0.0387_r)
Isoviscous-elastic regime:
(/_min)lE = 8.70gO'67(1 -- 0.85e-°31k)
Viscous-elastic regime:
(/tmin)vv " = 3.42g0'49gO'lT(l -- e-0.68k)
The relative importance of the influence of pressure on elastic distortion and lubri-
cant viscosity is the factor that distinguishes these regimes for a given conjunction
geometry.
These equations were used to develop maps of the lubrication regimes by plotting
film thickness contours on a log-log grid of the viscosity and elasticity parameters
for four values of the ellipticity parameter. These results present a complete theo-
retical minimum-film-thickness-parameter solution for elliptical conjunctions in
the four lubrication regimes. The results are particularly useful in initial investiga-
tions of many practical lubrication problems involving elliptical conjunctions.
Correction factors taking into account lubricant supply, thermal effects, and surface
roughness effects were also presented.
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Chapter 24
Rolling-Element Bearings
Since chapter 18 the focus has been on nonconformai lubricated conjunctions
and the development of elastohydrodynamic lubrication theory. In this and the
following chapter the principles developed in those chapters are applied to specific
machine elements. This chapter focuses on roiling-element bearings, which are
a precise, yet simple, machine element of great utility, and draws together the
current understanding of these bearings. First, the history of rolling-element
bearings is briefly reviewed. Subsequent sections are devoted to describing the
types of rolling-element bearing, their geometry and kinematics, the materials
they are made from, and the manufacturing processes they involve. The organi-
zation of this chapter is such that unloaded and unlubricated rolling-element
bearings are considered in the first five sections, loaded but unlubricated rolling-
element bearings, in sections 24.6 and 24.7 (as well as chapter 19); and loaded
and lubricated rolling-element bearings, in sections 24.8 to 24.11 (as well as
chapters 21 to 23).
24.1 Historical Overview
The purpose of a bearing is to provide relative positioning and rotational freedom
while transmitting a load between two structures, usually a shaft and a housing.
The basic form and concept of the rolling-element bearing are simple. If loads
are to be transmitted between surfaces in relative motion in a machine, the action
can be facilitated in a most effective manner if rolling elements are interposed
between the sliding members. The frictional resistance encountered in sliding is
then largely replaced by the much smaller resistance associated with rolling,
although the arrangement is inevitably afflicted with high stresses in the restricted
regions of effective load transmission.
The precision rolling-element bearing of the twentieth century is a product of
exacting technology and sophisticated science. It is simple in form and concept and
yet extremely effective in reducing friction and wear in a wide range of machinery.
The spectacular development of numerous forms of rolling-element bearing in
the twentieth century is well known and documented, but it is possible to trace the
origins and development of these vital machine elements to periods long before
there was a large industrial demand for such devices and certainly long before
adequate machine tools for their effective manufacture existed in large quantities.
A complete historical development of rolling-element bearings is given in Hamrock
and Dowson (1981), and therefore only a brief overview is presented here.
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The influence of general technological progress on the development of rolling-
element bearings, particularly those concerned with the movement of heavy stone
building blocks and carvings, road vehicles, precision instruments, water-raising
equipment, and windmills is discussed in Hamrock and Dowson (1981). The
concept of rolling-element bearings emerged in embryo form in Roman times,
faded from the scene during the Middle Ages, was revived during the Renaissance,
developed steadily in the seventeenth and eighteenth centuries for various
applications, and was firmly established for individual road carriage bearings
during the Industrial Revolution. Toward the end of the nineteenth century, the
great merit of ball bearings for bicycles promoted interest in the manufacture
of accurate steel balls. Initially, the balls were turned from bars on special lathes,
with individual general machine manufacturing companies making their own
bearings. Growing demand for both ball and roller bearings encouraged the
formation of specialist bearing manufacturing companies at the turn of the century
and thus laid the foundations of a great industry. The advent of precision grinding
techniques and the availability of improved materials did much to confirm the
future of the new industry.
The essential features of most forms of modern rolling-element bearing were
therefore established by the second half of the nineteenth century, but it was the
formation of specialist precision-manufacturing companies in the early years of
the twentieth century that finally established the rolling-element bearing as a most
valuable, high-quality, readily available machine component. The availability of
ball and roller bearings in standard sizes has had a tremendous impact on machine
design throughout the twentieth century. Such bearings still provide a challenging
field for further research and development, and many engineers and scientists
are currently engaged in exciting and demanding research projects in this area.
In many cases, new and improved materials or enlightened design concepts have
extended the life and range of application of rolling-element bearings, yet in other
respects much remains to be done in explaining the extraordinary operating
characteristics of bearings that have served our technology so well for almost
a century. A recent development, covered in chapters 21 to 23, is the understanding
and analysis of one important aspect of rolling-element performance--the
lubrication mechanism in small, highly stressed conjunctions between the rolling
element and the rings, or races.
24.2 Bearing Types
Ball and roller bearings are available to the designer in a great variety of designs
and size ranges. The intent of this chapter is not to duplicate the complete descrip-
tions given in manufacturers' catalogs, but rather to present a guide to representative
bearing types along with the approximate range of sizes available. Tables 24-1
to 24-9 illustrate some of the more widely used bearing types. In addition,
numerous types of specialty bearing are available; space does not permit a complete
cataloging of all available bearings. Size ranges are generally given in metric units.
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Traditionally, most rolling-element bearings have been manufactured to metric
dimensions, predating the efforts toward a metric standard.
In addition to bearing types and approximate size ranges available, tables 24-1
to 24-9 also list approximate relative load-carrying capacities, both radial and
thrust, and, where relevant, approximate tolerances to misalignment.
Rolling-element bearings are an assembly of several parts--an inner race, an
outer race, a set of balls or rollers, and a cage or separator. The cage or separator
maintains even spacing of the rolling elements. A cageless bearing, in which the
annulus is packed with the maximum rolling-element complement, is called a full-
complement bearing. Full-complement bearings have high load-carrying capacity
but lower speed limits than bearings equipped with cages. Tapered-roller bearings
are an assembly of a cup, a cone, a set of tapered rollers, and a cage.
24.2.1 Ball bearings.--Ball bearings are used in greater quantity than any other
type of rolling-element bearing. For an application where the load is primarily
radial with some thrust load present, one of the types in table 24-1 can be chosen.
A Conrad, or deep-groove, bearing has a ball complement limited by the number
of balls that can be packed into the annulus between the inner and outer races
with the inner race resting against the inside diameter of the outer race. A stamped
and riveted two-piece cage, piloted on the ball set, or a machined two-piece cage,
ball piloted or race piloted, is almost always used in a Conrad bearing. The only
exception is a one-piece cage with open-sided pockets that is snapped into place.
A filling-notch bearing most often has both inner and outer races notched so that
a ball complement limited only by the annular space between the races can be
used. It has low thrust capacity because of the filling notch.
The self-aligning internal bearing shown in table 24-1 has an outer-race ball
path ground in a spherical shape so that it can accept high levels of misalignment.
The self-aligning external bearing has a multipiece outer race with a spherical
interrace. It too can accept high misalignment and has higher capacity than the
self-aligning internal bearing. However, the self-aligning external bearing is
somewhat less self-aligning than its internal counterpart because of friction in
the multipiece outer race.
Representative angular-contact ball bearings are illustrated in table 24-2. An
angular-contact bali bearing has a two-shouldered ball groove in one race and
a single-shouldered ball groove in the other race. Thus, it is capable of supporting
only a unidirectional thrust load. The cutaway shoulder allows assembly of the
bearing by snapping the inner race over the ball set after it is positioned in the
cage and outer race. This also permits use of a one-piece, machined, race-piloted
cage that can be balanced for high-speed operation. Typical contact angles vary
from 15° to 25 ° .
Angular-contact ball bearings are used in duplex pairs mounted either back to back
or face to face as shown in table 24-2. Duplex bearing pairs are manufactured so
that they "preload" each other when clamped together in the housing and on the
shaft. The use of preloading provides stiffer shaft support and helps prevent bearing
skidding at light loads. Proper levels of preload can be obtained from the
manufacturer. A duplex pair can support bidirectional thrust load. The back-to-back
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TABLE 24-1.--CHARACTERISTICS OF REPRESENTATIVE RADIAL BALL BEARINGS
[From Hamrock and Anderson (1983).1
Type
Conrad ordeep groove
Maximum capacity _or filling notch
Magneto or
counterbored
outer
Airframe oraircraft control
Self-aligning,internal
Self-aligning,external
Double row,maximum
Double row,deep groove
aTwo directions.
bore direction.
Approximate
range of bore
sizes,
mm
Mini- Maxi-
mum mum
Relative capacity Limiting Tolerance
speed to mis-
Radial Thrust factor alignment
3 1060 1.00 a0.7 t.0 ±0"15'
10 130 1.2-1.4 a0.2 1.0 4-0"3'
3 200 0.9-1.3 _.5-0.9 1.0 ±0"5'
4.826 31.75 High static a0.5 0.2 0 °
capacity
5 120 0.7 b0.2 1.0 ±2"30'
1.0 a0.7 1.0 High
6 110 1.5 "0.2 1.0 ±0°3 '
6 I!0 1.5 al.4 1.0 0*
arrangement offers more resistance to moment or overturning loads than does
the face-to-face arrangement.
Where thrust loads exceed the capability of a simple bearing, two bearings can
be used in tandem, with both bearings supporting part of the thrust load. Three
or more bearings are occasionally used in tandem, but this is discouraged because
of the difficulty in achieving good load sharing. Even slight differences in operating
temperature will cause a maldistribution of load sharing.
The split-ring bearing shown in table 24-2 offers several advantages. The split
ring (usually the inner) has its ball groove ground as a circular arc with a shim
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TABLE 24-2.--CHARACTERISTICS OF REPRESENTATIVE
ANGULAR-CONTACT BALL BEARINGS
[Minimum bore size, IO ram. From Hamrock and Anderson (1983).]
Type Approximate Relative capacity Limiting
maximum speed
bore size, Radial Thrust factor
m/n
One-directionalthrust _ 320
Duplex, backto back
Tolerance
to mis-
alignment
bl.00_l.15 a.bl.5-2.3 bl.l-3.0 :t:0"2'
320 1.85 cl.5 3.0 0*
[Duplex, face 320 1.85
to face
- -_! 320 1.85Duplex, tandem
I10 1.15
Two directional
or split ring
Double row
Double row,
maximum
¢1.5 3.0 0 °
140 1.5 c1.85 0.8 0*
110 1.65 aO.5 0.7 0"
dl.5 dl.5
nOne direction.
bDel_ads on contact angle
CTwo directions,
din other direction.
between the ring halves. The shim is then removed when the bearing is assembled
so that the split-ring ball groove has the shape of a gothic arch. This reduces
the axial play for a given radial play and results in more accurate axial positioning
of the shaft. The bearing can support bidirectional thrust loads but must not be
operated for prolonged periods of time at predominantly radial loads. This results
in three-point bali-race contact and relatively high frictional losses. As with the
conventional angular-contact bearing, a one-piece precision-machined cage is used.
Ball thrust bearings (90* contact angle), table 24-3, are used almost exclusively
for machinery with vertically oriented shafts. The fiat-race bearing allows
eccentricity of the fixed and rotating members. An additional bearing must be used
for radial positioning. It has low load-carrying capacity because of its small ball-race
contact and consequent high Hertzian stress. Grooved-race bearings have higher
load-carrying capacities and are capable of supporting low-magnitude radial loads.
All of the pure thrust ball bearings have modest speed capability because of the 90 °
contact angle and the consequent high level of ball spinning and frictional losses.
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TABLE 24-3.--CHARACTERISTICS OF REPRESENTATIVE THRUST BALL BEARINGS
[Relative radial capacity, 0. From Hamrock and Anderson 1'1983).]
Type
flatOneracedirecti°nal' I
One directional, _grooved race
Two directional, _gro ved race
aone direction
bAccepts eccentricity
CTwo directions.
Approximate range Relative Limiting
of bore sizes, thrust speed
mm capacity factor
Minimum Maximum
6.45 88.9 a0.7 0.10
6.45 1180 al.5 0.30
15 220 Cl.5 0.30
Tolerance
to mis-
alignment
bOO
0 o
0*
24.2.2 Roller bearings.--Cylindrical roller bearings, table 24-4, provide purely
radial load support in most applications. An N or U type of bearing will allow
free axial movement of the shaft relative to the housing to accommodate differences
in thermal growth. An F or J type of bearing will support a light thrust load in
one direction; and a T type of bearing, a light bidirectional thrust load. Cylindrical
roller bearings have moderately high radial load-carrying capacity as well as high
speed capability. Their speed capability exceeds that of either spherical or tapered-
roller bearings. A commonly used bearing combination for support of a high-
speed rotor is an angular-contact ball bearing or duplex pair and a cylindrical
roller bearing. As explained in the following section on bearing geometry, the
rollers in cylindrical roller bearings are seldom pure cylinders. They are crowned,
or made slightly barrel shaped, to relieve stress concentrations on the roller ends
when any misalignment of the shaft and housing is present. Cylindrical roller
bearings may be equipped with one- or two-piece cages, usually race piloted.
For greater load-carrying capacity, full-complement bearings can be used, but
at a significant sacrifice in speed capability.
Spherical roller bearings, tables 24-5 to 24-7, are made as either single- or
double-row bearings. The more popular bearing design uses barrel-shaped rollers.
An alternative design employs hourglass-shaped rollers. Spherical roller bearings
combine extremely high radial load-carrying capacity with modest thrust load-
carrying capacity (with the exception of the thrust type) and excellent tolerance
to misalignment. They find widespread use in heavy-duty rolling mill and industrial
gear drives, where all of these bearing characteristics are requisite.
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TABLE 24-4.--CHARACTERISTICS OF REPRESENTATIVE
CYLINDRICAL ROLLER BEARINGS
[From Hamrock and Anderson (1983),]
Type Approximate Relative capacity Limiting
range of bore speed
sizes, Radial Thrust factor
Mini- Maxi-
num mum
outer ring,
nonlocating
(RN, RIN)
Separable
inner ring,
nonlocating
RU. RIU)
Separable
outer ring,
one-direction
locating
(RF, RIF)
Separable
tuner ring.
one-direction
locating
(ILl, RLI)
Self-contained,two-direction
locating
Separable
inner ring,
wo-direction
locating
RT, RIT)
Nonlocating,full complement
(RK, RIK)
Double row,
separableouter ring,
nonlocating
(RD)
Double row,
separable
inner ring,
nonlocating
aOne direction
bTwo directions
Bearing Types
Tolerance
to mis-
alignment
10 320 1.55 0 1.20 ±0"5'
12 500 1.55 0 1.20 ±0"5'
40 177.8 1.55 aLocating 1.15 ±0"5'
12 320 1,55 _Locating 1.15 ±0"5'
12 100 1.35 bLocating 1.15 ±0*5'
20 320 1.55 bLocating 1.15 ±0*5'
17 75 2.10 0 0.20 ±0"5'
30 1060 1.85 0 1.00 O*
70 1060 1.85 0 1.00 0*
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Type
Single row,
barrel ar
convex
TABLE 24 5--CHARACTERISTICS OF REPRESENTATIVE
SPHERICAL ROLLER BEARINGS
IFmm Hamrock and Anderson (198311
Approximate range
.f bore sizes,
roll]
Mininmm Maximum
2O 320
Double row. _ 25 1250
barrel or
convex
Thrust _ 85 360
Double row. ---50 130
concave [
hA_ mmclli_ roller,
Relalive capacit? Limiting I Tolerance
.... speed to ntis-
Radial Thrust factor [ alignment
2.10
i
2.401
0.20 050 + 2"
--4
0 70 0.50 + I"31l'
i - I 4
aO. lO [ _1 80 0.35-0.50 +3 ° [
hO.10 t h2ao i
TABLE 24-6.--CHARACTERISTICS OF STANDARDIZED
DOUBLE-ROW, SPHERICAL ROLLER BEARINGS
IFrom Hamrock and Anderson (1983).]
SLB
SC
SD
Type Roller design
Symmetric
Symmetric
Asymmetric
Retainer design
Machined,
roller piloted
Stamped,
race piloted
Machined,
race piloted
Roller guidance
Retainer pockets
Floating guide
ring
Inner-ring
center rib
Roller-race
contact
Mcx:lified line
both races
Modified line
both races
Line contact,
outer; point
contact, inner
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TABLE 24-7.--CHARACTERISTICS OF SPHERICAL ROLLER BEARINGS
IFrom Hamrock and Anderson (1983).1
Series Types
202 Single-row barrel
203 Single-row barrel
204 Single-row barrel
212 SLB
213 SLB
22, 22K SLB, SC, SD
23, 23K
j30, 30K
31, 31K
32, 32K
39, 39K SD
40, 40K SD
Approximate range
of bore sizes,
mm
Minimum Maximum
20 320
20 240
25 110
35 75
30 70
30 320
40 280
120 1250
110 1250
100 850
120 1250
180 250
Approximate rela- Limiting
rive capacity a speed
factor
Radial Thrust
1.0 0.11
1.7 .18
2.1 .22
1.0 .26
1.7 .53
1.7 .46
2.7 1.0
1.2 .29
1.7 .54
2.1 .78
.7 .18
1.5 ....
0.5
.5
.4
.6
.7
.6
.6
.7
.7
aLoad capacities are comparali*ewithin the ,,.arJousseries of spherical rollerbearings only For a given envelope
size. a spherical roller bearing has a radial capacity approximately equal to thai of a cylindrical roller bearing
Tapered-roller bearings, table 24-8, are also made as single- or double-row
beatings with combinations of one- or two-piece cups and cones. A four-row bearing
assembly with two- or three-piece cups and cones is also available. Bearings are
made with either a standard angle for applications in which moderate thrust loads
are present or with a steep angle for high thrust capacity. Standard and special
cages are available to suit the application requirements. Single-row, tapered-roller
bearings must be used in pairs because a radially loaded bearing generates a thrust
reaction that must be taken up by a second bearing. Tapered-roller bearings are
normally set up with spacers designed so that they operate with some internal
play. Manufacturers' engineering journals should be consulted for proper setup
procedures.
Needle roller bearings, table 24-9, are characterized by compactness in the
radial direction and are frequently used without an inner race. In the latter case
the shaft is hardened and ground to serve as the inner race. Drawn cups, both
open and closed end, are frequently used for grease retention. Drawn cups are
thin walled and require substantial support from the housing. Heavy-duty roller
bearings have relatively rigid races and are more akin to cylindrical roller bearings
with long-length-to-diameter-ratio rollers.
Needle roller bearings are more speed limited than cylindrical roller bearings
because of roller skewing at high speeds. A high percentage of needle roller bearings
are full-complement bearings. They have higher load-carrying capacity than a caged
needle bearing, but lower speed capability.
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TABLE 24-8.--CHARACTERISTICS OF REPRESENTATIVE TAPERED ROLLER BEARINGS
[From Hamrock and Anderson (1983).l
Single row
(TS)
Type
Two row,
double cone,
single
cup _ ]
(TDI) ! i
Two row,
double cup,
single cone,
adjustable
(TDO)
Two row,
double cup,single cone,
nonadjustable
(TNA)
Four row,
cup adjusted
(TQO)
Subtype Approximate
range of bore
sizes,
m/n
Mini- Maxi-
mum mum
TS--straight bore 8 1690
TST--tapered bore 24 430
TSS--steep angle 16 1270
TSE, TSK--keyway cone 12 380
TSF, TSSF--flanged cup 8 1070
TDI--straight bore 30 1200
TDIK, TDIT, TDITP-- 30 860
tapered bore
TDIE, TDIKE--slotted 24 690
double cone
TDIS--steep angle 55 520
TDO 8 1830
TDOS--steep angle 20 1430
TNA--straight bore 20 60
TNASW--slotted cone 30 260
TNASWE--extended 20 305
cone rib
TNASWH--slotted cone, 8 70
sealed
TQO--straight bore 70 1500
TQOT--tapered bore 250 1500
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TABLE 24-9 --CHARACTER STICS OF REPRESENTATIVE NEEDLE ROLLER BEARINGS
[From Hamr_k and Anderson (1983).1
Type
Drawn cup, needle
Open end Closed end
Drawn cup, needle greese retained
Drawn cup, roller
Open end Closed end
Heavy-duty roller
Caged roller
Cam follower
Needle thrust
Bore size, Relative load capacity Limding Misalignment
mm speed tolerance
Dynamic Static factor
Minimum Maximum
3 185 High Moderate 0.3 Low
4 25 High Moderate 0.3 Low
5 70 Moderate Moderate 0.9 Moderate
16 235 Very high Moderate 1.0 Moderate
12 100 Very high High 1.0 Moderate
12 150 Moderate Moderate 0.3-0.9 Low
to high to high
6 105 Very high Very high 07 Low
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Many types of specialty bearing are available other than those discussed here.
Aircraft bearings for control systems, thin-section bearings, and fractured-ring
bearings are some of the more widely used bearings among the many types
manufactured. Complete coverage of all bearing types is beyond the scope of
this chapter.
Angular-contact ball bearings and cylindrical roller bearings are generally
considered to have the highest speed capabilities. Speed limits of roller bearings
are discussed in conjunction with lubrication methods. The lubrication system
employed has as great an influence on bearing limiting speed as the bearing design.
24.3 Geometry
The operating characteristics of a rolling-element bearing depend greatly on its
diametral clearance. This clearance varies for the different types of bearing discussed
in the preceding section. In this section the principal geometrical relationships
governing the operation of unloaded rolling-element bearings are developed. This
information will be of vital interest when such quantifies as stress, deflection, load-
carrying capacity, and life are considered in subsequent sections. Although bearings
rarely operate in the unloaded state, an understanding of this section is essential
to appreciation of the remaining sections.
24.3.1 Geometry of ball bearings.--The geometry of ball bearings involves
the elements of pitch diameter and clearance, race conformity, contact angle,
endplay, shoulder height, and curvature sum and difference.
24.3.1.1 Pitch diameter and clearance: The cross section through a radial, single-
row ball bearing shown in figure 24-1 depicts the radial clearance and various
diameters. The pitch diameter de is the mean of the inner- and outer-race contact
diameters and is given by
or
1
d,=4+ 7 (do - 4)
1
de = -_ (do + di) (24-1)
Also from figure 24-1 the diametral clearance, denoted by ca, can be written as
ca = d,, - d i - 2d (24-2)
Diametral clearance may therefore be thought of as the maximum distance that
one race can move diametrally with respect to the other when no measurable force
is applied and both races lie in the same plane. Although diametral clearance is
generally used in connection with single-row radial bearings, equation (24-2) is
also applicable to angular-contact bearings.
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t
Figure 24-1 .--Cross section through radial, single-row ball bearing. From Hamrock and Anderson (1983).
24.3.1.2 Race conformity: Race conformity is a measure of the geometrical
conformity of the race and the ball in a plane passing through the bearing axis,
which is a line passing through the center of the bearing perpendicular to its plane
and transverse to the race. Figure 24-2 is a cross section of a ball bearing showing
race conformity, expressed as
r
Rr = -- (24-3)
d
For perfect conformity, where the race radius is equal to the ball radius, Rr is
equal to 1/2. The closer the race conforms to the ball, the greater the frictional
heat within the contact. On the other hand, open-race curvature and reduced
geometrical conformity, which reduce friction, also increase the maximum contact
stresses and consequently reduce the bearing fatigue life. For this reason most ball
bearings made today have race conformity ratios in the range 0.51 < Rr -< 0.54,
with R r = 0.52 being the most common value. The race conformity ratio for the
outer race is usually made slightly larger than that for the inner race to compensate
for the closer conformity in the plane of the bearing between the outer race and
the ball than between the inner race and the ball. This tends to equalize the contact
stresses at the inner- and outer-race contacts. The difference in race conformities
does not normally exceed 0.02.
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Figure24-2.--Cross section of ball and outer race. showing race conformity. From Hamrock and
Anderson (1983).
24.3.1.3 Contact angle: Radial bearings have some axial play, since they are
generally designed to have a diametral clearance, as shown in figure 24-3. This
implies a free contact angle different from zero. Angular-contact bearings are
specifically designed to operate under thrust loads. The clearance built into the
unloaded bearing, along with the race conformity ratio, determines the bearing
free contact angle. Figure 24-3 shows a radial bearing with contact due to the
axial shift of the inner and outer races when no measurable force is applied.
Before the free contact angle is discussed, it is important to define the distance
between the centers of curvature of the two races in line with the center of the
ball in both figures 24-3(a) and (b). This distance--denoted by x in figure 24-3(a)
and by Cr in figure 24-3(b)--depends on race radius and ball diameter. When
quantities referred to the inner and outer races are denoted by subscripts i and
¢3f
oo
4
• _Cd
2
Cd
(a) Axis of rotation (b) Axis of rotation
(a) Initial position.
(b) Shifted position.
Figure 24-3.--Cross section i_fradial ball bearing, showingball-race contactdue toaxial shift of inner
and outer races. From Hamrock and Anderson (1983).
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o, respectively, figures 24-3(a) and (b) show that
Geometry
or
and
or
From these equations
C d Cd
-- +d+--=r o-x + ri
4 4
X : r o -t- r i -- d ca
2
d = ro - Cr + ri
cr = ro + ri - d (24-4)
Cd
X:Cr----
2
This distance, shown in figure 24-3(b), will be useful in defining the contact angle.
Equation (24-3) can be used to write equation (24-4) as
where
cr = Bd (24-5)
B = R .... + Rr,i- 1 (24-6)
The quantity B in equation (24-6) is known as the total conformity ratio and is
a measure of the combined conformity of both the outer and inner races to the ball.
Calculations of bearing deflection in later sections depend on the quantity B.
The free contact angle/3f (fig. 24-3(b)) is defined as the angle made by a line
through the points where the ball contacts both races and a plane perpendicular
to the bearing axis of rotation when no measurable force is applied. Note that
the centers of curvature of both the outer and inner races lie on the line defining
the free contact angle. From figure 24-3(b) the expression for the free contact
angle can be written as
cos /3f= I - c--La (24-7)
2Cr
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Equations (24-2) and (24-4) can be used to write equation (24-7) as
1
ro+ri--_ (do-di)
_j= cos -i (24-8)
ro + r i - d
Equation (24-8) shows that if the size of the balls is increased and everything else
remains constant, the free contact angle is decreased. Similarly, if the ball size is
decreased, the free contact angle is increased.
From equation (24-7) the diametral clearance Ca can be written as
Ca = 2Cr(1 - cos By) (24-9)
This is an alternative definition of the diametral clearance given in equation (24-2).
24.3.1.4 Endplay: Free endplay c_ is the maximum axial movement of the inner
race with respect to the outer when both races are coaxially centered and no measur-
able force is applied. Free endplay depends on total curvature and contact angle,
as shown in figure 24-3(b), and can be written as
c_ = 2cr sin 13f (24-10)
The variation of free contact angle and endplay with the ratio Cd/2d is shown in
figure 24--4 for four values of the total conformity ratio normally found in single-row
ball bearings. Eliminating/3y in equations (24-9) and (24-10) enables the following
relationships between free endplay and diametral clearance to be established:
ca = 2cr- [ (2Cr) 2- ¢2] 1/2
Ce = (4CrCa - c2) ,_2
24.3.1.5 Shoulder height: The shoulder height of ball bearings is illustrated in
figure 24-5. Shoulder height, or race depth, is the depth of the race groove meas-
ured from the shoulder to the bottom of the groove and is denoted by sh in fig-
ure 24-5. From this figure the equation defining the shoulder height can be written as
sh = r(l - cos 00 (24-tl)
The maximum possible diametral clearance for complete retention of the ball-race
contact within the race under zero thrust load is given by the condition (flf),_x = 0s.
Making use of equations (24-9) and (24-11) gives
2C_h
(c_ .... -
r
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48 I I I /
Total
44 conformity ratio,/
40 i2/ F
0. ree contact angle,./
L/ :)imensionless /
36 _ endplay/
2, /f
/ / /
_=20 / /o8t/ o,o
18 _/" I /-" I I-- I- o32"_o
4 _ .008
i:5
0
0 .001 .002 .003 .004 .005 .006 .007 .008 .009
Dimensionless diametral clearance, cd/2d
Figure 24-4.--Free contact angle and endplay as function of cd/2d for four values of total conformity.
From Hamrock and Anderson (1983).
Figure 24-5.--Shoulder height in ball bearing. From Hamrock and Anderson (1983).
537
Roiling-Element Bearings
24.3.1.6 Curvature sum and difference: The undeformed geometry of contacting
solids in a ball bearing can be represented by two ellipsoids as discussed in chap-
ter 19, section 19.1. This section will apply the information provided there to a ball
bearing.
A cross section of a ball bearing operating at a contact angle/3 is shown in fig-
ure 24-6. Equivalent radii of curvature for both inner- and outer-race contacts in,
and normal to, the direction of rolling can be calculated from this figure. The radii
of curvature for the ball-inner-race contact are
d
r_ = ray 2 (24-12)
de - d cos/3
rbx -- (24-13)
2 cos
rby = -- Rr,,d = - ri (24-14)
The radii of curvature for the ball-outer-race contact are
d
r_ = r_y = --2
rbx = --( de+d2cosCOS/3(3)
/
rby = -- IX,oa = -- r,,
d cos B
de-dcOs/_ !/
2
Figure 24-6.--Cross section of ball bearing. From Hamrock and Anderson (1983).
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(24-15)
(24-16)
(24-17)
Geometry
In equations (24-13) and (24-16), 13is used instead of/3fbecause these equations
are also valid when a load is applied to the contact. By setting [3 = 0 °, equa-
tions (24-12) to (24-17) are equally valid for radial ball bearings. For thrust ball
bearings rb_ = oo and the other radii are defined as given in the preceding equations.
From the preceding radius-of-curvature expressions and equations (19-4) and
(19-5) for the ball-inner-race contact
d(d e - d cos 13)
Re,i = (24-18)
2ee
Rr.id (24-19)
Ry'i = "2Rr, i - 1
and for the ball-outer-race contact
RX,O
d(de + d cos/3)
24
(24-20)
Ry.o _ __Rr,°d (24-21)
2Rr,o- 1
Substituting these equations into equations (19-2) and (19-3) enables the curvature
sum and difference to be obtained.
24.3.2 Geometry of roller bearings.--The equations developed for the pitch
diameter de and diametral clearance ca for ball bearings, equations (24-1) and
(24-2), respectively, are directly applicable for roller bearings.
24. 3.2. I Crowning: High stresses at the edges of the rollers in cylindrical roller
bearings are usually prevented by crowning the rollers as shown in figure 24-7. A
fully crowned roller is shown in figure 24-7(a) and a partially crowned roller, in
figure 24-7(b). The crown curvature is greatly exaggerated for clarity. The crowning
of rollers also gives the bearing protection against the effects of slight misalignment.
For cylindrical rollers rr/d _ 102. In contrast, for spherical rollers in spherical
roller bearings, as shown in figure 24-7(a), rfld = 4. Observe in figure 24-7
that the roller effective length geis the length presumed to be in contact with the
races under loading. Generally, the roller effective length can be written as
ee= tt - 2r,,
where r,. is the roller corner radius or the grinding undercut, whichever is larger.
24.3.2.2 Race conformity: Race conformity applies to roller bearings much
as it applies to ball bearings. It is a measure of the geometrical conformity of
the race and the roller. Figure 24-8 shows a cross section of a spherical roller
bearing.
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J
(a) (b)
(a) Spherical roller (fully crowned).
Ib) Cylindrical roller (partially crowned).
Figure 24-7. Spherical and cylindrical rollers. From Hamrock and Anderson (1983).
Figure 24-8.--Geometry of spherical roller bearing. From Hamrock and Anderson (1983).
540
Geometry
From this figure the race conformity can be written as
t"
g r _--- --
2rr
In this equation if Rr and r are subscripted with i or o, the race conformity values
are for the inner- or outer-race contacts.
24.3.2.3 Free endplay and contact angle: Cylindrical roller bearings have a
contact angle of zero and may take thrust load only by virtue of axial flanges.
Tapered-roller bearings must be subjected to a thrust load or the inner and outer
races (the cone and the cup) will not remain assembled; therefore, tapered-roller
bearings do not exhibit free diametral play. Radial spherical roller bearings are, how-
ever, normally assembled with free diametral play and hence exhibit free endplay.
The diametral play ca for a spherical roller bearing is the same as that obtained
for ball bearings as expressed in equation (24-2). This diametral play as well
as endplay is shown in figure 24-9 for a spherical roller bearing. From this figure
ro - Cd/2 /
ro
,4
Axis of rotation
Figure 24-9.--Schematic diagram of spherical roller bearing, showing diametral play and endplay.
From Hamrock and Anderson (1983).
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or
roCOS :Iro- )cos  
cos-'[(, ]= -- COS "Yd
Also from figure 24-9 the free endplay can be written as
Ce = 2ro(sin [3 -- sin 7d) + ca sin 3'd
24.3.2.4 Curvature sum and difference: The same procedure used for ball
bearings will be used for defining the curvature sum and difference for roller
bearings. For spherical roller bearings, as shown in figure 24-8, the radii of
curvature for the roller-inner-race contact can be written as
d
rax =-
2
ray = _ = r r
de - d cos/3
rbx--
2 cos B
rby = - 2Rr,ir r = - r i
and the radii of curvature for the roller-outer-race contact can be written as
d
Fax=-
2
ray,- Rr,o = r r
de + d cos 13
rbx _-
2 cos B
rby = - 2Rr,or_ = - ro
Once the radii of curvature for the respective contact condition are known, the
curvature sum and difference can be written directly from equations (19-2) and
(19-3). Furthermore, the radius-of-curvature expressions R_ and Ry for spherical
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Kinematics
Rx = d(de - d cos _) (24-22)
2de
Ry= rir-'-----L-r (24-23)
r i -- r r
and for the roller-outer-race contact as
Rx = d(de + d cos $) (24-24)
2de
Ry= r°r------_r (24-25)
r i -- r r
Substituting these equations into equations (19-2) and (19-3) enables the curvature
sum and difference to be obtained.
24.4 Kinematics
The relative motions of the separator, the balls or rollers, and the races of rolling-
element bearings are important to understanding their performance. The relative
velocities in a ball bearing are somewhat more complex than those in roller
bearings, the latter being analogous to the specialized case of a zero- or fixed-
contact-angle ball bearing. For that reason the ball bearing is used as an example
here to develop approximate expressions for relative velocities. These expressions
are useful for rapid but reasonably accurate calculation of elastohydrodynamic
film thickness, which can be used with surface roughnesses to calculate the
lubrication life factor.
The precise calculation of relative velocities in a ball bearing in which speed
or centrifugal force effects, contact deformations, and elastohydrodynamic traction
effects are considered requires a large computer to numerically solve the relevant
equations. Refer to the growing body of computer codes discussed in section 24.10
for precise calculations of bearing performance. Such a treatment is beyond the
scope of this section. However, approximate expressions that yield answers with
accuracies satisfactory for many situations are available.
When a ball bearing operates at high speeds, the centrifugal force acting on
the ball creates a divergency of the inner- and outer-race contact angles, as shown
in figure 24-10, in order to maintain force equilibrium on the ball. For the most
general case of rolling and spinning at both inner- and outer-race contacts, the
rolling and spinning velocities of the ball are as shown in figure 24-11.
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Figure 24 10.--Conlac! angles in ball bearing at appreciable speeds. From Hamrock and Anderson
(1983),
Figure 24-II .--Angular velocities of ball. From Hamrock and Anderson (1983).
The equations for ball and separator angularvelocity for "all combinations of inner-
and outer-race rotation were developed by Jones (1964). Without introducing
additional relationships to describe the elastohydrodynamic conditions at both ball-
race contacts, however, the ball-spin axis orientation angle _bscannot be obtained.
As mentioned, this requires a lengthy numerical solution except for the two extreme
cases of outer- or inner-race control. These are illustrated in figure 24-12.
Race control assumes that pure rolling occurs at the controlling race, with all
of the ball spin occurring at the other race contact. The orientation of the ball
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(a)
(a) Outer-race control.
(b) Inner-race control.
Figure24--12.--Ballspinaxis orientationsforouter-and inner-racecontrol. FromHamrockand Anderson
(1983).
rotational axis can then be easily determined from bearing geometry. Race control
probably occurs only in dry bearings or dry-film-lubricated bearings where Coulomb
friction conditions exist in the ball-race contact ellipses. The spin-resisting moment
will always be greater at one of the race contacts. Pure rolling will occur at the
race contact with the higher magnitude spin-resisting moment. This is usually
the inner race at low speeds and the outer race at high speeds.
In oil-lubricated bearings in which elastohydrodynamic films exist in both ball-
race contacts, rolling with spin occurs at both contacts. Therefore, precise ball
motions can only be determined through a computer analysis. The situation can
be approximated with a reasonable degree of accuracy, however, by assuming
that the ball rolling axis is normal to the line drawn through the centers of the
two ball-race contacts. This is shown in figure 24-6.
The angular velocity of the separator or ball set _0c about the shaft axis can
be shown to be (Anderson, 1970)
(,_c m - o_i 1 + o_o 1 + (24-26)
de/2 2 de de
where vi and vo are the linear velocities of the inner and outer contacts. The
angular velocity of a ball about its own axis wb, assuming no spin, is
o)b -
Vi--VO de I ( dc°s _ I ( dc°s _/]
- _0i 1 - _,, 1 -_ (24-27)
d 2d de de
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It is convenient, for calculating the velocities of the ball-race contacts, which are
required for calculating elastohydrodynamic film thicknesses, to use a coordinate
system that rotates at coc- This fixes the ball-race contacts relative to the observer.
In the rotating coordinate system the angular velocities of the inner and outer
races become
co,-i =coi - coc = _i _o. 1 +
COro = COo -- COc = 1
The surface velocities entering the ball-inner-race contact for pure rolling are
or
_de - d cos/3.)llai = Ubi = _ cori
eAcoi- coo){ d2 cos2_
u,, i = Ub, - _ \ l d_ ]
(24-28)
(24-29)
and those at the bali-outer-race contact are
or
Thus,
de + d cos/3)U.,o = ubo = 2 Wro
de(coo- col) ( d2cos2/3_"_
Uao : Ubo -- -4- k I d2e /
(24-30)
lu.il = luaol
For a cylindrical roller bearing/3 = 0* and equations (24-26), (24-27), (24-29),
and (24-30) become, if d is roller diameter,
COc = "2 COi 1 - + coo 1 +
546
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Separators
y../
.,,11"
f del2
Figure 24-13.--Simplified geometry for tapered-roller bearing. From Hamrock and Anderson (1983).
de (wi - COo) 1 -
Uai : Ubi : 4
Ua° = Ub° -- -4- 1 --
(24-31)
Equations directly analogous to those for a ball bearing can be used for a tapered-
roller bearing if d is the average diameter of the tapered roller, de is the diameter
at which the geometric center of the rollers is located, and/_ is the angle as shown
in figure 24-13.
24.5 Separators
Ball and rolling-element bearing separators (sometimes called cages or retainers)
are bearing components that, although they never carry load, are capable of exerting
a vital influence on bearing efficiency. In a bearing without a separator the rolling
elements contact each other during operation and in so doing experience severe
sliding and friction. The primary functions of a separator are to maintain the proper
distance between the rolling elements and to ensure proper load distribution and
balance within the bearing. Another function of the separator is to maintain control
of the rolling elements in such a manner as to produce the least possible friction
through sliding contact. Furthermore, a separator is necessary for several types
of bearing to prevent the rolling elements from falling out of the bearing during
handling. Most separator troubles occur from improper mounting, misaligned
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bearings, or improper (inadequate or excessive) clearance in the rolling-element
pocket.
The materials used for separators vary according to the type of bearing and the
application. In ball bearings and some sizes of roller bearing the most common
type of separator is made from two strips of carbon steel that are pressed and
riveted together. Called ribbon separators, they are the least expensive separators
to manufacture and are entirely suitable for many applications. They are also
lightweight and usually require little space.
The design and construction of angular-contact ball bearings allows the use of a
one-piece separator. The simplicity and inherent strength of one-piece separators
permits their fabrication from many desirable materials. Reinforced phenolic and
bronze are the two most commonly used materials. Bronze separators offer strength
and low-friction characteristics and can be operated at temperatures to 230 °C
(450 *F). Machined, silver-plated ferrous alloy separators are used in many demand-
ing applications. Because reinforced cotton-base phenolic separators combine the
advantages of low weight, strength, and nongalling properties, they are used for
such high-speed applications as gyro bearings. Lightness and strength are particu-
larly desirable in high-speed bearings, since the stresses increase with speed but
may be greatly minimized by reducing separator weight. A limitation of phenolic
separators, however, is that they have a allowable maximum temperature of about
135 *C (275 OF).
24.6 Static Load Distribution
Since a simple analytical expression for the deformation in terms of load was
defined in chapter 19 (section 19.4), it is possible to consider how the bearing
load is distributed among the rolling elements. Most rolling-element bearing
applications involve steady-state rotation of either the inner or outer race or both;
however, the rotational speeds are usually not so great as to cause ball or roller
centrifugal forces or gyroscopic moments of significant magnitudes. In analyzing
the loading distribution on the rolling elements, it is usually satisfactory to ignore
these effects in most applications. In this section the load deflection relationships
for ball and roller bearings are given, along with radial and thrust load distributions
of statically loaded rolling elements.
24.6.1 Load deflection relationships.--For an elliptical conjunction the load
deflection relationship given in equation (19-16) can be written as
v _3/2
_'z = '"l.5"m (24-32)
where
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Similarly, for a rectangular conjunction from equation (19-39) we get
,,,,_= Ki6,,
where
g I = /tI 7r_E-- /4r_\
+ In_-_---) +In
(24-34)
and f is the length of the rolling element. In general then,
,,,. = Kj_, (24-35)
in whichj = 1.5 for ball bearings and 1.0 for roller bearings. The total normal
approach between two races separated by a rolling element is the sum of the
deformations under load between the rolling element and both races. Therefore,
_,,. = 6.... + 6,, (24-36)
where
(24-37)
(24-38)
Substituting equations (24-36) to (24-38) into equation (24-35) gives
1
[ 1 It/j+ [ 1 ]'/QJ (24-39)
K,: [ L_] L_J )
Recall that (I0),, and (_), are defined by equations (24-33) and (24-34) for an
elliptical and a rectangular conjunction, respectively. These equations show that
(Kj),, and (Kj), are functions only of the contact geometry and the material
properties. The radial and thrust load analyses are presented in the following two
sections and are directly applicable for radially loaded ball and roller bearings
and thrust-loaded ball bearings.
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24.6.2 Radially loaded ball and roller bearings.--A radially loaded rolling
element with radial clearance ca 2 is shown in figure 24-14. In the concentric
position shown in figure 24-14(a) a uniform radial clearance between the rolling
element and the races of ca 2 is evident. The application of an arbitrarily small
radial load to the shaft causes the inner race to move a distance cd/2 before con-
tact is made between a rolling element located on the load line and the inner and
outer races. At any angle there will still be a radial clearance c that, if Ca is small
in relation to the radius of the tracks, can be expressed with adequate accuracy by
c = (1 - cos if) Cd
2
(a) Col2 (b)
(a) Concentric arrangement.
(b) Initial contact,
(c) Interference.
Figure 24-14.--Radially loaded rolling-element bearing. From Hamrock and Anderson (1983).
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On the load line where 4' = 0", the clearance is zero; but when ff = 90", the
clearance retains its initial value of ca 2.
The application of further load will cause elastic deformation of the balls and
elimination of clearance around an arc 2_be. If the interference or total elastic
compression on the load line is _Sma_,the corresponding elastic compression of
the ball 6_, along a radius at angle _b to the load line will be given by
'_k =(_max COS '_--C) = (_max+-_/ COS _-- C-"fl-d2
This assumes that the races are rigid. Now it is clear from figure 24-14(c) that
(_rnax + Ca/2) represents the total relative radial displacements of the inner and
outer races. Hence,
6_ = 6., cos _b - c! (24-40)
2
The relationship between load and elastic compression along the radius at angle _b
to the load vector is given by equation (24-35) as
Substituting equation (24-40) into this equation gives
For static equilibrium the applied load must equal the sum of the components
of the rolling-element loads parallel to the direction of the applied load.
_, = Z _,_ cos _k
Therefore,
 ) cos, (24-41)
The angular extent of the bearing arc 2¢,_ in which the rolling elements are loaded
is obtained by setting the root expression in equation (24-41) equal to zero and
solving for _b.
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- I Cd
_t = COS
26m
The summation in equation (24-41) applies only to the angular extent of the
loaded region. This equation can be written for a roller bearing as
to'= (_be- ca sin _be) nK_6"2627r (24-42)
and similarly in integral form for a ball bearing as
tot = -- rxl'Stlm / COS g' - _-_ cos _b d$P ,JO
The integral in the equation can be reduced to a standard elliptic integral by the
hypergeometric series and the beta function. If the integral is numerically evaluated
directly, the following approximate expression is derived:
yJ2cIf,J0 \ °s _b- 2-_ cos _bd_b = 2.491 +
1.23
This approximate expression fits the exact numerical solution to within 4-2 percent
for a complete range of c,#26,,.
The load carried by the most heavily loaded rolling element is obtained by substi-
tuting 4, = 0* in equation (24-41) and dropping the summation sign.
(toZ)max =gj_]m(l- Cd _ j26",]
(24-43)
Dividing this maximum load by the total radial load for a roller bearing (eq. (24-42))
gives
be- ca sin _be)n(toz) ....26,. 2r
to" = (24-44)
ca
1 ----
26,.
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where
n(v"z)m"x (24-45)
Zw = (24-46)
2.491If+ (/2--_m--
For roller bearings when the diametral clearance Ca is zero, equation (24-44)
gives
n(_Z)max (24--47)
,_z - 4
For ball bearings when the diametral clearance ca is zero, the value of Zw in
equation (24-45) becomes 4.37. This is the value derived by Stribeck (1901) for
ball bearings of zero diametral clearance. The approach used by Stribeck was to
evaluate the finite summation for various numbers of balls. He then derived the
celebrated Stribeck equation for static load-carrying capacity by writing the more
conservative value of 5 for the theoretical value of 4.37:
n(WZ)max (24--48)
5
In using equation (24--48) remember that Zw was considered to be a constant and
that the effects of clearance and applied load on load distribution were not taken into
account. These effects were, however, considered in obtaining equation (24-45).
24.6.3 Thrust-loaded ball bearings.--The static thrust load-carrying capacity of
a ball bearing may be defined as the maximum thrust load that the bearing can endure
before the contact ellipse approaches a race shoulder, as shown in figure 24-15,
or as the load at which the allowable mean compressive stress is reached, which-
ever is smaller. Both the limiting shoulder height and the mean compressive stress
must be calculated to find the static thrust load-carrying capacity.
Each ball is subjected to an identical thrust component _t/n, where _,t is the total
thrust load. The initial contact angle before the application of a thrust load is denoted
by _f. Under load the normal ball thrust load wt acts at the contact angle _ and
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// /
/
Figure 24-15.--Contact ellipse in bearing race under load. From Hamrock and Anderson (1983).
is written as
- (24-49)
n sin
A cross section through an angular-contact bearing under a thrust load _'t is
shown in figure 24-16. From this figure the contact angle after the thrust load
has been applied can be written as
(24-50)
The initial contact angle was given in equation (24-7). Using that equation and
rearranging terms in equation (24-50) give, solely from geometry (fig. 24-16),
8m =Cr \COS _ - 1
554
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>
2
Figure 24-16.--Angular-contact ball bearing under thrust load. From Hamrock and Anderson (1983).
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I0
K/_--
Kj .5 = (24-51 )
7rk,,E.(Rogo) t/2 7rkiEi (Ri_i) j
. ,.2/cos _s l'_ _'2
; (24-52)
where equation (24-32) for Kj.5 is replaced by equation (24-51) and k, _, _: are
given by equations (19-29), (19-30), and (19-32), respectively.
From equations (24-49) and (24-52)
or
_dOl
-- _IO
n sin t3
'_t (COS /3f 1) 3/2nKjc3/2 - sin /3 \cos /3
(24-53)
This equation can be solved numerically by the Newton-Raphson method. The
iterative equation to be satisfied is
'.gO t COS /3f " '_
nK c 3/2 sin/3 -- 1
1.5 r \COS
/3' -/3 = (24-54)
cos 1 + -- cos /3; tan2/3 - 1
cos 13\cos/3 2 \cos
In this equation convergence is satisfied when/3' -/3 becomes essentially zero.
When a thrust load is applied, the shoulder height limits the axial deformation,
which can occur betbre the pressure-contact ellipse reaches the shoulder. As long
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as the following inequality is satisfied, the contact ellipse will not exceed this limit:
Os>/3+sin-' (D_r_)
From figure 24-5 and equation (24-11) the angle Os used to define the shoulder
height can be written as
0s = cos -I l I - S_rdt
From figure 24-3 the axial deflection 6t corresponding to a thrust load can be
written as
6 t = (C r q- 6)sin/3 - cr sin _f (24-55)
Substituting equation (24-51) into equation (24-55) gives
c_ sin(_ -/3f)
6t -
COS /3
Once/3 has been determined from equation (24-54) and Byfrom equation (24-7),
the relationship for _5t can be easily evaluated.
24.6.4 Preloading.--The use of angular-contact beatings as duplex pairs preloaded
against each other is discussed in section 24.2.1. As shown in table 24-2, duplex
bearing pairs are used in either back-to-back or face-to-face arrangements. Such
bearings are usually preioaded against each other by providing what is called
"stickout" in the manufacture of the bearing. This is illustrated in figure 24-17
for a bearing pair used in a back-to-back arrangement. The magnitude of the
stickout and the bearing design determine the level of preload on each bearing
when the bearings are clamped together as in figure 24-17. The magnitude of
preload and the load deflection characteristics for a given bearing pair can be
calculated by using equations (24-7), (24-32), (24-49), and (24-51) to (24-53).
The relationship of initial preload, system load, and final load for bearings a
and b is shown in figure 24-18. The load deflection curve follows the relationship
6,, = K_, 2/3. When a system thrust load _'t is imposed on the bearing pairs, the
magnitude of load on bearing b increases while that on bearing a decreases until
the difference equals the system load. The physical situation demands that the
change in each bearing deflection be the same (Aa = Ab in fig. 24-18). The
increments in bearing load, however, are not the same. This is important because
it always requires a system thrust load far greater than twice the preload before
one bearing becomes unloaded. Prevention of bearing unloading, which can result
in skidding and early failure, is an objective of preloading.
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VIII/liltS
(a)
Stickout
_X
(b) Bearing a Bearing b
(a) Separated.
(b) Mounted and preloaded.
Figure 24-17.--Angular-contact bearings in back-to-back arrangement, shown individually as manu-
factured and as mounted with preload. From Hamrock and Anderson (1983).
Bearing b m thrust --_
load "" Syste _[ "-
¢ load, ,.v, / t
_- Bearing
,oa -
Axial deflection, _x
Figure 24-18.--Thrusl load axial deflection curve for typical ball bearing. From Hamrock and
Anderson (1983).
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24.7 Rolling Friction and Friction Losses
24. 7.1 RoUingfriction.--The concepts of rolling friction are important generally
in understanding the behavior of machine elements in rolling contact and particu-
larly because rolling friction influences the overall behavior of roiling-element
bearings. The theories of Reynolds (1876) and Heathcote (1921) attempted to
explain rolling friction in terms of the energy required to overcome the interfacial
slip that occurs because of the curved shape of the contact area. As shown in
figure 24-19, the ball rolls about the Y axis and makes contact with the groove
from a to b. If the groove is fixed, then for zero slip over the contact area no
point within the area should have a velocity in the rolling direction. The surface
of the contact area is curved, however, so that points a and b are at different radii
from the Y axis than are points c and d. For a rigid ball, points a and b must
have different velocities with respect to the Yaxis than do points c and d because
the velocity of any point on the ball relative to the Yaxis equals the angular velocity
times the radius from the Y axis. Slip must occur at various points over the contact
area unless the body is so elastic that yielding can take place in the contact area
to prevent this interfacial slip. The theories of Reynolds and later Heathcote
assumed that this interfacial slip took place and that the forces required to make
a ball roll were those required to overcome the friction due to this interfacial
slip. In the contact area rolling without slip will occur at a specific radius from
the Y axis. Where the radius is greater than this radius to the rolling point, slip
will occur in one direction; where it is less, slip will occur in the other direction.
In figure 24-19 the lines to points c and d represent the approximate location
y Y'
0 O'
c e d
Figure 24-19.--Differential slip due to curvature of contact ellipse. From Hamrock and Ander_n (1983).
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Y
Figure 24-20.--Load components in contact ellipse. From Hamrock and Anderson (1983).
of the rolling bands, and the arrows shown in the three portions of the contact
area represent the directions of interfacial slip when the ball is rolling into the
paper.
The location of the two rolling bands relative to the axis of the contact ellipse
can be obtained by summing the loads acting on the ball in the rolling direction.
In figure 24-20 these are
2_x, b -- _ox,a = PrWz
where #r is the coefficient of rolling friction. If a Hertzian ellipsoidal pressure
distribution is assumed, the location of the rolling bands can be determined (Bisson
and Anderson, 1964). For rolling with zero traction (#_ = 0) the result is
YO
-- = 0.174
or
where Dy is the diameter of the contact ellipse along the Y axis (eq. (19-14)).
In reality, all materials are elastic, so that areas of no slip as well as areas of
microslip exist within the contact as pointed out by Johnson and Tabor (1967-68).
Differential strains in the materials in contact will cause slip unless it is prevented
by friction. In high-conformity contacts slip is likely to occur over most of the
contact region, as can be seen in figure 24-21, which shows the nondimensional
friction force as a function of the conformity parameter
where/.t is the coefficient of sliding friction and Pmean is the mean pressure of
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Limit for complete slip
.08 m
.06 -- _ High
/Low conformity
¢_'_I "_1_.04 /_ c°nfirmity Dy__
.02
_,f = 30 hf = 100
I I I I I
20 40 60 8O 1u0
_rD_'
Xt 2
4#raxPmean
Figure 24-21 .--Frictional resistance of ball in conforming groove. From Hamrock and Ande_on (1983).
the contact ellipse. The limiting value of friction force _,_ is
0.02#D_=
Wx = 2
Fax
A fraction )k h of the elastic energy of compression in rolling is always lost
because of hysteresis. The effect of hysteresis losses on rolling resistance has been
studied by Tabor (1955). Tabor developed the following expression:
_x = C4_h w:Dy (24-56)
rat
where c4 is 7r/3 for rectangular conjunctions and 3/32 for elliptical conjunctions.
Two hard-steel surfaces show a Xh of about 1 percent.
Of far greater importance in contributing to frictional losses in rolling-element
bearings, especially at high speeds, is ball spinning. Spinning as well as rolling
takes place in one or both of the ball-race contacts of a ball bearing. The situation
is shown schematically in figure 24-11.
High speeds cause a divergency of the contact angles Hi and Go. In fig-
ure 24-12(b) the ball is rolling with inner-race control, so that approximately
pure rolling takes place at the inner-race contact. The rolling and spinning vectors,
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_r and _0_, at the outer-race contact are shown in figure 24-11. The higher the
ratio O_/_r, the higher the friction losses.
24. 7.2 Friction losses.--Some of the factors that affect the magnitude of friction
losses in rolling-element bearings are
(1) Bearing size
(2) Bearing type
(3) Bearing design
(4) Load (magnitude and type, either thrust or radial)
(5) Speed
(6) Oil viscosity
(7) Oil flow
Friction losses in a specific bearing consist of the following:
(1) Sliding friction losses in the contacts between the rolling elements and the races.
These losses include differential slip and slip due to ball spinning. They are
complicated by the presence of elastohydrodynamic lubrication films. The shearing
of elastohydrodynamic lubrication films, which are extremely thin and contain
oil whose viscosity is increased by orders of magnitude above its atmospheric
pressure value, accounts for a significant fraction of the friction losses in rolling-
element bearings.
(2) Hysteresis losses due to the damping capacity of the race and ball materials
(3) Sliding friction losses between the separator and its locating race surface
and between the separator pockets and the rolling elements
(4) Shearing ofoil films between the bearing parts and oil churning losses caused
by excess lubricant within the bearing
(5) Flinging of oil off the rotating parts of the bearing
Because of the dominant role in bearing frictional losses played by the lubrication
method, there are no quick and easy formulas for computing rolling-element
bearing power loss. Friction coefficients for a particular bearing can vary by a
factor of 5 depending on lubrication. A flood-lubricated bearing may consume
five times the power of one that is merely wetted by oil-air mist lubrication.
The friction coefficients given by Palmgren (1959) are a rough but useful guide.
These values were computed at a bearing load that will give a life of Ix 10 9
revolutions for the respective bearings. The friction coefficients for several
different bearings are shown here:
Self-aligning ball ................................................................. 0.0010
Cylindrical roller, with flange-guided short rollers ....................... 0.0011
Thrust ball ......................................................................... 0.0013
Single-row, deep-groove ball .................................................. 0.0015
Tapered and spherical roller, with flange-guided rollers ................. 0.0018
Needle roller ...................................................................... 0.0045
All of these friction coefficients are referenced to the bearing bore.
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More accurate estimates of bearing power loss and temperature rise can be obtained
by using one or more of the available computer codes that represent the basis for
the current design methodology for rolling-element bearings. These are discussed
in Anderson (1979) and Pirvics (1980) and briefly reviewed in section 24.10.
24.8 Lubrication Systems
A liquid lubricant has several functions in a rolling-element bearing. It provides
separating films between the bearing parts (elastohydrodynamic lubrication between
the races and the rolling elements and hydrodynamic between the cage or separator
and its locating surface). It serves as a coolant if either circulated through the
bearing to an external heat exchanger or simply brought into contact with the
bearing housing and the machine casing. A circulating lubricant also serves to flush
out wear debris and carry it to a filter where it can be removed from the system.
Finally, it provides corrosion protection. The different methods of providing liquid
lubricant to a bearing are each discussed here. Note that chapter 4 presents
lubricant properties, whereas this section explores effective means of lubrication.
24.8.1 Solid lubrication.--An increasing number of rolling-element bearings are
lubricated with solid-fdm lubricants, usually in applications, such as extreme tempera-
ture or the vacuum of space, where conventional liquid lubricants are not suitable.
Success in cryogenic applications, where the bearing is cooled by the cryogenic
fluid (liquid oxygen or hydrogen), has been achieved with transfer films of poly-
tetrafluoroethylene (Scibbe, 1968). Bonded films of soft metals such as silver, gold,
and lead applied by ion plating as extremely thin films (0.2 to 0.3 mm) have also
been used (Todd and Bentall, 1978). Silver and lead in particular have found use in
bearings that support the rotating anode in x-ray tubes. Extremely thin films are
required in rolling-element bearings in order not to significantly alter the bearing
internal geometry and in order to retain the basic mechanical properties of the
substrate materials in the Hertzian contacts.
24.8.2 Liquid lubrication.--The great majority of rolling-element bearings are
lubricated by liquids. The liquid in greases can be used, or liquid can be supplied
to the bearing from either noncirculating or circulating systems.
24.8. 2. I Greases: The most common and probably least expensive mode of lubri-
cation is grease lubrication. In the strictest sense a grease is not a liquid, but the
liquid or fluid constituent in the grease is the lubricant. Greases consist of a fluid
phase of either a petroleum or synthetic oil and a thickener. The most common
thickeners are sodium-, calcium-, or lithium-based soaps, although thickeners
of inorganic materials such as bentonite clay have been used in synthetic greases.
Some discussion of the characteristics and temperature limits of greases is given
in Bisson and Anderson (1964) and McCarthy (1973).
Greases are usually retained within the bearing by shields or seals that are an
integral part of the assembled bearing. Since there is no recirculating fluid, grease-
lubricated bearings must reject heat by conduction and convection and are therefore
limited to maximum dhNu values of 0.25 to 0.4 million.
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The proper grease for a particular application depends on the temperature, speed,
and ambient pressure environment to which the bearing is exposed. McCarthy
(1973) presents a comprehensive discussion useful in the selection of a grease; the
bearing manufacturer can also recommend the most suitable grease and bearing type.
24. 8.2.2 Nonrecirculating liquid lubrication systems: At low to moderate speeds,
where the use of grease lubrication is not suitable, other methods of supplying
lubricant to the bearing can be used. These include splash or bath, wick, oil-ring,
and oil-air mist lubrication. Felt wicks can be used to transport oil by capillary
action from a nearby reservoir. Oil rings, which are driven by frictional contact
with the rotating shaft, run partially immersed in an oil reservoir and feed oil
mechanically to the shaft, which is adjacent to the bearing. The bearing may itself
be partially immersed in an oil reservoir to splash lubricate itself. All of these
methods require modest ambient temperatures and thermal conditions as well as
speed conditions equivalent to a maximum dbN a of about 0.5 million. The
machinery must also remain in a fixed-gravity orientation.
Oil-air mist lubrication supplies atomized oil in an air stream to the bearing,
where a reclassifier increases the droplet size, allowing it to condense on the bearing
surfaces. Feed rates are low and a portion of the oil flow escapes with the feed
air to the atmosphere. Commercial oil-air mist generators are available for systems
ranging from a single bearing to hundreds of bearings. Bearing friction losses and
heat generation are low with mist lubrication, but ambient temperatures and cooling
requirements must be moderate because oil-air mist systems provide minimal
cooling. Many bearings, especially small-bore bearings, are successfully operated
at high speeds (dbNa values to greater than 1 million) with oil-air mist lubrication.
24. 8. 2.3 Jet lubrication: In applications where speed or heat rejection require-
ments are too high, jet lubrication is frequently used both to lubricate and to control
bearing temperatures. A number of variables are critical to achieving not only
satisfactory but near optimal performance and bearing operation. These include
the placement of the nozzles, the number of nozzles, the jet velocity, the lubricant
flow rate, and the scavenging of the lubricant from the bearing and its immediate
vicinity. The importance of proper jet lubricating system design is shown by Matt
and Gianotti (1966). Their results are summarized in figure 24-22.
Proper placement of the jets should take advantage of any natural pumping ability
of the bearings. Figure 24-23 (Parker, 1980) illustrates jet lubrication of ball
and tapered-roller bearings. Centrifugal forces aid in moving the oil through the
bearing to cool and lubricate the elements. Directing jets at the radial gaps between
the cage and the races achieves maximum oil penetration into the bearing interior.
Miyakawa et al. (1972), Anderson et al. (1954), Zaretsky et al. (1976), and Parker
and Signer (1978) present useful data on how jet placement and velocity influence
the lubrication of several types of bearing.
24. 8.2.4 Underrace lubrication: As beating speeds increase, centrifugal effects
become more predominant, making it increasingly difficult to lubricate and cool
a bearing effectively. The jetted oil is thrown off the sides of the bearing rather
than penetrating to the interior. At extremely high dbN, values (2.4 million and
higher), jet lubrication becomes ineffective. Increasing the flow rate only adds
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Figure 24-24.--Underrace oiling systemfor main shaftbearingson turbofan engine. From Brown (]9?0).
to heat generation through increased churning losses. Brown (1970) describes
an underrace oiling system used in a turbofan engine for both ball and cylindrical
roller bearings. Figure 24-24 illustrates the technique. The lubricant is directed
radially under the bearings. Centrifugal effects assist in pumping oil out through
the bearings via suitable slots and holes, which are made a part of both the shaft
and the mounting system and the bearings themselves. Holes and slots are provided
within the bearing to feed oil directly to the ball-race and cage-race contacts.
This lubrication technique has been thoroughly tested for large-bore ball and
roller bearings up to 3 million dbN,. Pertinent data are reported by Signer et al.
(1974), Brown et al. (1977), Schuller (1979), and Signer and Schuller (1982).
24.9 Fatigue Life
24.9.1 Contact fatigue theory.--Rolling fatigue is a material failure caused
by the application of repeated stresses to a small volume of material. It is a unique
failure type--essentially a process of seeking out the weakest point at which the
first failure will occur. A typical spali is shown in figure 24-25. On a microscale
there will probably be a wide dispersion in material strength or resistance to fatigue
because of inhomogeneities in the material. Because bearing materials are complex
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Figure 24-25.--Typical fatigue spall. From Hamrock and Anderson (1983).
alloys, they are not homogeneous or equally resistant to failure at all points. There-
fore, the fatigue process can be expected to be one in which a group of supposedly
identical specimens exhibit wide variations in failure time when stressed in the
same way. For this reason it is necessary to treat the fatigue process statistically.
Predicting how long a particular bearing will run under a specific load requires
the following two essential pieces of information:
(1) An accurate, quantitative estimate of the life dispersion or scatter
(2) The life at a given survival rate or reliability level
This translates into an expression for the "load-carrying capacity," or the ability
of the bearing to endure a given load for a stipulated number of stress cycles
or revolutions. If a group of supposedly identical bearings is tested at a specific
load and speed, the distribution in bearing lives shown in figure 24-26 will occur.
24.9.2 Weibull distribution.--Weibull (1949) postulates that the fatigue lives
of a homogeneous group of rolling-element bearings are dispersed according to
the following relation:
1
In in ---z = et In -= (24-57)
S A
where S is the probability of survival, L is the fatigue life, and e I and ,4- are
constants. The Weibull distribution results from a statistical theory of strength
based on probability theory, where the dependence of strength on volume is
explained by the dispersion in material strength. This is the "weakest link" theory.
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Figure 24-26.--Distribution of bearing fatigue failures. From Hamrock and Anderson (1983).
Consider a volume being stressed that is broken up into m similar volumes
/ // // / / /
S I = 1 -M, '_2 = 1 -/_2 $3 = 1 -i_3 ... S,, = 1 -M,,
The/_'s represent the probability of failure and the S's, the probability of survival.
For the entire volume
Then
g= s, . s2 . s, .... . g_
1 -2_'= (1 - Ml)(l -- hi2)(1 -At3)... (1 --J_m)
m
I-M= II (I-M3
i=1
m
S= I'I (1-Mi)
i=1
The probability of a crack starting in the ith volume is
(24-58)
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wheref(x) is a function of the stress level, the number of stress cycles, and the
depth into the material where the maximum stress occurs and Vi is the elementary
volume. Therefore, substituting equation (24-59) into equation (24-58) gives
m
H
i=1
m
In S= _ In [1 -f(x)V_i
i=l
Now iff(x)_'i < < 1, then In[l -f(x)Vi] : -f(x)Vi and
lnS:- ___f(x)_
i=I
(24-60)
Let I)i -- O; then
m
E s(x):,: Ss(x).C'--y(x)C,
i=1
(24-61)
where f(x) is a volume-average value off(x)_.
Lundberg and Palmgren (1947) assumed thatf(x) could be expressed as a power
function of shear stress r0, number of stress cycles J, and depth of the maximum
shear stress Zo.
c I .-c 2
f(x) - ro J (24-62)
They also chose as the stressed volume
: Oyzoe v (24-63)
Substituting equations (24-61) to (24-63) into equation (24-60) gives
or
rol fC2D _,
in S= - > '
c 3 - I
Zo
Cl "-'2 a1 r0 J D_zv
In--==
¢'3 I
S z0
(24-64)
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For a specific bearing and load (e.g., stress) r o, Dy, g,., and Zo are all constant
so that
1
In _ = (f)"2
S
Designating f as life/__ in stress cycles gives
In--:=
S
or
'nln l~:c21n(-_--)S (24-65)
This is the Weibull distribution, which relates probability of survival and life. It has
two principal functions. First, bearing fatigue lives plot as a straight line on Weibull
coordinates (log-log versus log), so that the life at any reliability level can be
determined. Of most interest are the/_10 life (S = 0.9) and the Ls0 life (S = 0.5).
Bearing toad ratings are based on the/-?3o life. Second, equation (24-65) can be
used to determine_ what the Li0 life must be to obtain a required life at any reliability
level. The Llo life is calculated, from the load on the bearing and the bearing
dynamic capacity or the load rating given in manufacturers' catalogs and engineer-
ing journals by using the equation
(24-66)
where
basic dynamic capacity or load rating
we equivalent bearing load, N
mk load-life exponent; 3 for elliptical contacts and 10/3 for rectangular contacts, N
A typical Weibull plot is shown in figure 24-27.
24.9.3 Lundberg-Palmgren theory.--The Lundberg-Palmgren theory, on
which bearing ratings are based, is expressed by equation (24-64). The exponents
in this equation are determined experimentally from the dispersion of bearing
lives and the dependence of life on load, geometry, and bearing size. As a standard
of reference, all bearing load ratings are expressed in terms of the specific dynamic
capacity C, which, by definition, is the load that a bearing can carry for 1 million
inner-race revolutions with a 90-percent chance of survival.
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Factors on which specific dynamic capacity and bearing life depend are
(i) Size of rolling element
(2) Number of rolling elements per row
(3) Number of rows of rolling elements
(4) Conformity between rolling elements and races
(5) Contact angle under load
(6) Material properties
(7) Lubricant properties
(8) Operating temperature
(9) Operating speed
Only factors (1) to (5) are incorporated in bearing dynamic capacities developed
from the Lundberg-Palmgren theory. The remaining factors must be taken into
account in the life adjustment factors discussed in section 24.9.5.
The formulas for specific dynamic capacity as developed by Lundberg and
Palmgren (1947, 1952) are as follows:
For radial ball bearings with d < 25 ram:
d _1.8
=fc(i COS ,_)07n2/3 _,0.0-_/
(24-67)
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where
d diameter of rolling element, m
i number of rows of rolling elements
n number of rolling elements per row
[3 contact angle
f coefficient dependent on material and bearing type
For radial ball bearings with d > 25 mm:
C = f.(i cos [3)O.7n2/3 ( d _14
For radial roller bearings:
(24-68)
( d _1°7( ft _°78
C =f(i cos [3)°78n3/4 \_/ \0._0-2-_-/ (24-69)
where g, is roller length in meters. For thrust ball bearings with [3 _ 90*:
C =f.(i cos [3)°7(tan [3)n 2/3 ( d _,.8
\0._2_/ (24-70)
For thrust roller bearings with [3 _ 900:
C : f.(i cos [3)°78(tan [3)n 3/4 ( "Q' )o.2s
\_/ (24-71)
For thrust ball bearings with [3 = 90°:
C : f.iO.7n2/3 ( d _ '8
\ 0.-.-0-2-_-/ (24-72)
For thrust roller bearings with [3 = 90°:
C :f, io,78n3/4 ( d _1°7( et _°78
\_/, \_/ (24-73)
For ordinary bearing steels such as SAE 52100 with mineral oil lubrication, f can
be evaluated by using tables 24-10 and 24-11, but a more convenient method is to
572
TABLE 24-10.--CAPACITY FORMULAS FOR RECTANGULAR
AND ELLIPTICAL CONJUNCTIONS
]Units in kilograms and millimeters.]
Fatigue Life
Function
L
gc
Elliptical contact of ball bearings Rectangular contact of roller bearings
fcfaiO 7n 2/3d18 fcfa iT/gn3/4d29/2717/gt,i
gcftf2( di_O'41_-_--d: gcftf2
+ (c,/9'21-2"
Ci/Co f3
-di(d°-d)] f3 t,i
_do(di-d)_
Function Radial Thrust
/3 _e90" /3=90 °
d cos/3 d
"in
a, de
fa (cos B) 0"7 (cos /3)0.7 tan B 1
fl 3.74.1 6-10
•),0.3(1 -'yn) 1.39
A _.3
(I +3,n) I/3
f3 I. 04f4 f4 1
(1 --'),'n_ 1'72
f4 k, 1 +"tn./
Radial Thrust
/3 _e90° /3 = 90*
d cos/3 d
a, a_
(COS _)7/9 ] (COS _)7/9 tan _ 1
18-25 36-60
.,/2/9( l -- ],'n) 29/27
,../2/9
(I +_.3
1.14f4 A 1
1 --'Yn_ 38/37
I +y./
use tabulated values from the most recent Antifriction Bearing Manufacturers
Association (AFBMA) documents on dynamic load ratings and life (lso, 1976). The
values of 6" appear in bearing manufacturers' catalogs, together with factors
and lTused to determine the equivalent load we. The equivalent load can be calcu-
lated from the equation
We = )(wz+ 17Wx (24-74)
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TABLE 24-11.--CAPACITY FORMULAS FOR MIXED
RECTANGULAR AND ELLIPTICAL CONJUNCTIONS
[C = Ci[1 + ( Ci / Co) 4] lI4; units in kilograms and millimeters.]
Function Radial Thrust bearing
bearing
9_9o* I 9=90*
7rl
Function
Inner race
d cos/7 d
de de
Radial
bearing
Thrust bearing
9_90" I B=90' _
Outer race
i
d cos 9 d
de d e
Rectangular conjunction (Ci) Elliptical conjunction (20)
Cior Co f. f_f i7/gn3/4d29/27pT/9
a lazaa -t,i
fa (COS 9) 7/9 (COS 9) 7/9 tan 9 I 1
f_ 18-25 36-60
)04,2R r,._.._Z__, i°.Tn2/3d 1.8!ftf2fa ro-R
(cos/3) °.7 (cos 9) 0.7 tan 9 ] 1
3.5-3.9 6-10
f2 72/9( 1 - 7n) 29/27 _.n0.3 ( 1 + 7n) l 397n3/9
(1 +7.)J/3 (1 -Tn) 1_3
Point contact (Ci) Line contact (Co)
7o.3
Function
t_ t 0'41
r_i i o.7n2/3dl. 86, or20 iS'J<, ,',-R
fa (cos 9) 0`7 (cos 9) 0.7 tan 9 [ 1
fl 3.7-4.1 6-10
"_n'3 ( 1 --7n) t39
f2 v°.3
(1 +7n) 113
ftf2fai719n3f4d29/27_f9
I,o
(cos 9) 7/9 (cos 9) 719 tan 9 [ 1
15 -22 36-60
72/9( 1 + 7n) 29/27 ] ,,[2/9
(1-7n) I/3 t
In addition to specific dynamic capacity C, every bearing has a specific static
capacity, usually designated as Co. Specific static capacity is defined as the load
that under static conditions will result in a permanent deformation of 0.0001 times
the rolling-element diameter. For some bearings Co is less than C; therefore it
is im_portant to avoid exposing a bearing to a static load that exceeds Co. Values
of Co are also given in bearing manufacturers' catalogs.
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24.9.4 AFBMA method.--Shortly after publication of the Lundberg-Palmgren
theory the AFUMAbegan efforts to standardize methods for establishing bearing
load ratings and making life predictions. Standardized methods of establishing load
ratings for ball bearings (AFBMA, 1960b) and roller bearings (AFBMA, 1960a) were
devised, based essentially on the Lundberg-Palmgren theory. These early standards
are published in their entirety in Jones (1964). In recent years significant advances
have been made in rolling-element bearing material quality and in our understanding
of the role of lubrication in bearing life through the development of elastohydro-
dynamic theory. Therefore, the original AFBMAstandards in A_MA (1960a,b) have
been updated with life adjustment factors. These factors have been incorporated
into lso (1976), which is discussed in the following section.
24. 9. 5 Life adjustmentfactors.--A comprehensive study of the factors affecting
the fatigue life of bearings, which were not taken into account in the Lundberg-
Paimgren theory, is reported in Bamberger (1971). In that reference it is assumed
that the various environmental or bearing design factors are multiplicative in their
effect on bearing life. The following equation results:
L A = (O) (E) (Fe) (G) (Hm)LIo (24-75)
or
LA = (D)(E) (Fe)(G) (24-76)
where
material factor
E metallurgical processing factor
F_e lubrication factor
G speed effect factor
Hm misalignment factor
_'e bearing equivalent load
mk load-life exponent; either 3 for ball bearings or 10/3 for roller bearings
Factors D, E, and Ftare reviewed briefly here. Refer to Bamberger (1971) for
a complete discussion of all five life adjustment factors.
24. 9. 5.1 Materials factors l) and E: For over a century AIS!52100 steel has been
the predominant material for rolling-element bearings. In fact, the basic dynamic
capacity as defined by AFBMA in 1949 is based on an air-melted 52100 steel,
hardened to at least Rockwell C 58. Since that time, as discussed in chapter 5
(section 5.5), better control of air-melting processes and the introduction of vacuum
remelting processes have resulted in more homogeneous steels with fewer impuri-
ties. Such steels have extended rolling-element bearing fatigue lives to several
times the AFBMA (or catalog) life. Life extensions of 3 to 8 times are not
uncommon. Other steel compositions, such as AISl M-1 and AISI M-50, chosen
for their higher temperature capabilities and resistance to corrosion, also have
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TABLE 24-12.--MATERIAL
FACTORS FOR THROUGH-
HARDENED BEARING
MATERIALS
[From Bamberger (1971); air-
melted materials assumed.]
Material Material
factor,
D
52100 2.0
M-I .6
M-2 .6
M-10 2.0
M-50 2.0
T-I .6
Halmo 2.0
M--42 .2
WB 49 .6
440C 0.6-0.8
shown greater resistance to fatigue pitting when vacuum melting techniques are
employed. Case-hardened materials, such as AISI 4620, AISl 4118, and AISI 8620,
used primarily for roiling-element bearings, have the advantage of a tough, ductile
steel core with a hard, fatigue-resis_nt surface.
The recommended material factors D for various alloys processed by air melting
are shown in table 24-12. Insufficient definitive life data were found for case-
hardened materials to recommend values of D for them. Refer to the bearing
manufacturer for the choice of a specific case-hardened material.
The metallurgical processing v_ariables considered in the development of the
metallurgical processing factor E included melting practice (air and vacuum
melting) and metal working (thermomechanical working). Thermomechanical
working of M-50 has also been shown to lengthen life, but in a practical sense
it is costly and still not_ fully developed as a processing technique. Bamberger
(197 l) recommends an E of 3 for consumable-electrode-vacuum-melted materials.
The translation of these factors into a standard (ISO, 1976) is discussed later.
24. 9.5.2 Lubrication factor Fe: Until approximately 1960 the role of the lubricant
between surfaces in rolling contact was not fully appreciated. Metal-to-metal
contact was presumed to occur in all applications with attendant required boundary
lubrication. The development of elastohydrodynamic lubrication theory showed
that lubricant films with thicknesses on the order of microinches and tenths of
microinches occur in rolling contact. Since surface finishes are of the same order
of magnitude as the lubricant film thicknesses, the significance of rolling-element
bearing surface roughnesses to bearing performance became apparent. Tallian
(1967) was the first to report on the importance to bearing life of the ratio of
elastohydrodynamic lubrication film thickness to surface roughness. Figure 24-28
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Figure 24-28.--Group fatiguelife/_10as functionof dimensionlessfilmparameter. FromTallian (1967).
shows calculated/_]o life as a function of the dimensionless film parameter A,
which was introduced in chapter 3, where
A = hmin (3-20)
+
Figure 24-29, from Bamberger (1971), presents a curve of the recommended
Ft as a function of A. A mean of the curves presented in Tallian (1967) for ball
bearings and in Skurka (1970) for roller bearings is recommended for use. A
formula for calculating the minimum film thickness hmi n is given in equation
(22-18).
The results of Bamberger (1971) have not been fully accepted into the current
aFBma standard represented by [so (1976). The standard does, however, include
the following:
(1) Life and dynamic load rating formulas for radial and thrust ball bearings and
radial and thrust roller hearings
(2) Tables offc for all cases
(3) Tables of X and 17factors for calculating equivalent loads
(4) Load rating formulas for multirow bearings
(5) Life correction factors for high-reliability levels E, materials £), and lubri-
cation or operating conditions Fe
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Figure 24-29,--Lubrication factor as function of dimensionless film parameter. From Bamberger (1971).
Procedures for calculating L) and Ft are unfortunately at present less than definitive,
reflecting the need for additional research, life data, and operating experience.
24.10 Dynamic Analyses and Computer Codes
As has been stated, rolling-element bearing kinematics, stresses, deflections, and
life can be analyzed precisely only by using a large-scale computer code. Presented
here is a brief discussion of some of the significant analyses that have led to the for-
mulation of modern bearing analytical computer codes. Refer to COSMZC,University
of Georgia, Athens, GA 30601, for the public availability of program listings.
24.10. I Quasi-static analyses.--Rolling-element bearing analysis began with
the work of Jones on ball bearings (Jones, 1959 and 1960). Jones did his work
before there was a general awareness of elastohydrodynamic lubrication, and he
assumed Coulomb friction in the race contacts. This led to the commonly known
"race control" theory, which assumes that pure rolling (except for Heathcote
interfacial slip) can occur at one of the ball-race contacts. All of the spinning
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required for dynamic equilibrium of the balls would then take place at the other,
or "noncontrolling," race contact. Jones' analysis proved to be quite effective
for predicting fatigue life but less useful for predicting cage slip, which usually
occurs at high speeds and light loads. Harris (1971b) extended Jones' analysis,
retaining the assumption of Coulomb friction but allowing a frictional resistance
to gyroscopic moments at the noncontrolling as well as the controlling race contact.
Harris' analysis (197 lb) is adequate for predicting bearing performance under
conditions of dry-film lubrication or whenever there is a complete absence of
any elastohydrodynamic film.
Harris (1971a) first incorporated elastohydrodynamic relationships into a ball
bearing analysis. A revised version of Harris' computer program, called SHABERT",
was developed that incorporated actual traction data from a disk machine. The
program SHABERTHhas been expanded until today it encompasses ball, cylindrical
roller, and tapered-roller bearings.
Harris (1966) first introduced elastohydrodynamies into a cylindrical roller
bearing analysis. His initial analysis has been augmented with more precise
viscosity-pressure and temperature relationships and traction data for the lubricant.
This augmented analysis has evolved into the program CVnEAN and more recently
has been incorporated into SHABERTH.Parallel efforts by Harris' associates have
resulted in SPHERBEAN, a program that can be used to predict the performance
of spherical roller bearings. These analyses can range from relatively simple force
balance and life analyses through a complete thermal analysis of a shaft bearing
system in several steps of varying complexity.
24.10.2 Dynamic analyses.--The work of Jones and Harris is categorized as
quasi-static because it applies only when steady-state conditions prevail. Under highly
transient conditions, such as accelerations or decelerations, only a true dynamic
analysis will suffice. Walters (1971) made the first attempt at a dynamic analysis to
explain cage dynamics in gyro-spin-axis ball bearings. Gupta (1975) solved the
generalized differential equations of ball motion in an angular-contact ball bearing.
Gupta continued his dynamic analyses for both cylindrical roller bearings (1979a,b)
and ball bearings (1979c,d). Gupta's work is available in the programs DREn and
RAPIDREB.Thus, the development of codes with real-time dynamic simulations
that integrate the classical differential equations of motion for each beating element
has followed in the wake of the quasi-static codes. Contributors to dynamic code
development are Waiters (1971), Gupta (1979a-d, 1984, 1985, 1986, 1990), and
Meeks and Ng (1985a,b). They have produced powerful computational tools that
are useful in analyzing transient dynamics.
24.11 Ioannides-Harris Theory
Ioannides and Harris (1985) extended the Lundberg-Palmgren theory on the
basis of an elemental calculation of the risk of fatigue and the use of a material
fatigue limit, akin to an endurance limit below which fatigue will not occur. They
obtained the survival probability AS to Nc cycles of a volume element AV of
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material under known conditions of stress to be
-In AS- N_'I (7" -- "TU)C2(Z t ) -c3AV (24-77)
This resembles the classic Lundberg-Palmgren method covered earlier with exponents
c], c2, and c3, but equation (24-77) incorporates a local Weibull endurance strength
or threshold stress 7", and a stress-weighted mean depth z' to replace the maximum
shear stress depth z0. Equation (24-77) is not built on a detailed model of damage
(e.g., the crack propagation and spaU formation mechanisms treated by Tallian et al.,
1978). Instead, by considering the stress distribution throughout the whole mate-
rial, the need for an asperity model and the problem of distinguishing competing
failure modes originating in the surface and subsurface are avoided. The char-
acteristic stress a may be selected from among several criteria, such as a single
shear stress component, maximum shear stress, or von Mises.
Integrating equation (24-77) over the region in which the shear stress r exceeds
the threshold stress and setting S = 0.9 as appropriate to/Si0 life, the following
expression for life is obtained:
_"_ V] - I/c 1
/_10 = Aav (r _-- -Tu-) - d
(z')_3 (24-78)
The coefficient Aa_ contains information on average failure risk that is only partially
accessible, such as local material property variations or lubricant effects. Figure
24-30 gives a load-life comparison for the Lundberg-Palmgren and Ioannides-
Harris theories. The impact of the different theories is easily seen from this figure.
g
cD
g
t'l nm
"_ndberg-Palmgren
Fatigue life, LIO
Figure 24 30.--Dimensionles_ load-life comparison for Lundberg-Palmgren and loannides-Harris
theories. From Ioannides and Harris (1985).
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24.12 Applications
In this section two applications of the film thickness equations developed through-
out this chapter are presented to illustrate how the fluid film lubrication conditions
in machine elements can be analyzed. Specifically, a typical roller and a typical
ball bearing problem are considered.
24.12.1 Cylindrical roller bearing problem.--The equations for elastohydro-
dynamic film thickness developed in chapter 22 relate primarily to elliptical
conjunctions, but they are sufficiently general to allow them to be used with
adequate accuracy in line-contact problems, as would be found in a cylindrical
roller bearing. Therefore, the minimum elastohydrodynamic film thicknesses are
calculated on the inner and outer races of a cylindrical roller bearing with the
following dimensions--for both the elliptical conjunction of chapter 22 and the
rectangular conjunction of chapter 21 :
Inner-race diameter, d i, mm ........................................................ 64
Outer-race diameter, do, mm ....................................................... 96
Diameter of cylindrical rollers, d, mm ........................................... 16
Axial length of cylindrical rollers, ee, mm ....................................... 16
Number of rollers in complete bearing, n ........................................ 9
A bearing of this kind might well experience the following operating conditions:
Radial load, _"z, N ............................................................... 10 800
Inner-race angular velocity, o_i, rad/s ............................................ 524
Outer-race angular velocity, _o, rad/s .............................................. 0
Absolute viscosity at p = 0 and bearing effective operating
temperature, T0, N s/m 2 ........................................................ 0.01
Viscosity-pressure coefficient, _, m2/N ................................. 2.2 x 10 -8
Modulus of elasticity for both rollers and races, E, N/m 2 ........ 2.075 x 1011
Poisson's ratio, v ..................................................................... 0.3
Since the diametral clearance ca is zero, from equation (24-47) the most heavily
loaded roller can be expressed as
4w z _ 4(10 800 N)
- 4800 N (24-47)
(_"Z)max- n 9
Therefore, the radial load per unit length on the most heavily loaded roller is
4800 N
_wz)max 0.016 m
- 0.3 MN/m
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Outer race
Roller __
Inner race
Y
ray = t'by,i = rby,o = oo
%- tax = 8 mm
\
r_, \\ I
rbx,i = 32 mm
Figure 24-31.--Roller bearing example. From Hamrock and Anderson (1983).
From figure 24-31 the radii of curvature are
Then,
r_ = 0.008 m, ray = O0
rbx,i = 0.032 m, rby,i = oo
rbx.o = --0.048 m, rby,o = oo
1 1 1 5
R_,i 0.008 0.032 0.032
giving Rx,i = 0.0064 m,
1
Rx.o
giving Rx,o = 0.0096 m, and
1 1 5
0.008 0.048 0.048
(19-4)
(19-4)
giving Ry,i = Ry,o = oo.
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1 1 1 1
- - +--=0
Ry,, Ry,o = =
(19-5)
Applications
From the input information the effective modulus of elasticity can be written as
2
E' = = 2.28×1011 N/m 2 (19-17)
2 1 v_,l -- l" a
+
For pure rolling the surface velocity u relative to the lubricated conjunctions
for a cylindrical roller is
u = Iw, - wol(d_ - d 2) (24-29)
4d e
where d,. is the pitch diameter and d is the roller diameter.
d,, - do + di _ 0.096 + 0.064 = 0.08 m (24-1)
2 2
Hence,
0.082 - 0.162
- 1524 - 01 = 10.061 m/s (24-28)
4x0.08
The dimensionless speed, materials, and load parameters for the inner- and outer-
race conjunctions thus become, when the velocity is only in the rolling direction
(_ = o),
Ui- .,70u _ (0.01)(10.061) = 6.895x10 -Ij (22-13)
E'R,., (2.28 x 101 I)(0.0064)
Gg = _E' = 5016 (22-15)
w: 4800
, 214"/ E (Rx.i) (2.28 x 1011)(0.0064)2
= 5. 140× 10 -4 (22-12)
U,, - r/°u - (0.01)(10.061) = 4.597× 10 -It (22-13)
E'R,.,, (2.28 x 101 I)(0.0096)
Wo D __
G,, = _E' = 5016 (22-15)
_: 4800
- = 2.284x 10 -4 (22-12)
E'(R_.o) 2 (2.28 × 1011)(0.0096) 2
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The appropriate elastohydrodynamic film thickness equation for a fully flooded
elliptical conjunction is developed in chapter 22 and recorded as equation (22-18):
/_e.min -- h-rain -- 3"63U°'68G0"49W-°'°73( 1 - e 0.68k)
R_
(22-18)
In the case of a roller bearing k = oo and this equation reduces to
/_e,min = 3.63U°68G°49W-°°73
The dimensionless film thickness for the roller-inner-race conjunction is
h-rain
gx,i
- (3.63) ( 1.231 x 10-7) (65.04) (1.738) = 50.5 x 10 -6
and hence
hmi . = (0.0064)(50.5 x 10 -6) = 0.32 /zm
The dimensionless film thickness for the roller-outer-race conjunction is
/_e, min --
h_min
Rr,o
- (3.63)(9.343 x 10-8)(65.04)(1.844) = 40.7 x 10-6
and hence
t_,,,i. = (0.0096)(40.7 x 10-6) = 0.39 #m
It is clear from these calculations that the smaller minimum film thickness in the
bearing occurs at the roller-inner-race conjunction, where the geometrical con-
formity is less favorable. It was found that, if the ratio of minimum film thickness
to composite surface roughness is greater than 3, an adequate elastohydrodynamic
film is maintained. This implies that a composite surface roughness of less than
0.1 /zm is needed to ensure that an elastohydrodynamic film is maintained.
Now using, instead of the elliptical conjunction results of chapter 22, the rectan-
gular conjunction results of chapter 21 gives
/4e,min -- h-rain -- 1.7 14 ( W' ) -0.128 Uo 694G0.568 (21-59)
ex
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where
W _ -
E'Rx
Applications
For the roller-inner-race conjunction
i
_'z 0.3 × 10 6W' = - = 2.056x 10 -4
E'Rx (2.28× 10t 1)(0.0064)
#e,min : (l. 174)(2.056 x 10 -4) -° tz8(6.895 x 10 -11)0694(5016)0"568
= 39.03 X 10 -6
For the roller-outer-race conjunction
,_,; 0.3 x 106
W ..... 1.371 × 10 -4
E'Rx (2.28 x 1011)(0.0096)
/_e,min : (1. 174)(1.371 x 10-4)-° 128(4.597 x 10-11)0694(5016)0568
= 31.02 X 10 -6
The film thickness obtained from chapter 21, the rectangular conjunction results,
produces approximately a 23-percent decrease from the elliptical conjunction results
obtained from chapter 22. Recall from chapter 22 that the theoretical results for the
elliptical conjunction were about 20 percent larger than the Kunz and Winer (1977)
experimental results. The Kunz and Winer (1977) experimental results appear to be
in better agreement with the rectangular conjunction results presented in chapter 21.
Therefore, it is recommended that the results of chapter 21 (eq. (21-59)) be used
to evaluate the minimum film thickness for a roller bearing.
24.12.2 Radial ball bearing problem--Consider a single-row, radial, deep-
groove ball bearing with the following dimensions:
Inner-race diameter, di, m .................................................. 0.052291
Outer-race diameter, do, m ................................................. 0.077706
Ball diameter, d, m ........................................................... 0.012700
Number of balls in complete bearing, n ........................................... 9
Inner-groove radius, ri, m .................................................. 0.006604
Outer-groove radius, ro, m ................................................. 0.006604
Contact angle, /3, deg .................................................................. 0
rms surface finish of balls, Rq, b, /zm ........................................ 0.0625
rms surface finish of races, Rq, a, tzm ........................................ 0.0175
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A bearing of this kind might well experience the following operating conditions:
Radial load, _,,=, N ................................................................. 8900
Inner-race angular velocity, coi, rad/s ............................................ 400
Outer-race angular velocity, _0o, rad/s .............................................. 0
Absolute viscosity at p = 0 and bearing effective operating
temperature, rt0, N s/m 2 ........................................................ 0.04
Viscosity-pressure coefficient, _, m2/N ................................. 2.3 x 10-8
Modulus of elasticity for both balls and races, E, N/m 2 ............... 2× l0 II
Poisson's ratio for both balls and races, v ...................................... 0.3
The essential features of the geometry of the inner and outer conjunctions
(figs. 24-1 and 24-6) can be ascertained as follows:
Pitch diameter."
1
d_ = -:- (d,, + dg) = 0.065 m
z
(24-1)
Diametral clearance:
Race conformio,..
c,l=do-d,-2d= 1.5x10-5 m (24-2)
Equivalent radii."
r
R,,i = Rr.,, - - 0.52 (24-3)
d
d(d, - d cos _)
e<i = = 0.00511 m (24-18)
2d_
d(d e + d cos 5)
R,, = = 0.00759 m (24-20)
2d,.
R,.., - Rr"d = 0.165 m (24-19)
2Rr. , - I
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Rr,,,d
R,.,, - -- = 0. 165 m (24-21)
2R .... - 1
Applications
The curvature sum
1 1 1
- + -- = 201.76
Ri Rx.i gy.i
(19-2)
gives R i = 4.956 × 10-3 m, and the curvature sum
1 1 1
Ro R .... Ry.o
= 137.81 (19-2)
gives R,, = 7.256×10 -3 m. Also, ar.i = Ry.i/Rx.i = 32.35 and
c_.... = R_. ,,/Rx o = 21.74.
The nature of the Hertzian contact conditions can now be assessed.
Ellipticity parameters."
ki _/'_ = 9.42rj
ko = °lr,o2hr = 7.09
(19-29)
Volume flow rate:
7r
q.=--- 1
2
Elliptic integrals:
_;i = 1 + q...2_,= 1.0188
Olr,i (19-30)
_,,= 1 + q_ = 1.0278
71"
_'i = --_ + qa In Olr.i = 3.6205
71"
_,,=-_+qalnot .... =3.3823
(19-32)
The effective elastic modulus E' is given by
E t
2
2 1 21 -- V a -- Ph
+
E,, El,
=2.198x10 tl N/m 2
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In order to determine the load carried by the most heavily loaded bali in the
bearing, it is necessary to adopt an iterative procedure based on the calculation of
local static compression and the analysis presented in section 24.6.2. Stribeck
(1901) found that the value of Z,. was about 4.37 in the expression
where
n
Z$v_ z
(w:) ..... - (24-45)
n
load on most heavily loaded ball
radial load on bearing
number of balls
However, it is customary to adopt a value of Zw = 5 in simple calculations in
order to produce a conservative design, and this value will be used to begin the
iterative procedure.
Stage 1: Assume Z. = 5. Then,
5_o. 5
- - x 8900 = 4944 N (24-45)(w:) ..... 9 9
The maximum local elastic compression is
= = 2.902 x 10 -5
\ 7rkiE, / j m
[( 9 (w:) .... =2.887x10 5 m
= / j
(19-16)
The sum of the local compressions on the inner and outer races is
6 = 6i + 6o = 5.779x 10 -5 m
A better value for Z_, can now be obtained from
Zw
2.491 I t +
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since ca/26 = (1.5 x 10-5)/(5.779 x 10 -5) = 0.1298. Thus, from equation (24-46)
Zw = 4.551
Stage 2:
Zw = 4.551
Thus,
Stage 3:
4.551 x 8900
- 4500 N
(_°Z)m'x= 9
_5i = 2.725 × 10-5 m
t5o = 2.702 x 10-5 m
t5 = 5.427 x 10-5 m
Zw = 4.565
Zw = 4.565
and hence
(_Z)ma x :
4.565 × 8900
9
- 4514 N
t5i = 2.731 x 10 -s m
_5o = 2.708 × 10-5 m
c5= 5.439 x 10-5 m
Zw = 4.564
This value is close to the previous value from stage 2 of 4.565, and a further
iteration confirms its accuracy.
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Stage 4:
Zw = 4.564
4.564 x 8900
(Wz).,ax - 9 = 4513 N
5i = 2.731x10 -5 m
(5o = 2.707 x 10-5 m
(5= 5.438 × 10-5 m
Cd
--= 0.1379
26
and hence
Zw = 4.564
The load on the most heavily loaded ball is thus 4513 N.
The elastohydrodynamic minimum film thickness is calculated as follows: For
pure rolling
u = 1O,o - _il(dff - d2)
d e
= 6.252 m/s (24-29)
The dimensionless speed, materials, and load parameters for the inner- and outer-
race conjunctions thus become, when the velocity is only in the rolling direction
(f = 0),
r/ot_ 0.04 x 6.252
Ui - - = 2.227x 10 -1°
E'R_, i (2.198x 10tl)(5.11 x 10 -3 ) (22-13)
Gi = _E' = (2.3 x 10-8)(2.198 x 10 tt) = 5055 (22-15)
_ _o: 4513
Wi E'(--,i)2-/_x (2.198 X1011)(5.112 X10 -6) =7"863x10-4 (22-12)
r/0_ 0.04 x 6.252
Uo E'R_.o (2.198x 1011)(7.59x 10 -3) 1.499x 10 -_° (22-13)
Go = _E' = (2.3 x 10 - 8)(2.198 x 101 I) = 5055 (22-15)
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voz 4513
Wo - ,_ -E (R_,o) (2-198X1011)(7"592×10-6) = 3.564×10 -4 (22-12)
The dimensionless minimum elastohydrodynamic film thickness in a fully flooded
elliptical conjunction is again obtained from equation (22-18).
/-te,min -- h'min -- 3"63U°'68G°'49W-°'°73( 1 - e -0'68k)
nx
(22-18)
Ball-inner-race conjunction:
(/'te,mm)_ = (3.63)(2.732 × 10-7)(65.29)(1.685)(0.9983) = 1.09 X 10 -4 (22-18)
Thus,
(hmin)i = 1.09 x 10-4 Rx,i = O. 557 #m
The dimensionless film parameter A discussed in chapter 3 (section 3.8) was found
to play a significant role in determining the fatigue life of rolling-element bearings.
In this case
A i = (R ,o+,%),,2
(]_min)i 0.557 × 10-6
= = 3.00 (3-20)
[(0.175) 2 + (0.0625)2] _2 x 10 -6
Ball-outer-race conjunction:
([-Imm) o = _ -
(]_min)o
RX,O
-- 3.63U_o'68G°'49W-°'°73(1 - e-0'68k°)
= (3.63)(2.087 x 10 -7)(65.29)(1.785)(0.9919)
= 0.876× 10 -4 (22-18)
Thus,
(hmin) ° = 0.876x 10 -4 Rx,o = 0.665 #m
In this case the dimensionless film parameter is given by
AO
0.665 × 10 -6
[(0. 175) 2 + (0.0625)21 _Jz× 10 -6
= 3.58 (3-20)
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It is evident that the smaller minimum film thickness occurs between the most
heavily loaded ball and the inner race. However, in this case the minimum elasto-
hydrodynamic film thickness is about three times the composite surface roughness,
and the bearing lubrication can be deemed to be entirely satisfactory. Indeed, it is
clear from figure 24-29 that little improvement in the lubrication factor F t and
thus in the fatigue life of the bearing could be achieved by further improving
the minimum film thickness and hence the dimensionless film parameter.
24.13 Closure
Rolling-element bearings are precise, yet simple, machine elements of great
utility. This chapter drew together the current understanding of rolling-element
bearings and attempted to present it in a concise manner. The material presented
on the operation of rolling-element bearings; the detailed precise calculations of
bearing performance were only summarized and appropriate references given.
The history of roiling-element bearings was briefly reviewed, and subsequent
sections described the types of rolling-element bearing, their geometry, and their
kinematics. Having defined conditions of a ball bearing under unloaded and
unlubricated conditions, the chapter then focused on static loading of rolling-
element bearings. Most rolling-element bearing applications involve steady-state
rotation of either the inner or outer race or both; however, the rotational speeds
are usually not so great as to cause ball or roller centrifugal forces or gyroscopic
moments of significant magnitudes. Thus, these were neglected. Radial, thrust,
and preloaded bearings that are statically loaded were considered. Rolling friction
and friction in bearings concluded the second major thrust of the chapter, which
was on loaded but unlubricated rolling-element bearings.
The last major thrust of the chapter dealt with loaded and lubricated rolling-element
bearings. Topics covered were lubrication systems, fatigue life, dynamic analyses,
and computer codes. The chapter concluded by applying the knowledge of this and
previous chapters to roller and ball bearing applications. The use of the elastohydro-
dynamic lubrication film thickness developed in chapters 21 and 22 was integrated
with the rolling-element bearing ideas developed in this chapter. It was found that
the most critical conjunctions of both ball and roller bearings occurred between the
rolling elements and the inner races.
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Chapter 25
Additional Elastohydrodynamic
Lubrication Applications
In this chapter the film thickness equations for elliptical and rectangular conjunc-
tions developed throughout the text are applied to specific machine elements, other
than the rolling-element bearings covered in chapter 24, in order to illustrate how
the fluid film lubrication conditions can be analyzed. First, a simple involute gear
is analyzed, and the film thickness predictions based on the elliptical conjunction
equations developed in chapter 22 are compared with those for a rectangular con-
junction presented in chapter 21. Next, the application to gears is extended to a
simplified form of the continuously variable-speed drives being introduced into
road vehicles and aircraft equipment. Then, the case of a railway wheel rolling on
a wet or oily rail introduces an interesting and slightly more complicated problem
in contact mechanics. Finally, the film thickness equations for highly deformable
or "soft" materials are applied to synoviai joints. The analysis of elastohydro-
dynamic lubrication in these load-bearing human joints is a more speculative
example because understanding of their tribological behavior is incomplete.
25.1 Involute Gears
It is well known that the contact between gear teeth at a distance S from the
pitch line in a pair of involute gear wheels having radii ra and rb and_a pressure
angle _ can be represented by two circular cylinders of radii (r b sin _b+ S) and
(ra sin _ - S) rotating with the same angular velocities 60a and o_b as the wheels
themselves. Indeed, this observation forms the basis of the two-disk machine that
has been used so extensively and effectively in experimental studies of gear lubrica-
tion in general and of elastohydrodynamic lubrication in particular. The problem
has been considered by Dowson and Higginson (1964, 1966). The present case
demonstrates how the elastohydrodynamic minimum-film-thickness equation for
elliptical conjunctions can be applied to a rectangular conjunction problem. The
general geometry of the configuration is shown in figure 25-1.
Consider a pair of involute gear wheels having radii of 50 and 75 mm and a
pressure angle of 20*. Let the angular velocity of the larger wheel be 210 rad/s
( _ 2000 rpm); the width of the gear teeth, 15 ram; and the load transmitted between
the teeth, 22 500 N. Let the essential properties of the lubricant and the wheel
materials adopt the following values:
7o = 0.075 Pa s
PRE'CEDINGPAGE BLANK NOT FILMED
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Figure 25-1.--Involute spur gears and representation by equivalent cylinders. From Hamrock and
Dowson (1981).
= 2.2x 10-8 m2/N
E = 207 GPa
v=0.3
Calculate the minimum film thickness on the pitch line (S = 0). Then,
rb = 0.075 m
r,, = 0.050 m
and
598
Gear rate =--=--=rb % 1.5
ra _ob
Radii of cylinders = rb sin _ + ,_-= rb sin
r_ = 0.075 sin 20* = 0.02565 m
ray_ Oo
r_ sin _ - ,_ = r_ sin _b
or
rbx = 0.050 sin 20 ° = 0.01710 m
Involute Gears
Hence,
rby = oo
1
1 _ 1 _ - 38.99 + 58.48
Rx 0.02565 0.01710
giving Rx = 0.01026 m.
wbrb sin } + 02ar a sin
= _brb sin _ = (210)(0.02565) = 5.387 m/s
E 1011E' = - 2.275 × Pa
1 - v 2
Thus
U
-qou (0.075)(5.387) 1.731 × 10-io
E' g x (2.275 × 101 t)(0.01026)
G = _jE' = 5005
W--
w e _ 22 500 = 9.395 x 10-4
, 2E R_ (2.275 x 10 tl)(0.01026) 2
and
Now
/'te,min = 3.63U°'68G°49W-°°73 ( 1 - e-°68k)
= (3.63)( 1.731 x 10 - 10)068(5005)0"49(9. 395 × 10 -4) -0073(1)
= (3.63)(2.302 × 10-7)(64.97)(1.663)
= 0.903× 10 -4 (22-18)
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The minimum film thickness is thus
/_min = H_.n,i,Rx = (0.903 X 10 -4) (0.01026) = 0.93 #m
The rectangular conjunction formula for minimum elastohydrodynamic film
thickness from chapter 21 (eq. (21-59)) is
- -- = 1.714 (W') -0.128uO.694G0.568 (21-59)
where
W' - w. 22 500
- = 6.426× 10 -4
E'Rre (2.275 × 10_ 1)(0.01026)(0.0 !5)
Hence,
/-)e,min = ( 1.174)(6.426 × 10 -4) -0128( 1.73 I × 10 - 10)06q4(5005)0"568
= 0.638 x 10 -4
/_min = He,rninR_ = (0.638 × 10-4)(0.01026) = 0.655 #m
Just as for cylindrical roller bearings in chapter 24, so here too the rectangular con-
junction formulation is less than that for elliptical conjunctions. It is felt that the
rectangular conjunction formulation is more accurate, since a much greater range
of operating parameters was used in obtaining the results. Also the rectangular con-
junction results agree better with the experimental work of Kunz and Winer (1977).
The dimensionless film parameter A is defined from chapter 3 as
A
hmin 0.655 0.655
-_ I,'2 = - - 1.54
(R2q., + try.b) [(0.3)2 + (0.3)21,,2 0.424
(3 -20)
It is thus clear, from chapter 24, that rolling-element bearings and also the pair
of involute gears considered in this example should enjoy the benefits of some
elastohydrodynamic minimum film thickness. However, chapter 24 indicates that
considerable improvement in gear life could be anticipated if A could be increased
to about 3. In practical situations such an improvement would probably be achieved
by increasing the lubricant absolute viscosity r/0 at p = 0 and constant temper-
ature or by decreasing the rms surface roughness Rq of the gears.
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25.2 Continuously Variable-Speed Drives
Interest in rolling friction drives for power transmission equipment dates back
to the last century. A patent application for a variable-speed drive that used a disk
with toroidal surfaces and rollers that could be tilted to change the speed ratio was
filed in 1899. Since that time, many different configurations have been designed,
and several were included in a survey published by Cahn-Speyer (1957). A particular
and more recent form of this type of drive, known as the Perbury gear, has been
described by Fellows et al. (1964).
Consider the double toroidal layout shown in figure 25-2 in which three
symmetrically arranged rollers that can be tilted to change the ratio of input to
output speeds are located on each side of the central disk. Power is delivered to
the end disks, which either incorporate a mechanical end-loading device sensitive
to input torque or, in an improved version, a hydraulic loading cylinder applying a
load proportional to the sum of the input and output torques (i.e., proportional to
the forces to be transmitted through the lubricant film). A roller control mechanism
automatically ensures that the power transmitted through the unit is distributed
equally between the six rollers. Such continuously variable-speed drives provide
a smooth transmission of power, typically over a speed ratio range of about 5:1,
in a jerk-free manner.
The life and efficiency of continuously variable-speed drives of this nature
depend on the characteristics of the lubricating films between the rollers and the
toroidal surfaces. The traction characteristics are beyond the scope of this book,
but it is possible to show how the lubricant film thickness can be calculated.
Drivingcasi_ng____
\\1
Figure 25-2.--Continuously variable-speed drive. From Hamrock and Dowson (1981).
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2
Figure 25-3.--Geometry of crowned roller and toroidal surfaces in a continuously variable-speed
drive. From Hamrock and Dowson (1981).
The radii at the inner and outer conjunctions between a single roller and the
toroidal surfaces on the driving and driven disks are shown in figure 25-3. If
subscripts a and b are used to identify the roller and toroidal disks, respectively,
it can be seen that for the inner conjunction
ro._= r, r_y =nr
Z" Z- r sin q_
rbx -- . -- , rbv = -- r
sm 0 sin O
Hence,
1 1 1 1 sin 0
--=--+--=--+ ~
Rx,, ra_ rox r Z - r sin
giving Rx.i = r[1 - (r/Z) sin 01, and
l 1 1 1 1
Ry,i ray rby n r r
giving Ry.i = [n/(l - n)]r. For the outer conjunction
r,_, = r, r_y =nr
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Z Z + r sin 0
sin _b sin _b
rby = -- r
Hence,
1
Rx,o
1 1 1 sin _b
r,x rbx r Z + r sin _b
giving R_,o = r[l + (r/Z)sin 01, and
1 1 1 1 1
Ry.o ray rby nr r
giving Rv,,, = [n/(l - n)]r.
25.2.1 Elasticity calculations.--If the end load carried by each roller is _,_,
the normal load at each of the inner and outer conjunctions (wz) _ is given by
_z
("z), = cos _,
Consider a continuously variable-speed drive of the form shown in figures 25-2
and 25-3 in which
_:= 16 000 N
_b= 30*
r = 50 mm
= 62.5 mm
n=0.7
E = 2.075x 10 II Pa
z' =0.3
E 2.075x 1011
E' = - - 2.28x10 ]l Pa
1 - v2 0.91
Then
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For the inner conjunction
R_.i = 0.05(1 - 0.8 sin 30*) = 0.03 m
' 0.7 (0.05) =0.1167 m
1 1 1
R 0.03 0. 1167
giving R = 0.02387 m.
Rv.i 0.1167
_r.i -- -- -- 3.89
Rx.i 0.03
16000
_w:% - COS 30*
= 18 475 N
8i = 1 + q = 1.1467 (19-30)
O/r
71"
_i = _- + q in or, = 2.3462 (19-32)
= _,-2/" = 2.375 (19-29)
[-6k-28(_z)¢R] '/3D,. = 2 rE J = 5761 _m (19-14)
[ 6_,(_,z)R] i/3D, = 2[ rkE' = 2426/_m (19-15)
"ma [ ]
[ _D_Dy J
(19-7)
The Hertzian contact zone is thus represented by a relatively large ellipse in which
the ratio of major to minor axes is about 2.375.
For the outer conjunction
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R_.o = 0.05(1 + 0.8 sin 30*) = 0.07 m
=(0 7) 0o,,
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=0.1167 m
1 1 1
-- -4- ---
R 0.07 0. 1167
giving R = 0.0438 m.
R_.,. 0.1167
.... = _ = - 1.667
R ..... 0.07
16 000
(w:)_- - 18 475 N
cos 30"
8 = 1 + q'-_'= 1.3425 (19-30)
O/r
= 7r + % In _xr 1.8624 (19-32)
2
= 1.384 (19-29)
[ 6_2_(_:)R1 ,/3
Dy=2[ _-_ J :5186,m
(19-14)
[ 6E(wz) R] 1'3
D,=2[ _ j =3747 gm
(19-15)
=[ 6(_':)o ]
P ..... L 7rDxD,.J = 1.816 GPa
(19-7)
The greater geometrical conformity at the outer conjunction provides a larger,
less elongated Hertzian contact zone than that developed at the inner conjunction.
25.2.2 Elastohydrodynamic film thickness calculations.--If it is assumed that
the input disk rotates at 314 rad/s (= 3000 rpm) and that the lubricant has an
absolute viscosity r/0 of 0.0045 Pa s at p = 0 and the effective operating
temperature and a pressure-viscosity coefficient _ of 2.2 × 10 -8 m2/N, then for
pure rolling
U/ --
_ou
E P R_,i
(0.0045)(0.05)(314) 1.0329 × 10 II
(2.28 × 1011)0.03
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U,,- r/°u (0.0045)(0.05)(314)
- = 0.4427x 10-11
E'R .... (2.28 x 10t J)0.07
G=_E' =5016
(wr)_ 18 457
W,- = = 0.8995 × 10 -4
¢ 9E (R,.i)" (2.28X 1011)(0.03)2
W,, (w:)_ 18 457
- = = 0.1652x 10 4
E'fR_.o) 2 (2.28x 101_)(0.07) 2
The minimum film thickness in elliptical conjunctions under elastohydrodynamic
conditions is given in dimensionless form by
He nlin - /_min = 3.63uO.68G0.49w_OO73( 1 - e -o.68/,) (22-18)
Hence,
(l_e.min)i = (3.63)( 1.0329 x 10 -11)°68(5016)0"49(0.8995 X 10 -4) 0o73(1 _ e -0.68×2.375)
= (3.63)(3.385 × 10-8)(65.04)(1.9740)(0.7827)
= i.235X 10-5
and
Similarly,
(hmin), = 0.371 um
(He.mm)° = (3.63)(0.4427 x 10 - I J)°68(5016)049(0.1652 X 10 4) o 073(1 -- e -0.68 × 1.384)
= (3.63)( 1.9026 × 10 -8)(65.04)(2.2340)(0.6098)
=0.6119xl0 s
and
(/_min),,= 0.428 /xm
The power is thus transmitted through elastohydrodynamic films having minimum
film thicknesses at the inner and outer conjunctions of 0.371 and 0.428 #m, respec-
tively. These are quite acceptable film thicknesses, but for maximum life of the
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components and a dimensionless film parameter (eq. (3-20)) of 3, it is clear that
surface finishes comparable to those achieved in rolling-element bearings are
required.
The large axial loads cause substantial, but not excessive, contact pressures of
the order of 2.52 and 1.82 GPa on the inner and outer conjunctions, respectively.
The Hertzian contact ellipses are quite large, having major axes 5761 and 5186 _tm
long at the inner and outer conjunctions. It has been assumed that pure rolling
occurs, but spin losses will be inevitable in those conjunctions. The calculation
of these losses, which probably account for most of the energy dissipation in such
devices, requires a detailed knowledge of the lubricant rheology and the shape
of the elastohydrodynamic film.
25.3 Railway Wheels Rolling on Wet or Oily Rails
The construction of a modern track and locomotive driving wheel presented
by Barwell (1974) is illustrated in figure 25-4. High-quality steel tires with a
thickness of about 76 mm (3 in.) are shrunk onto forged steel wheel centers. An
important geometrical feature is the slight coning of the tires to facilitate automatic
steering of the wheel sets as they roll along the track. This normally prevents
contact between the wheel flanges and the rail. Studies of the Hertzian contact
conditions for this situation have been presented by Barwell (1979) and the
Engineering Sciences Data Unit (1978).
In this example it is assumed that the rail section transverse to the rolling
direction has a radius of 0.3 m, that the locomotive wheel has a radius of 0.5 m,
and that the coning angle is 2.86* (tan-10.05). The essential features of the
Widthof vehicle,2.8 m
Journal
radial load, .,---.-.1
A 10;N I1_ rWheelcenter
°
:::2_::::S2-T:Y-_- : :Ti :2:_
" _ " 2-.°- "
Section A-A
Figure 25-4.--Construction of modern track and locomotive driving wheel. From Barwell (1974).
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Hertzian contact between the wheel and the rail are calculated for the following
conditions:
Radial load carried by each wheel, N ........................................... 103
Modulus of elasticity of wheel and rail, E, Pa ....................... 2.07x 1011
Poisson's ratio, _, ..................................................................... 0.3
For these conditions
E 2.07× 10 It
E' - - = 2.2747× 10 II Pa
1 - uz 0.91
25.3.1 lniK_ calculation.--If the coning of the tires is neglected and the contact
is deemed to be equivalent to a wheel in the form of a circular cylinder of radius
0.5 m rolling on a track with a transverse radius of 0.3 m, as shown in figure 25-5,
r,_ = 0.5 m, lay = O0
_x =O O, My = 0.3 m
1 1 ! 1
gy Fay I'by 0.3 m
.'. Ry =0.3 m
1 1 1 1
-- 3¢- --
RX Fax
_ 0.5 m
• R_ = 0.5 m
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_Z
,,.,.r Wheel_ _,,_
Figure 25-5.--Contact between wheel and rail. From Hamrock and Dowson (1981).
1 1 1 1 1
--_ + =--+--
R R_ Ry 0.5 0.3
R = 0.1875 m
= 5.3333
Railway Wheels
Rv 0.3
_r - - =0.6
R x O. 5
Since c_r < 1, it follows that the semimajor axis of the elliptical Hertzian contact
lies in the rolling direction. From table 19-3 we get
= 1 + qaC_r= 1.3425
¢_ 71"= -- - qa ln °t_ = 1.8624
2
and
2/_ = 0.7224
Hence
Dy = 2\(6k2_,zR_'/3=2_/ [_[(6)(0"7224)2(1"3425)(105)(0"1875)_x 1-0_ ],/3 =9.591 mm
(19-14)
(6)(1.3425)(105)(0.1875) 1 Lt3
= 2(/_ 1'3= 2[(_xl-_i] = 13.277 mm
19-15)
9 ( _: "_2] 1'3
ii 9 ii 121,t3= 1.8624 (2)(1.3425)(0.1875i (r)(0.7224)(2.2747 x 10 ll)
= 0.1630 mm (19-16)
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and
6_,. (6)( 105 )
- - = 1.501 GPa (19-7)
Pm, x rD,D, (r)(0.01327)(0.009591)
The film thickness is calculated for two lubricants, one being water and the other a
mineral oil, as a function of speed.
25.3.2 Water, -- The viscosity of water varies little with pressure, and the fluid
is generally assumed to be isoviscous. However, Hersey and Hopkins (1954)
recorded a 7-percent increase in the viscosity of water over a pressure range of
1000 atm at 38 °C (100 °F), and this corresponds to a pressure-viscosity coefficient
_j of 6.68× 10 -j° m2/N.
It is thus possible to adopt this value of _ and to calculate the minimum film
thickness from the equation used earlier in this chapter.
/'_emin-- /_rnin----.3.63U0.68G0,49W_0.073( 1 e -0 68k)
• e_ - (22-18)
It will be assumed that the absolute viscosity of water r/0 at p = 0 and constant
temperature is 0.001 N s/m 2 and hence that
U- r/°u lO-3u
- = 8.7924u× I0 -15
E'R, (2.2747 × 1011)(0.5)
G = _E' = (6.68× 10-1°)(2.2747× 10 l_) = 152
w. l0 s
W- E'R_ (2.2747×1011)(0.5)2 = 1'7585x10-6
With _" = 0.7224.
_e,min -- ]_rnin
gx
= (3.63) (8.7924u× 10-15)°68(152)°49(1.7584× 10 --6) °°7_(1 -e-°4912)
= (3.63)(2.7669 × 10 zO)(l 1.7247)(2.6309)(0. 3881 )(u) °6s
or
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and
(fimin)..... = 0'6012(u)°'68 × 10-8 m
where u in the preceding equations is in meters per second.
25.3.30il.--If the rail is covered by an oil film having a viscosity coeffi-
cient at absolute pressure ",70of 0.1 Pa s and a pressure-viscosity coefficient
of 2.2x 10-8 m2/N,
U_
r/0u _ 0. lu = 8.7924uX 10-13
E'Rx (2.2747 x 1011)(0.5)
G = (E' = (2.2x 10-8)(2.2747x 10 tt) = 5004
W m
wz _ 105 = 1.7584×10 -6
, 2E R_ (2.2747× 1011)(0.5) 2
Hence,
/'te,min -- I/rain
R_
6 -0.073 1 e -04912)
= (3.63)(8.7924uX 10-13)°68(5004)°49(1.7584 × 10- ) ( --
= (3.63)(6.3386 × 10-9)(64.96)(2.6309)(0.3881)(u) °68
or
and
(/')e,,,in),,,, = 1.5261 (U)°68 × 10 -6
(/_,nin)o_= 0.763 I(U) °68 X 10 -6 m
where u is in meters per second.
How hmi n varies with locomotive speed in pure rolling is shown for both wet and
oily rails in figure 25-6. It is clear from figure 25-6(a) that the elastohydrodynamic
films developed by water alone are quite thin, and it is most unlikely that they will
lead to effective hydrodynamic lubrication. The fact that moisture is known to influ-
ence traction quite markedly (Pritchard, 1981) probably strengthens the view that sur-
face chemistry and boundary lubrication play important roles in wheel-rail friction.
For an oily track and a relatively high viscosity of 0.1 Pa s, substantial film
thicknesses are predicted for representative operating speeds. Clearly, traction will
be reduced and skidding can be expected under these conditions. The results
presented in figure 25-6(b) confirm the importance of a clean track.
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(a) Wet rail: absolute viscosity of water at p = 0 and constant temperalure, _o, 0.001 Pa s; viscosity-
pressure coefficienl, _, 6.68 × IO Io m2/N.
tb) Oily rail: T/0= 0.1 Pa s: _ =2.2×10-8 m2/N.
Figure 25-6.--Variation of minimum film thickness with speed for wheel on rail. From Hamrock and
Dowson (1981).
Alternative procedures for cleaning the rails in front of locomotive driving wheels
are now being investigated in several countries.
25.4 Synovial Joints
To conclude this chapter on the applications of the elastohydrodynamic film thick-
ness equations developed in the text, a human joint lubrication problem has been
selected. This also allows the introduction of equations developed in chapter 22
(section 22.5) for the lubrication of elastic solids by isoviscous lubricants (soft EHL).
It must be stated at the outset that film thickness calculations lbr synovial joints are
more speculative than the other calculations presented in this chapter for engineering
components. The properties of the materials, the magnitude of the applied load, and
the motion and geometry of the contacting solids are all subject to debate. Indeed
the lubrication mechanism of these remarkable bearings has yet to be resolved.
612
Synovial Joints
_ cartilage___Articular__
Figure 25-7.--lllustration of synovial joint. From Hamrock and Dowson (1981).
The essential features of a synovial joint are shown in figure 25-7. The bearing
material is known as articular cartilage and the lubricant as synovial fluid. The
articular cartilage is a soft, porous material mounted on a relatively hard bone
backing. The thickness of the cartilage in a synovial joint varies from joint to
joint and also with age. In young, healthy subjects it may be several millimeters
thick, but in elderly subjects it may be almost nonexistent in some regions.
Although articular cartilage appears to be smooth, measurements suggest that the
surface roughness R,, varies from about 1 to 3 _m. The effective modulus of
elasticity E' varies with loading time and is difficult to specify with certainty.
The various measurements that have been reported suggest that E' normally lies
in the range 10 7 tO 10 9 Pa.
Synovial fluid is a non-Newtonian fluid in which the effective viscosity falls
markedly as the shear rate increases. The fluid's viscous properties appear to be
governed by the hyaluronic acid, with the viscosity increasing almost linearly
with acid concentration. It is also known that synovial fluid from normal, healthy
joints is more viscous than pathological synovial fluid from both osteoarthritic
and rheumatoid arthritic joints. At low shear rates the viscosity of normal synovial
fluid is typically about 10 Pa s; at the high shear rates encountered in joints, values
between 10 -3 and 10 -2 Pa s can be expected.
The effective radius of curvature of an equivalent sphere or cylinder near a
plane is also difficult to determine, but probably ranges from 0.1 to 1.0 m in the
hip and from 0.02 to 0.1 m in the knee. Loads on the joints in the lower limb vary
during walking, and the human bearings are thus subjected to dynamic conditions
in which both loads and sliding speeds vary with time. When the leg swings freely
in the walking cycle, the knee and the hip carry loads in the range zero to one
613
Additional Applications
times body weight; when the leg is in contact with the ground (stance phase), the
peak loads range from three to seven times body weight.
The viscosity of synovial fluid varies negligibly with pressure over the pressure
range encountered in a synovial joint. The articular cartilage deforms readily under
physiological loads, and the lubrication regime can thus be regarded as isoviscous-
elastic. The following expression was developed in chapter 22 for the minimum
film thickness under these conditions:
/')e.mi, = 7.43U° 65W-°'21(1 - 0.85e-° 31k) (22-22)
The hip joint is generally represented as a ball (femoral head) and socket
(acetabulum) joint. In the present example it is assumed that the following quanti-
ties typify the peak loading periods of the stance phase in walking:
Radius of equivalent sphere near a plane, R_, m ................................. 1
Absolute viscosity of synovial fluid, r/0, Pa s ............................ 2 × 10-3
Effective elastic modulus, E', Pa ................................................. 107
Entraining mean velocity, u = (u, + ub)/2, m/s ............................. 0.075
Applied load, v,,:. N .............................................................. 4500
Then,
U- rl0t__ _(2x10-3 v.v__,_cOflvs_
= 1.5x10
E'R, (107)(1)
and
_,. 4500
W- -,--- = 4.5× 10 -4
(107)(1)ER_:
Hence,
k=l
ne.mi n = (7.43)(1.5 x 10 - Iz)° 6_(4.5 X 10 -4) -o2t(1 _ 0.85e -031)
= (7.43)(9.2142 x 10 -8)(5.0446)(0.3766)
= 1.3006x 10 -6
and
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The calculation yields a film thickness similar to, but perhaps slightly less than,
the roughness of articular cartilage. This suggests that prolonged exposure to the
listed conditions could not conserve effective elastohydrodynamic lubrication.
Dowson (1981) has discussed the question of lubrication in hip joints in some detail,
and it emerges that if any hydrodynamic films are developed during the swing phase
in walking, they might be preserved by a combination of entraining and squeeze-
film action during the stance phase.
25.5 Closure
The equation for minimum film thickness in rectangular and elliptical conjunc-
tions under elastohydrodynamic conditions developed in chapters 21 and 22 was
applied to involute gears in section 25.1. The involute gear presents a rectangular
conjunction and thus represents a limiting condition for applying the elliptical
conjunction equation. The example nevertheless demonstrates the generality of
the film thickness equations presented in chapter 22 while allowing the accuracies
of the formulas developed in chapter 21 to be compared. The rectangular
conjunction film thickness formula was found to be about 25 percent less than
that for elliptical conjunctions. It is felt that the rectangular conjunction film
formulation is more accurate, since a much greater range of operating parameters
was used in obtaining the results. Also the rectangular conjunction results agree
better with the experimental work of Kunz and Winer (1977). The dimensionless
film parameter A, which appears to play an important role in determining the
fatigue life of highly stressed, lubricated machine elements, was also given.
Continuously variable-speed drives like the Perbury gear, which present truly
elliptical elastohydrodynamic conjunctions, are favored increasingly in mobile
and stationary machinery. A representative elastohydrodynamic condition for
this class of machinery was considered in section 25.2 for power transmission
equipment.
The possibility of elastohydrodynamic films of water or oil forming between
locomotive wheels and rails was examined in section 25.3. The important subject
of traction on the railways is presently attracting considerable attention in various
countries.
The final example, a synovial joint, introduced the equation developed in chap-
ter 22 (section 22.5) for isoviscous-elastic lubrication regimes. This example is
necessarily more speculative than others in this chapter owing to the varied and
uncertain conditions encountered in human and animal joints. Other applications
in the isoviscous-elastic regime include rubber tires on wet roads and elastomeric
seals. This range of applications serves to demonstrate the utility of the film thick-
ness equations developed in this text for elastohydrodynamic elliptical conjunctions.
It is hoped that this study of elliptical conjunctions has extended in some measure the
understanding of that recently recognized yet vitally important mode of lubrication
in highly stressed machine elements known as elastohydrodynamic.
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25.6 Problem
For a steel ball rolling on a steel plane, as shown in the following sketch, and
lubricated with a mineral oil determine
(1) Dimensions of the Hertzian contact zone D x and D_
(2) Maximum elastic deformation 6ma_
(3) Maximum Hertzian pressure PH
(4) Lubrication regime
(5) Minimum film thickness
The steel ball has a diameter of 10 mm and weighs 0.04 N. The ball and the
plane on which it rolls both have a modulus of elasticity of 2× l0 II Pa and a
Poisson's ratio of 0.3, Consider four loads: 0.04 N, 0.4 N, 4 N, and 40 N. The
ball rolls over the flat surface with a mean velocity of 1 m/s in the presence of
a lubricant having an absolute viscosity of 0.05 Pa s and a pressure-viscosity
coefficient of 2.0 × 10 -_ m 2/N. Fully flooded, isothermal, and smooth surfaces
are assumed.
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Appendix A
Calculation of Elastic
Deformations
The details of evaluating equation (20-43), given on page 423, are presented
in this appendix. The interval [Xmi,, Xena] can be divided into small intervals
[Xj_ _, X:+ i] so that the deformation 6i,j at node i is the sum of all the small
elementary deformations d_i.j calculated at node i and due to the pressure defined
in the interval [Xj-I, X/+d"
N-I
_ = ]_ d_j (A l)
j=2,4 ....
In these small intervals, dP/dX' is assumed to vary linearly with X', and X' varies
between Xj_ l and Xj and between Xj+ l and Xj as indicated in figure A. When
these small intervals are used, the distance Xs to Xj, rather than simply Xi, has
to be introduced.
-X/
1 dP
d6i'i - 2re x  ,- X: dX-7
(Xi - X  - X')lln(Xi - X: - X') 2 - 2]dX'
+ Constant (A2)
The linear expression for dP/dX' reads
dP
dX'
- (a,X' + a2)Pj-i + (a3X' + aDP; + (asX' + a6)Pj+l (A3)
/¢_x')
d,Si,_= dOi,s- IPI- I + dDLIPI + dOid+ IPI + I
I -'X
X1
I I I -_"- X'
Xm,n o xma_
Figure A.--Calculation of deformation d6i. J at node i due to pressure acting in interval [X/ L, Xj__ _].
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2
a l = -- (A4a)
dl
(x_+ x_+,)
a2 -- + aIXi (A4b)
dl
d, = (__,- _)(x__,- X_+,) (A4c)
2
a3 = -- (A4d)
d2
(_+, + xj_,)
a4 = -- + a3Xi (A4e)
d2
d_= (x_- xj_,)(xj - _+,) (A4f)
2
a5 = -- (A4g)
d3
(xj + xj_,)
a6 = - + asXj (A4h)
d3
and
d_ = (_+,- __,)(x_+,-x_) (A4i)
From the expression for dP/dX' it can be seen that d6,. t can be expressed as
d6ij = dD,.j_ _Pj_ j + dD,.jPj + dDi.j+ ipj+j + Constant (A5)
where dDLj are the elementary influence coefficients calculated as
I
dDi,j - 1 - - --
_ X! _, I "- X'/2r (a,X' + a2) (X,.- Xj - X')lln(Xi - Xj - X') 2 - 2ldX'
dx,_ i-X t
(A6)
A similar relation that uses the corresponding coefficients a3,a 4 and a5,a 6 is
used to define dDi4 and dD, j+l. By adopting the change of variables
Z = X i - Xj - X', Zmin= Xi - X)_[, Zmax = Xi _ Xj+I
b, = a I (X i - Xj) + a2, dZ = -dX'
(A7)
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Then dDi.j_ i is calculated as
1
aLlij-I : -- 27r f zmax _ (-aiZ + b2)Z(ln
Z 2 2 )dZ
Zmin
1
2_r ( IZmaxizm .... b2 ZlnZdZ+aj Z 21nZ 2dZ+2b2
Zmin _ Zmin
Zma×
Z e
T
Zmin
- 2al
1
27r
Z 4 Z 3
-2b2 -7 On Z2 - l) + 2,,, _- On IZl3 - 1)
Z 2 Z 3
-- - 2al
+ 2b2 2 -3-
Zmax
Zmin
(A8)
Using the variables M, N, and K and rearranging gives
' (a,K+a2 M)dDi,j- I = -- 27r
(A9a)
| (a3g-{- 04 M)dDid - 27r
(A9b)
1 (a5g-t-a6-_)dDi 4+ I = - 2_r
(A9c)
where
-- -- Zmax - 3)M = Z2in(ln Z2min 3) Z2ax(ln 2 (A10a)
N = Z3_,(InlZm_d s - 4) - ZSmin(lnIZminl3 _ 4)
2NK=M + 9
(Al0b)
(A 10c)
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There is no problem concerning the singularity occurring for Xi = _. When
there is a singularity in the interval [Xi-_, Xi+ i], we can integrate along the two
half-intervals IX i_ l, X,I and [X i, Xi+ t] and use the relation
lim(Z 2 lnZ 2) = lim(Z 3 InIZi 3)=0 (All)
z-o Z--O
which shows the relations (A9) to be also valid for X, = X;. Finally, the
deformation 6_ is obtaincd by summing all of the elementary small deformations
d_,.j
N-I
-_i = _ d6ij (A12)
j=2,4 ....
6,= E DijPj - _ ln R 2- (A13)
J=l
where Di./= dD,.j ifj is even. Ifj is odd (j = 3 in the following example), we
calculate dDi. 3 coming from the interval [Xj, )(3] and add to it the value dDi4
coming from the interval IX3, Xs] in order to obtain the final value of Di. 3. The
first and last values of D,4 are simply
D,.i = dD,.i (A14a)
and
Di.v = dDi.N (Al4b)
Note now that _ DijP i is independent of the load. At high loads the dimen-
sionless film thickness H,,, becomes very small with respect to 6i. However, by
using an appropriate change of variable (X = x/bc), the maximum deformation
6,,, can be kept equal to H,,,. Using the last change of variable gives
8, = c E Di'jP/ - 41n R 2j=, ' . -_-,"J (A 15)
where Dll j are the new influence coefficients obtained with the new value of X.
From the definition of c
(']_a Di'jPj = H m (AI6)
The maximum deformation _5,,, is close to the maximum Hertzian delormation
6H, leading to
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---In R2__8 +--ln2+--=H,,,- In R 2-c 2 (A17)
2 4 4- 7r
The value of c can therefore be defined as
1
c = -- exp(2H,,, - 0.5) (A18)
2
This numerical "trick" was definitely helpful at high loads but was not used to
obtain the results presented herein.
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Corrections to be Applied to
Weighting Factors due to X
The term dP/dX is used both to calculate the influence coefficient Di. j and in
the Reynolds equation. For the calculation of Di.j, (dP/dX)i at node i is calcu-
lated by using three nodes.
(d_x I = ai.i- 1Pi- I + ai,iPi + ai,i+ IPi+ t
i
(BI)
where
X, - Xi + t
ai,i- I = (Xi-i - Xi)(X_-t - Xi+l)
(B2)
QI,i =
2Xi - Xi + j - X,_ t
(Xi - Xi-i)(Xi - X,+l)
(B3)
X_ - X__ _ (B4)
ai.i+l = (Xi+I - Xi-t)(Xi+l - Xi)
At the first and last nodes, XI and XNm, ,, dP/dX is also defined by using three
nodes (e.g., Xi, X2, X3 and XN-I, XN-2, XUm,)"
For the calculation of dP/dX in the Reynolds equation, two nodes may often
be used if the numerical convergence is difficult to obtain with the three-node
formula. For the two-node formula the weighting factors are
1
ai.i+l = , ai.i = --ai.i+l , ai.i_ I = 0 (B5)
Xi + _ - Xi
Minor corrections are also applied on the last values of a,,./ to respect the
boundary conditions at X = Xend. For X = Xend, P = dP/dX = 0. It is assumed
that between XN and X¢nj, P(X) is described by a second-degree polynomial.
Respecting the previously mentioned boundary condition gives
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p = (X - X_.d) 2
(XN _ Xend)2PN (B6)
dP 2(X - Xen_)
dX- eN ¢B7)
For X = XN therefore
d___) _ 2N XN - Xend PN (B8)
which can also be expressed as
2
a_.,,_ i = 0, a.... - , a,_.,,+l = 0 (B9)
XN - X_.d
The integral of the pressure between X N and Xen d leads to
_end
_ P dX =
1
3 (X_.d XN)PN = _C_'P.¥
• X,,_
(B10)
If N is odd, substract from the value of CN the value dC¥+ I.Ncoming from the
interval [XN,XN÷2]and add /XCNto get the final value of C.v. IfN is even, modify
Cr¢_i and CN. From CN- i substract dCN,N-_ from the interval [X_-t,XN+ iI and
add the weighting factor ACv_ t coming from the integration of P between XN-
and XN. Using the "trapeze" rule gives
XN R XN_ i
ACN__ - (Bll)2
The value of CN is finally defined as
cN = ACN__+ ,aCN (B12)
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Calculation of Jacobian Factors
The factors to be defined are
where
a(_mH,,,) ' aej ' aHo
(CI)
N
Hi = H° + X_ + E DijPj
2 j=!
(C2)
and dP/dX, _i, and Pi are defined by equations (21-22), (4-8) or (4-10), and
(4-19). Before the final Jacobian factors are defined, we can define
aHi - 1 (C3a)
aHo
aHi
- Di.j (C3b)
ae_
- aptc_tiki,j (C3c)
if Barus' viscosity (eq. (4-8)) is used or
\/ 9 \Z-I
- 5.1X 10-gpH(ln__ "% + 9.67)_1/. q- 5.1X 10-PHPi) _ikt,j (C3d)
aPj
if Roelands' viscosity (eq. (4-10)) is used, where ki, j, the Kronecker symbol,
equals 1 if i = j and equals 0 if i # j.
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0.6x lo-gpH
1 + 2.3 x 10 - 9pHP i k_.j
i
oej -- ai.,-Iki - I.) + ai.ik_j + ai.,+ ik,+ i.)
It is now easy to define the Jacobian factors.
(C3e)
(C3f)
3f _ K_i
a(_,,,H,,,) pi (C4a)
oPj _ o,j
t
+/-/,,
(C4b)
and
(C4c)
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Definition of Weighting Factors
The weighting factors Cj are defined by using the three-point Lagrange poly-
nomial with a general mesh (nonconstant step). In the interval [Xj_ j,Xj+ i] the
pressure is described by a second-degree polynomial in X'.
P= x' (x' + xj - xj+,) pj__ +
(__,- xj)(xj_,-_+,)
(x' + _ - x__,) (x' + xj - _+,)
(x_ - x,_,) (_ - x_+,)
+ (X' + Xj -- Xj_I)Xf ej+l (DI)
(xj+, - xj_,) (xj+, - x_)
We can now define the coefficients dCjj_ t, dC).), and dCjj+t such that
.x,;,._e ax' = acj_,_,ej_,+ acjjPj + acjj+,ej+,
X(_i.
(D2)
where
and
X_i n = (Xj_ 1 - Xj)
Xma x = (Xj+ , -- Xj)
1
dCj.j_t = (XJ -1 _ Xj)(Xj_| - Xj_I_ ' )
(X')3 + (Xj- xj+,) (x')2
--S- --5--
Xmax
Xr'ni n
(D3a)
dCj.j = (xj- xj_,)(xj- xj+,)
(x')---__+ (2xj- xj_,) (x')---52
3 2
+ (xj-xj_,)(x_-x_+,)x' 1x;'_'
| Xmin
(D3b)
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dCj,] + I =
x
Xr_ax
-T-(x')3+ (xj- x___) (x')____2 (D3c)
These coefficients are calculated for j = 2,4 ..... N- I. When j is even, the
coefficients Cs are finally defined as
C) = dCj4
Whenj is odd (j = 3 in the following example), dC2, 3 is calculated corresponding
to the interval [Xi,X_] and dC4. 3 coming from the interval [X3,Xs] is added to
it in order to define Cj, or (73 in this example, Minor corrections are also applied
on the last values of Cj in order to respect the boundary condition for X = Xeno,
as shown in appendix B.
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Index
Absolute viscosity, 49-50
Adiabatic temperature rise, 171
AFBMA method, 575
Alcohols. 45-46
Alloys
copper lead, 91
lead base, 91
Annular thrust bearings, 289
Annular thrust pad, 289, 291
Arithmetic average, 31-33
Aromatics, 48-49
Asperities, 25
density of, 36
Asperity slopes, 36
Asperity spacing, 36
Attitude angle, 243-244
Autocorrelation, 36-37
Average flow model. 514
Ball bearing types, 523, 525
Ball bearings, 523
Barus formulas. 436
Bearing material, 89
for rolling elements. 98
selection of, 89
Bearing types, 522
Bearings, 11
conformal fluid film. 13
dry rubbing. 12
externally pressurized gas, 4, 17-22
filled. 98
gas lubricated. 159
hybrid. 13
hydrodynamic, 13, 15
hydrodynamic oil film, 16-23
hydrostatic. 4. 13
impregnated, 12
journal, 116. 143
lined, 97
oil-m_pregnated porous metal, 16-23
parallel step, 328-337
rolling element, 6-23, 521-540
rubbing, 16-23
selection of, 14
self-acting gas, 17-22
slider. 4. 171-211. 270, 317
spiral groove, 339
squeeze film, 4, 13, 265-278
thrust. 143
Bingham solid, 65
Bronzes, 92
Capillary compensation, 294, 295
Carbon graphites. 93
Cavitation boundary, 384
Cavitation damage, 271
Cavitation fingers, 367
Center of pressure, 446, 461, 462
Centerline average, 31, 34
Central film thickness, 460, 475, 484
Ceramics, 100
Combined motion, 389-393
Compatibility, 89
Conformability, 89
Constant-flow-valve compensation, 296
Contact angle, 534, 537, 541
Contact fatigue theory, 566
Continuity equation, 124, 150, 151, 165
Continuity of flow, 165
Continuously variable-speed drives. 601-603
Coordinates
Cartesian, 121. 122
cylindrical polar, 122, 126, 129
spherical polar, 123, 126
Corrosion resistance, 90
Couette flow. 127, 128, 153, 154, 166, 167.
233
Crowning, 539
Curvature sum and difference, 399-401. 538,
542
Cyclic hydrocarbons. 48
Cylindrical roller bearings. 581
Darcy's law. 12
Deformations. 402, 403, 405
Density, 70
mass. 63, 64, 69. 101-103
Density wedge, 154
Density-pressure effects, 73. 74
Density-pressure formulas, 71
Design, 11
Devices
electron microscope, 28
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Index
optical, 28
pneumatic, 28
Diametral clearance, 532, 536
Differential slip, 559
Dilatant fluid, 65-66
Dilatation, 119
Dynamic analyses, 579
Dynamic load ratings, 573
Eccentricity, 219
EHL
of elliptical conjunctions, 465-470, 476-496
hard, 5, 473, 486
of rectangular conjunctions, 436-458
soft, 6, 483, 493
Elastic deformations
elliptical conjunctions, 430, 431
rectangular conjunctions, 421, 423
Elasticity theorems, 415
Elastohydrodynamic lubrication. 435
Elliptic integrals, 399, 407, 410
Ellipticity parameter, 403, 407, 410
Embeddability. 89
Endplay. 537
Equation of state, perfect gas, 320
Error of torm, 25, 26
ESDU, 15
Esters
organic, 78
phosphate, 80
silicate. 80
Ethanols, 46
Euler number. 146, 147
Experimental film thicknesses, 477-480
Fatigue life, 38, 567-577
Fatigue resistance, 90
Fatty acids, 47
Film parameter, 39, 577
Film shape, 468
Film thickness calculations, 605
Film thickness comparison, 477-481
Flow between parallel plates, 126
Flow continuity, 166, 167
Flow down a vertical plane, 131
Flow in a circular pipe, 129
Fluid inertia, 301-318
Fluorocarbons. 81
Foil bearings, 301
Free contact angle, 535
Free endplay, 536, 541
Friction coefficient, 7, 8, 39, 40
Friction losses, 562
Froude number, 145, 146
Fully flooded-starved boundary, 387. 486, 489
Gas bearings, 319
Gas lubrication, 345
Gas-lubricated bearings, 319, 325
Gases, 85-87
Gaussian distribution, 34, 35
Gears, 6, 597-599
Grease thickener, 82
Greases, 81, 83, 563
Half Sommerfeld boundary condition, 382
Half-frequency whirl, 259
Hard-EHL, 473, 486
Hertz assumptions, 402
Hertzian solution, 399
Hip joint, 614
Homologous series, 44
Hooke's law, 419
Human joints, 6, 612-615
Hydrocarbons, 43
synthetic, 78
Hydrostatic bearings, 282, 287
Hydrostatic lubrication, 281-296
Hydrostatic pad, rectangular, 292
Hydrostatic thrust bearings, 283-285
Hydrostatically lubricated bearings,
characteristics, 281
Hysteresis losses, 562
Inertia correction, 310, 311, 317, 318
Involute gear, 597-599
loannides-Harris theory, 579, 580
lsoviscous-rigid regime, 503-505
Jet lubrication, 564. 565
Jost Report, 1
Journal bearings, 219, 271-273, 345
dynamically loaded. 255-264
finite, 241
gas lubricated, 346-360
herringbone groove, 357-361
infinitely long, 220-231, 259-261
nonplain, 249
numerical solution, 241-252
pivoted pad, 354-357
self-acting, 345
short, 233-237, 250-252, 262, 263
Kinematics, 543-545
Knudsen number, 324
Kurtosis, 35, 36
Least squares, 29, 30
Life adjustment factors, 575
Limiting shear stress, 74, 76
Line load, 416-420
Linearized ph, 351, 352
Load components, 444
Load deflection relationships, 548
Local expansion, 154, 156, 157
Long cylinder near a plane, 276, 277
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Index
Low bearing numbers, 346
Lubricant, 2, 43
Lubrication
boundary, 1, 2, 7, 8, 12, 39
elastohydrodynamic, 3, 5, 6, 8, 39, 40
fluid film, 1, 7
hydrodynamic, 2, 3, 8, 39, 40
partial, 3, 7, 8, 9, 39
Lubrication factor, 576-578
Lubrication regimes, mapping, 507-510
Lubrication systems, 563-565
Lundberg-Palmgren theory. 570, 575, 579
M-system, 29-31
Martin solutions, 368
Mass conservation, 153
Mass flow. 152
Mass flow rate, 461, 463
Materials
thermoplastic, 93
thermosetting, 93
Maximum deformation, 405, 413
Maximum Henzian pressure, 413
Maximum shear stress, 407
Methanols. 45, 46
Microscope
optical light, 29
scanning electron, 28, 29
transmission electron, 29
Microscopy
reflection electron, 28
scanning tunneling, 28
transmission electron, 28
Minimum film thickness, 458-460, 473, 474,
490, 493
allowable, 209
location, 461,462
Modulus of elasticity, 101, 104, 105
Molecular weight, 71
Naphthenes, 48
Navier-Stokes equations, 117, 121-124, 141,
144, 147
Needle bearings, 531
Newton's postulate, 51, 115, 116, 136
Newton-Raphson algorithm, 442
Newtonian, 49, 50
Nodal structure, 380
Non-Newtonian, 75
Nonconformal conjunctions, 363
Normal squeeze, 155, 156, 161, 162
Nylon, 96
Oils
naphthenic, 77
paraffinic, 77
synthetic, 77, 79
Olefins, 47
Orifice compensation, 295
Parabolic approximation, 377
Parallel circular plate, 274, 275
Parallel-surface bearings. 266-269
Perfluoropolyglycols, 81
Petrov's equation, 115, 117
Phenolics, 94
Physical wedge, 154-156
Plastic flow, 402
Point load, 425, 426
Poiseuille flow, 127. 128, 153, 154, 166, 167,
233
Poisson's ratio, 101, 102, 105
Polyglycols. 78
Pour point, 69
Power loss, 171
Preloading, 557, 558
Pressure development, 165
Pressure perturbation, 349
Pressure spike, 447-451
amplitude, 454-456
location, 457
Pressure-viscosity coefficient, 55, 57
Probability density function, 33
Profilometer. 26
PV limit, 93
Quasi-static analyses, 578
Race conformity, 533, 539
Race control, 544, 545
Race control theory, 578
Radial ball bearings, 585
Radially loaded bearings, 550
Railway wheels, 607-611
Rectangular conjunctions, 413
Reference lines, 29, 30
least squares, 31
Regimes of lubrication, 501-514
Reynolds boundary condition, 232, 366, 379,
382
Reynolds equation, 141, 148, 152, 153, 157,
159
integrated form of, 158
Reynolds formulas, 440
Reynolds number, 142-147, 301
Rigid body, general, 375-383
Rigid cylinder, 364
exact, 371-373
infinitely long, 363-367
short, 368, 369
Rolling friction, 559-561
Rolling-element bearings, 521-540
historical development. 521
Root mean square. 31, 35
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Index
Roughness, 25. 26
Saybolt, 53
Seals, 6
Seizure, 8
Separators, 547
Shear forces. 444 446
Shoulder height, 536, 537. 556
Side leakage. 154, 158, 167, 197
Silanes, 80
Silicon nitride, 101
Silicones, 80
Skewness. 35
Slider bearings, 270
disadvantages, 281
fixed incline, 172 187, 206 209, 317
parallel step. 183-193, 198-205
parallel surface. 171
piw)ted pad, 211
shrouded step, 205
Sliding, 161, 162
Sliding friction losses, 562
Slip flow, 323. 324
Soft EHL, 483, 493
Solid lubrication, 563
Solidification pressure, 71, 73
Sommerfeld boundary condition, 379
Sommerfeld solution, 222, 224, 229. 263
half, 229-231, 263
Sommerfeld substitution, 223. 224, 260
Specific heat, 62 64, 110-112
volumetric. 62
Squeeze, 154
Squeeze and entraining motion, 389
Squeeze film bearings, 265-278
Starvation, 485-497
Starvation effects, 385-387
Static load distribution, 548-555
Straight-chain hydrocarbons, 44
Stream function, 184, 185
Streamlines. 186, 187
Stress field, 418
Stretch, 154, 155
Stylus
instrument, 29
measurement, 26, 28
radius, 27
tip, 26
Subsurl'ace stresses, 406
Surface profilc, 25
Surface roughness correction factor, 513, 515
Surface stresses. 4(12 405
Surfaces
conformal. I
nonconformal, 1
Synovial fluid, 614
Synovial joints, 612, 613
Synthetic oils, 43
Taylor number, 145
Teflon, 97
Ten-point average, 29, 30
Thermal conductivity, 62-64, 108, t09
Thermal correction factor, 511
Thermal diffusivit_, 63. 64
Thermal expansion coefficient, 104-107
Thermal stability, 90
Thrust bearings, 219
fixed incline, 210
force components. 169, 170
gas lubricated. 319-.340
geometry, 168, 216
pivoted pad, 212-2 l 5
shear force. 170
spiral groove. 338
step sector. 334
Thrust-loaded bearings, 553
Total conformity ratio, 535
Translation squeeze, 156, 157
Types of roller bearings, 526-531
Underrace lubrication, 564
Unlubricated. 8
Vacuum arl remelting, 98
Vacuum induction melting, 98
Variance, 37
Velocity components, t48
Velocity profiles. 165. 166
Viseometers, 53
capillary, 133
cone and plate, 136
falling sphere, 137
rotational cylindrical. 134. 135
Viscosity
absolute, 56, 61. 62
kinematic. 52, 54, 56, 63, 64. 71
Saybolt universal, 67, 69
units of, 51
Viscosity grades, 53, 54
Viscosity index, 66 68
Viscosity-pressure formulas
Barus, 55, 58, 59
Roelands, 55, 58, 59
Viscosity-pressure index, 58, 59
Viscosity-pressure-temperature formulas. 65
Viscosity shear rate effects, 65
Viscosity-temperaturc l_rmulas. 60
Viscosity-temperature rclationship, 85
Viscous flow. 115
Viscous shear stress, 149
Viscous-elastic regime, 506
634
Viscous-rigidegime,504
Volumeflowrates,150
Waviness,25.26
Wear.severe,8
Wearrate,7,8
Weibulldistribution,567,570
Whirlfrequencyratios,252
Whirlinstability,self-excited,359
Young'smodulus.101
Index
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16. Abslr_
The subject of lubrication is currently dispersed among the traditional engineering courses, with each professor putting
a different emphasis on it. The professor who specializes in engineering dynamics might discuss the mechanics of
bearings with little mention of lubrication or design procedures. The professor who specializes in design might
present design procedures that are not well supported by a background knowledge of bearing mechanics. The
professor of fluid mechanics might treat hydrodynamic lubrication as an illustration of slow viscous flow with little
reference to its role in the overall performance of machine components such as bearings and gears. The coordination
of all these topics is an aim of this book. The lubrication principles covered in the text will serve as the basis for the
engineering design of machine elements. The fundamentals of fluid film lubrication are presented clearly so that
student,; who use the book will b.ave confidence in their ability to apply these principles to a wide range of lubrication
situations. Some guidance on applying these fundamentals to the solution of engineering problem,; is also provided.
However, this book does not present applications of fluid film lubrication; these can be obtained from a number of
specialized books. One of the fascinating aspects of lubrication is its muhidiseiplinary nature. Students in lubrication
will use their understanding of the principles of dynamics, fluids mechanics, thermodynamics, and material science in
order to master the subject of lubrication.
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